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P r e f a c e .
The th e o r y  o f  o s c i l l a t i o n s  h as b e e n  th e  s u b j e c t  o f  many 
p a p e r s  and b o o k s , and over  th e  p a s t  35 y e a r s ,  a . v a s t  l i t e r a t u r e  
h a s  grown u p . At f i r s t  s i g h t  i t  m ight appear th a t  t h e r e  c o u ld  
s c a r c e ly  be any a s p e c t  o f  th e  s u b j e c t  w h ich  has n o t b een  t h o r ­
o u g h ly  i n v e s t i g a t e d ,  b u t a  c lo s e r  e x a m in a tio n  shows t h a t  t h i s  
i s  f a r  from  th e  c a s e .  E x i s t i n g  th e o r y  i s ,  in  f a c t ,  s e v e r e ly  
l im i t e d  b o th  in  i t s  sc o p e  and in  i t s  m eth o d s.
U n d ou b ted ly  th e  m ost common form  o f  o s c i l l a t o r  i s  th e  
r e g e n e r a t iv e  ty p e  w it h  g r id - l e a k  b ia s  w h ich  i s  found  in  a lm o st  
e v e r y  r a d io  r e c e i v e r . '  I t  m igh t be e x p e c te d  t h a t  t h i s  ty p e  w ould  
h ave  a t t r a c t e d  m ost a t t e n t i o n ,  b u t on th e  c o n tr a r y  i t  h a s b een  
l a r g e l y  n e g le c t e d .  U n t i l  1 9 4 9 , when th e  a u th o r  in v e s t i g a t e d  
th e  m a t t e r ,  t h e r e  was no m ethod o f  p r e d ic t in g  th e  o s c i l l a t i o n  
a m p litu d e  and no a c c u r a te  q u a n t i t a t iv e  th e o r y  o f  a m p litu d e  
s t a b i l i t y .
T here i s ,  o f  c o u r s e ,  a lar& e body o f  e m p ir ic a l  know ledge  
c o n c e r n in g  th e  o p e r a t io n s  o f  su ch  o s c i l l a t o r s ,  b u t su ch  th e o r y  
a s  e x i s t s  h a s b een  d i r e c t e d  m a in ly  t o  t h e  d e s ig n  o f  o s c i l l a t o r s  
t o  p rod u ce a  maximum power o u tp u t . T here a p p ea rs  t o  be two 
m a in 'r e a so n s  f o r  t h i s  c u r io u s  s t a t e  o f  a f f a i r s .
M ost o f  th e  t h e o r e t i c a l  d eve lop m en t h as b e e n  c a r r ie d  out
by  m ath em atic ia ,n s who ap p ear t o  have had no p r a c t i c a l  k n ow ledge
o f  th e  s u b j e c t , and w ere c o n te n t  t o  s tu d y  h y p o t h e t ic a l  sy s te m s
w h ic h  b o r e  l i t t l e  re se m b la n c e  t o  any p r a c t i c a l  o s c i l l a t o r *  In
i s
th e  f i r s t  d eve lop m en t o f  any s u b j e c t  th erey so m e  j u s t i f i c a t i o n  
f o r  marking d r a s t i c  ap p roxim ation s^  b u t th e  c o n t in u e d  u se  o f  su ch  
m eth od s i s  a t r i b u t e  t o  th e  in f lu e n c e  and p r e s t i g e  o f  th e  p io n ­
e e r s  r a th e r  th a n  t o  acumen o f  t h e i r  f o l l o w e r s
The r e s u l t s  liave  b e e n  u n f o r tu n a te .  A v a s t  amount o f  ■ en erg y  
h a s  b e e n  d e v o te d  t o  th e  s tu d y  - o f  van  der  P o l *s e q u a t io n . \Vhat- 
. e v e r  th e  m a th e m a tic a l v a lu e  o f  su ch  s t u d ie s  may b e ,  i t  m ust be 
a d m itte d  t h a t ,  from  th e  p r a c t i c a l  p o in t  o f  v ie w , t h e s e  e f f o r t s  
h a v e  b e e n  d ir e c t e d  t o  s o lv i n g  th e  wrong p r o b le m s .
C ir c u it  d e s ig n e r s  h ave had l i t t l e  i n c e n t i v e  to  t h e o r e t i c a l  ■ 
s t u d y .  S m a ll o s c i l l a t o r s  can  be q u ic k ly  and c h e a p ly  c o n str u c te d ^  
and th e  s o l u t i o n  o f  o s c i l l a t o r  prob lem s i s  fou n d  more e a s i l y  
on th e  t e s t - b e n c h  th an  i n  th e  s tu d y .
A s e r io u s  gap th u s  e x i s t s  in  th e  p r e s e n t  k n ow led ge o f  th e  
t h e o r y  o f  o s c i l l a t o r s  w h ich  i t  i s  hoped t h i s  work may p a r t ly  
r e p a ir .  B r i e f l y  th e  aim  i s  t o  p rod u ce a  th e o r y  w h ich  can be  
a p p l ie d  t o  p r e d ic t  q u a n t i t a t i v e l y  th e  p erfo rm a n ce  o f  p r a c t i c a l  
o s c i l l a t o r s . Two. m ain problem s: a r e  c o n s id e r e d  -  th e  c a l c u l a t i o n  
o f  th e  s t e a d y - s t a t e  o s c i l l a t i o n  a m p litu d e , and th e  c o n d i t io n s  
und er w h ic h  th e  o s c i l l a t i o n  i s  s t a b l e .
The work h a s  b een  w r i t t e n  in  two p a r t s  w h ich  r e p r e s e n t  i t s  
c h r o n o lo g ic a l  d e v e lo p m e n t. Though s e l f - c o n t a i n e d  th e  p a r t s  a r e  
c l o s e l y  c o n n e c te d . B o th  t r e a t  th e  two m ain p r o b le m s , bu t by  
v e r y - d i f f e r e n t  m ethods and w ith  d i f f e r e n t  e m p h a s is . P a r t  1 i s  
c o n c e rn ed  c h i e f l y  w ith  th e  o s c i l l a t i o n  a m p litu d e , bu t tw o.L  
k in d s  o f  a m p litu d e  i n s t a b i l i t y  are a l s o  c o n s id e r e d .  The t r e a t ­
m ent i s  d i s c u r s i v e  and th e  m ethods i n t u i t i v e .
In  P a r t  2 th e  m ain i n t e r e s t  l i e s  i n  th e  s t a b i l i t y  o f  o s c i l l ­
a t i o n ,  th e  s t e a d y - s t a t e  p erform an ce  b e in g  o n ly  one s t a g e  in  th e  
p r o c e s s .  The p rob lem  i s  a t ta c k e d  from  a  more fu n d am en ta l p o in t  
o f  v ie w , and th e  tr e a tm e n t i s  more gen era l^  c o n c is e  and r ig o r o u s  
th a n  in  P a r t  1 .  More p o w er fu l m ethods a re  u se d  w h ich  a l lo w  a 
v e r y  g e n e r a l  th e o r y  o f  s t a b i l i t y  t o  be fo r m u la te d . T h is  in c lu d e s  
a s  s p e c i a l  c a s e s  a l l  known form s o f  freq u en cy , and a m p litu d e  
i n s t a b i l i t y ,  and i s  a p p l ic a b le  t o  any ty p e  o f  harm onic o s c i l l ­
a t o r  .
W ith  t h e  e x c e p t io n  o f  th e  d i s c u s s io n  on th e  e f f e c t  o f  harm­
o n ic s  on th e  o s c i l l a t i o n  a m p litu d e  g iv e n  in  S e c t io n s  4 and 5 ,  
a l l  th e  ground c o v e r e d  in  P a r t  1 i s  in c lu d e d  in  P a r t 2 .  An 
A p p e n d ix ,to  P a r t 2 shows t h a t  t h e  r e s u l t s  o b ta in e d  in  P a r t 1 ,  
th ou gh  e x p r e s s e d  in  a d i f f e r e n t  form , a r e  in  f a c t  i d e n t i c a l  
w ith  th e  c o r r e sp o n d in g  r e s u l t s  in  P a r t 2 .
T h is  m e th o d .o f  p r e s e n t a t io n ,  th ou gh  in v o lv in g  some
(lu)
r e p e t i t i o n ,  i s  b e l i e v e d  t o  be w orth  w h i l e .  P a r t  1 o f f e r s  an  
e a s i e r  in t r o d u c t io n  t o  th e  s u b j e c t  than t h e  more a b s t r a c t  t r e a t ­
m ent o f  P a r t 2 ,  I t  p r e s e n t s  a  p h y s ic a l  p i c t u r e  o f  t h e  m echanism  
o f  i n s t a b i l i t y , w h ich  i s  ob scu red  in  th e  more fo rm a l l a t e r  
t r e a t m e n t .  But t h e  p o w e r fu l m ethods o f  P a r t 2 - a r e .n e e d e d  to  
show how f a r  t h e s e  i n t u i t i v e  id e a s  can be t r u s t e d .
■ A l l  th e  t h e o r e t i c a l  r e s u l t s  h ave b een  f u l l y  co n firm ed  by  
a co m p reh en siv e  s e t  o f  e x p e r im e n ts .
P a r t  1 h a s  b e e n  p u b lis h e d  under th e  t i t l e  " O s c i l l a t io n  
A m p litu d e in  S im p le  V a lv e  O s c i l la t o r s "  in  t h e  " W ire le ss  E n g in eer"  
V o l .  2 6 i 1 9 4 9 . P a r t 2 h as b een  s u b m itte d  f o r  p u b l i c a t i o n .
::yK d'.' I n t r o d u c t io n .  . tv
The os c i  H a t  or s t  o be co n s id e r  ed ar  eÙ of tÉ e  r é g é n é r â t  i v e  ; 
ty p e  shown in  F ig  V 1 ; in  :Wlii oh : th e  \ e l e c t r  od es - .o f . a : th e r n ii o h i c 
v a lv e  a r e  c o u p le d  t o g e t h e r  by a  f r e q u e n c y - s e l e c t i v e  n e tw o r k ., : 
For c o n v e n ie n c e  th e  v a lv e  i s  shown: a s  a t r i o d e , b u t th e  a n a l -  \ 
y s i s  i s .  e q u a l ly  a p p l i c a b le  t o  t é t r o d e  and p e n to d e  v a l v e s • , The 
o s c i l l a i ! ' ! on am p litu d e, i s  l im i t e d  by a p p ly in g  t o  t h e  g r id  a  
: n e g q t iv b  b i a s s i n g  v o l t a g e  prod u ced  by t h e  f lo w  o f  g r id  c u r r e n t  
th r o u g h  à  h ig h  r e s i s t a n c e . t
■ The m ain o b j e c t  o f  th e  i n v e s t i g a t i o n  i s  t o  c a l c u l a t e  th e  
s t e a d y - s t a t e  v a lu e  o f  th e  o s c i l l â t io n  a m p litu d e  ; i . e .  th e  ■ 
a l t e r n a t i n g  g r id  v o l t a g e . E x i s t i n g  m ethods^  o f  c a l c u l a t i n g  1; 
th e  p erform an ce  o f  su c h  o s c i l l a t o r s  b e g in  by a ssu m in g  c e r t a in  
'o p e ra tin g  c o n d i t io n s  f  or th e  v a l v e , i n c l u d i n g . th e  a m p litu d e s  
o f  th e  g r id  and anode a l t e r n a t i n g  v o l t a g e s  and th e  g r id  b i a s  ;, 
v o l t a g e , and d ed u ce t h e r e fr o m .th e  c o n s t a n t s .o f  th e  fe e d b a c k  
: n etw ork  r e q u ir e d  t o  s a t i s f y  th e  assum ed c o n d i t i o n s . T hese  
c o n d i t io n s  a r e  u s u a l ly  su ch  a s  t o  p rod u ce th e  maximum.power ' 
o u tp u t from  th e  o s c i l l a t o r .  . - •
In  many c ir c u m s ta n c e s , h o w ev er , th e  p rob lem  t o  be s o lv e d  
i s  th e  c o n v e r se  o f  t h i s .  The c o n s ta n t s  o f  th e  fe e d b a c k  netw ork  
a r e  ' f i x e d  by con s i d e r a t i  one o th e r  th an  th o s e  o f  opt i.mum o p e r ­
a t in g  c o n d i t io n s  f o r  th e  v a l v e , and i t  i s  r e q u ir e d  t o  f in d  
t h e  a m p litu d e  o f  o s c i l l a t i o n  w h ich  c o r r e sp o n d s  t o  th e  g iv e n  
netw ork  c o n s t a n t s . An exam ple o f  su ch  -an-.,os o4-l -lator> a  problem  
. i s . t h e  o s c i l l a t o r  in  a  S u p erh etero d y n e  r e c e i v e r . E f f i c i e n c y  
i s  h o t  u s u a l ly  o f  f i r s t  im p ortan ce in  t h e s e  o s c i l l a t o r s  and , . 
may be s m a l l , a s  in  th e  exam ple q u o te d . .
’ The p rob lem  c o u ld  be s o l y e d , u s in g  e x i s t i n g  m eth o d s , by , 
c a l c u l â t ing; f o r  s e v e r a l  assum ed v a lu e s  o f  o s c i l l a t i o n  a m p litu d e  
. th e  c o r r e s p o n d in g  v a lu e  o f  some param eter  o f .th e  fe e d b a c k  
n etw ork  ( e .g .:  th e  dynam ic r e s i s t a n c e  o f  th e  o s c i l l a t o r y ,  ' •,
o i r c u i t , a ssu m in g  t h i s  t o  be th e  y a r i a b l e ) , ,  and c o n s t r u c t in g  
a graph  from  w h ich  t h e  a m p litu d e  c o r r e s p o n d in g  t o  any o th e r
PART 1 .
The O s c i l l a t i o n  A n p litu d e  in  
S im p le  V a lv e  O s c i l l a t o r s .
Summary.
, A m ethod i s  d e v e lo p e d  o f  c a l c u l a t i n g  th e  o s c i l l a t i o n  ■ 
a m p litu d e  in  s im p le  v a lv e  o s c i l l a t o r s  o f  th e  r e g e n e r a t iv e  
ty p e  w here g r id - l e a k  b i a s  i s  u s e d . The a m p litu d e  i s  fou n d  
in  term s o f  p ara jjie ters w h ich  a r e  f u n c t io n s  o f  th e  v a lv e  and  
c i r c u i t  c o n s t a n t s ,  and th e  s o lu t i o n  i s  p r e s e n te d  in  g r a p h ic a l  
fo rm .
Two ty p e s  o f  a m p litu d e  i n s t a b i l i t y  a r e  s t u d ie d  and 
c r i t e r i a  f o r  t h e i r  e x i s t e n c e  d ed u ced . The f i r s t  ty p e  i s  
p e r io d ic  i n s t a b i l i t y  or s q u e g g in g ;  th e  seC ond ty p e  g iv e s  
r i s e  to  th e  e f f e c t  known a s  o s c i l l a t i o n  h y s t e r e s i s .
The a n a l y s i s  i s  a p p l ic a b le  t o  a l l  th e  common ty p e s  o f  
o s c i l l a t o r  c i r c u i t  s u b j e c t  t o  th e  c o n d i t io n s  t h a t  t h e  v a lv e  
sh o u ld  a lw a y s  o p e r a te  in  th e  s p a c e - c h a r g e - l im i t e d  r e g io n ,
v a lu e  o f  th e  dynam ic r e s i s t a n c e  c o u ld  he r e a d  o f f . I f  more, 
th a n  one p aram eter  o f  th e  netw ork  w ere v a r ie d  many s e t s  o f  
grap h s w ou ld  he r e q u ir e d  t o  c o v e r  a l l  th e  p o s s i b l e  c o m b in a t io n s .
When an a c c u r a te  s o l^ u t io n  i s  c a l l e d  f o r  t h i s  i s  probablV y  
th e  o n ly  s a t i s f a c t o r y  m ethod , b u t i t  i s  c l e a r l y  v e r y  t e d io u s ,  
p a r t i o u l a r \ l y  w hen, a s  i s  u s u a l ,  m a n y -p a ra m e te r s■o f  th e  fee d b a ck  
netw ork  m ust be ta k e n  in t o  a c c o u n t .  ' In  m ost prob lem s o f  t h i s  
k in d , h o w ev e r ,a n  a p p ro x im a te  s o lu t i o n  i s  a l l  t h a t  i s  r e q u ir e d .
. P r e c i s e  c a l c u l a t io n s  a r e  se ld om  j u s t i f i e d , a s  th e  prim ary d a ta  
a r e  n o t  u s u a l ly  known w ith  any g r e a t  a c c u r a c y . An a p p rox im ate  
g e n e r a l  s o lu t i o n  h a s b e e n  o b ta in e d  in  th e  form  o f  a  fa m ily  o f  
graphs w h ich  i s  a p p l i c a b le  t o  a l l  th e  s im p le  ty p e s  o f  c i r c u i t .  
The r e s u l t s  a r e  s u f f i c i e n t l y  a c c u r a te  f o r  a l l  p r a c t i c a l  p u rp ­
o s e s .
The m ethod o f  a n a l y s i s  i s  t o  exam ine s e p a r a t e ly  th e  f e e d ­
back  n e tw o r k , th e  g r id  c u r r e n t  and g r id  v o l t a g e ,  and th e  anode
- ■ -
c u r r e n t . F i n a l l y  th e  v a r io u s  q u a n t i t i e s  a r e  grou p ed  t o g e t h e r  
t o  form  a few  p a ra m eters  w h ich  a r e  p l o t t e d  a s  a  fa m ily  o f  c u r v e s .  
From t h e s e  th e  o s c i l l a t i o n  a m p litu d e  can  e a s i l y  be found  by th e  
m ethod e x p la in e d  in  S e c t io n  6 .  '
The c a l c u l a t e d  v a lu e  o f  o s c i l l a t i o n  a m p litu d e  i s  a t t a in e d  
only, i f  t h i s  a m p litu d e  c o r r e sp o n d s  t o  a  s t a b le  s t a t e  o f  o s c i l l ­
a t i o n .  A m p litu d e i n s t a b i l i t y  may ta k e  th e  form  o f  a  p e r io d ic  
m o d u la tio n  o f  th e  a m p litu d e  -  a n c e f f e c t  commonly known a s  
s q u e g g in g . As i s  w e l l  known, t h i s  can a lw a y s  be s to p p e d  by  
r e d u c in g  th e  v a lu e  of- th e  g r id  c a p a c it o r  C g.
A n oth er  k in d  o f  i n s t a b i l i t y  i s  m a n ife s t  in  tÿre e f f e c t  
known a s  o s c i l l a t i o n  h y s t e r e s i s .  As th e  c o u p lin g  b etw een  anode  
and g r id  c i r c u i t s  i s  v a r ie d ,  p o in t s  may b e  fou n d  w here th e  
o s c i l l a t i o n  a m p litu d e  jumps from  one s t a b le  v a lu e  to, a n o th e r ,  
th e  c r i t i c a l  p o in t s  and t h e  c r i t i c a l  a m p litu d e s  b e in g  d i f f e r e n t  
a c c o r d in g  t o  th e  d i r e c t i o n  from  w h ich  th e y  a r e  a p p r o a c h e d . The 
v a r io u s  form s o f  i n s t a b i l i t y  a r e  s t u d ie d  in  some d e t a i l  and 
c r i t e r i a  f o r  t h e i r  e x i s t e n c e  a re  d e d u ced .
TC e r ta in  a ssu m p tio n s  a r e  made to  s im p l i f y  th e  a n a l y s i s .  
P erhaps th e  m est im p o rta n t o f  t h e s e  i s  t h a t  th e  v a lv e  o p e r a t e s  
a lw a y s  in  su c h  a way t h a t  th e  sp a c e  cu i’r e n t  and th e  e le c t r o d e  
p o t e n t i a l s  a r e  c o n n e c te d  by th e  t h r e e - h a lv e s  power la w , The 
e f f e c t  o f  t h i s  a ssu m p tio n  i s  t o  r e s t r i c t  th e  v a l i d i t y  o f  th e  
a n a l y s i s  t o  o s c i l l a t o r s  in  w h ich  th e  a t e r n a t in g  anode v o l t a g e  
i s  n ot a j y e r y  la r g e  f r a c t i o n  o f  th e  H .T . su p p ly  v o l t a g e ,  and  
th u s  t o  e x c lu d e  o s c i l l a t o r s  o f  h ig h  e f f i c i e n c y .  V a r io u s  o th e r  
a ssu m p tio n s  a r e  made c o n c e r n in g  th e  v a lv e  and fe e d b a c k  n etw ork :  
t h e s e  a r e  in tr o d u c e d  a t  th e  a p p r o p r ia te  p o i n t s ■in  th e  t e x t .  
E xp erim en t shows t h a t  t h e s e  a ssu m p tio n s  do n o t le a d  t o  s e r io u s  
e r r o r .
62 .  P r in c ip a l  sy m b o ls .
b^ bg = C o n sta n ts  o f  th e  v a l v e .  (S ee  S e c t io n  6)
Og -  G rid b i a s  c a p a c i t a n c e .
°glc ~ G r id -c a th o d e  c a p a c ita n c e  o f  th e  v a l v e ,
ig  ^ =, Anode c u r r e n t .
ia,]_ = Anode c u r r e n t  o f  o s c i l l a t i o n  fr e q u e n c y .
l a i  -  A m p litu d e o f  anode c u r r e n t  o f  o s c i l l a t i o n  fr e q u e n c y .
i g  = G rid c u r r e n t .
i g l  = G rid c u r r e n t  o f  o s c i l l a t i o n  f r e q u e n c y .
I g 2  = A m plitude o f  g r id  c u r r e n t  o f  o s c i l l a t i o n  fr e q u e n c y .
I g  = Mean g r id  c u r r e n t .
K, N F u n c t io n s  o f  th e  v a lv e  and c i r c u i t  c o n s t a n t s .
(S ee  e q u a t io n s  ( 5 .3 )  and ( 5 .4 ) )
jô = C o n d u ctio n  h a l f - a n g l e  f o r  th e  g r id  c u r r e n t .
Rg -  G rid b ia s  r e s i s t a n c e .
r g  -  G rid  in p u t r e s i s t a n c e  a t  th e  o s c i l l a t i o n  fr e q u e n c y .
p. = A m p l i f ic a t io n  f a c t o r  o f  th e  v a l v e .
Vq, = Anode v o l t a g e .
Vgj^  = Anode v o l t a g e  o f  th e  o s c i l l a t i o n  f r e q u e n c y .
Yq.! -= A m p litu d e  o f  anode v o l t a g e  o f  o s c i l l a t i o n  freq u en cy *
Vg = G rid v o l t a g e .
Vg = Mean g r id  v o l t a g e .
V gi = G rid v o l t a g e  of' o s c i l l a t i o n  f r e q u e n c y .
Vg2  = A m p litu d e  o f. th e  g r id  v o l t a g e  o f  o s c i l l a t i o n  fr e q u e n c y .
Vgg = G rid v o l t a g e  a t  anode c u r r e n t  c u t - o f f  p o i n t .
Vçg = G rid v o l t a g e  a t  g r id  c u r r e n t  c u t - o f f  p o i n t .
cjDq = O s c i l l a t i o n  f r e q u e n c y . ( R a d ia n s /s e c .)
ma =. M o d u la tio n  fr e q u e n c y
Xg = l/a>o(C g + Cg]j)
2t = R f + jX^ = E f f e c t i v e  t r a n s f e r  im pedance o f  th e  fe e d b a c k
netw ork  *
^I = R% f  jX j = E f f e c t i v e  in p u t im pedance o f  t h e  fe e d b a c k
n e tw o r k .
3 .  The fe e d b a c k  netw ork*
The fe e d b a c k  netw ork  c o m p r ise s  th e  c i r c u i t  e le m e n ts  l y in g  
b etw een  t e r m in a ls  1 ,2  qnd 6 ,4  in  F i g .  1 ,  o f  w h ich  th e  m ost 
im p o rta n t i s  a n . o s c i l l a t o r y  c i r c u i t . ■ For; c o n v e n ie n c e  t h i s  i s  > - 
shown a s  a  s im p le  a n t i - r e s o n a n t  c i r c u i t  w it h  a  c o u p lin g  c o i l ,  
b u t any o f  th e  o th e r  w e ll-k n o w n  arran gem en ts  su c h  a s  th e  
H a r t le y  or C o l p i t t s  may be u s e d . ,  The o b j e c t  o f  t h i s  S e c t io n  
i s  t o  fo r m u la te  r e l a t i o n s  b etw een  th e  c u r r e n ts  and v o l t a g e s  in  
th e  n etw ork  f o r  u s e  in  l a t e r  p a r t s  o f  th e  p a p e r .
I t  i s  c o n v e n ie n t  t o  c o n s id e r  th e  i n t e r e l e c t r o d e  c a p a c i t ­
a n c e s  o f  th e  v a lv e  a s  b e lo n g in g  t o  th e  fe e d b a c k  n e tw o r k . Of 
t h e s e  th e  m ost im p o rta n t i s  u s u a l ly  th e  g r id -c a t h o d e  c a p a c ita n c e  
Cg]  ^ . The a n o d e -c a th o d e  and g r id -a n o d e  c a p a c it a n c e s  are  n o t  
shown in  F i g . l . The form er i s  e q u iv a le n t  t o  a  c a p a c it o r  con n ­
e c t e d  b e tw een  1 and 2 .  In  i n d u c t iv e ly  c o u p le d  c i r c u i t s  th e  
g r id -a n o d e  c a p a c ita n c e  h a s  a n e g l i g i b l e  e f f e c t  on. th e  o s c i l l a t ­
io n  a m p litu d e , b u t in  c i r c u i t s  su ch  a s  th e  tu n e d - g r id  tu n e d -  
anode ty p e  one or o th e r  o f  t h e s e  c a p a c it a n c e s  play* a  m ajor p a r t  
in tr o d u c in g  r e g e n e r a t io n  and m ust t h e r e f o r e  b e  in c lu d e d  in  th e  (  
c a l c u l â t  Id n o f  th e  netw ork  c o n s t a n t s .  The s i g n i f i c a n c e  o f  Cg^ .^ 
f o r  th e  p r e s e n t  a n a l y s i s  i s  t h a t  i t  form s t o g e t h e r  w ith  Gg a  
h ig h - fr e q u e n c y  p o te n t io m e te r  w h ich  may p rod u ce a t te n u a t io  n 
■ b e tw een  t e r m in a ls  5 and 6 .
I t  i s  a l s o  c o n v e n ie n t  t o  c o n s id e r  th e  g r id , in p u t  r e s i s t a n c e  
r g  o f  th e  v a l v e ,  a t  th e  o s c i l l a t i o n  f r e q u e n c y , a s  i f  i t  w ere a  
.p h y s ic a l  r e s i s t o r  c o n n e c te d  b etw een  6 and 4 fo rm in g  p a r t  o f  th e  
fe e d b a c k  n e tw o r k . For th e  p u rp ose  o f  th e  a n a l y s i s  th e  m ost 
im porta.nt p arm n eters  o f  th e  netw ork  a r e  th e  e f f e c t i v e  t r a n s f e r  
im pedance ( jco) b etw een  1 ,2  and 6 , 4 ,  th e  e f f e c t i v e  in p u t  
im pedance Z j(jco) b etw een  1 and 2 ,  and th e  e f f e c t i v e  Q ,-fa c to r  o f  
t h e ,a n t i - r e s o n a n t  o i r c u i t .  '
E le m e n ta r y  c i r c u i t  th e o r y  shows t h a t ,  a t  f r e q u e n c ie s  c l o s e  
t o  th e  r e so n a n t  frequency^, , th e  t r a n s f e r  im pedance ( i . e  th e  
r a t i o  o f  th e  v o l t a g e  b e tw een  6 ,4  t o  th e  c u r r e n t  f lo w in g  b etw een
1 a n d -S ) ,  can  be e x p r e s s e d  f o r  a l l  k in d s  o f  s im p le  n etw ork s in  
th e  form
R y/Z .p(jœ ) = 1 + (m/cOr -1 )
w here -  R and r ’ i s  th e  e f f e c t i v e  p a r ! ç a l le l  r e s i s t a n c e
o f  th e  a n t i - r e s d n a n t  c i r c u i t  ( in c lu d in g  th e  e f f e c t  o f  rg )
- I t  i s  assum ed t h a t  th e  o s c i l l â t io n fr e q u e n c y  cDq i s  in  f a c t  
e q u a l t o  * ' In  fa c t^  f o r  v a r io u s  r e a s o n s ,  t h i s  i s  n e v er  q u i t e  
t r u e , b u t th e  r e a c t iv e  com ponent o f  Zrp i s  a lw a y s  v e r y  s m a ll a t  
th e  o s c i l l a t i o n  fr e q u e n c y  and h a s  a n e g l i g i b l e  e f f e c t  on th e  
o s c i l l a t i o n  a m p litu d e*  I t  i s  t h e r e f o r e  p e r m is s ib le  t o  w r i t e  
Rrp/Zgi (j(o) = 1 + 2 jQ .'(co/œ ,^ -  l )  ( 3 * l)
Rrjt i s  th e  t r a n s f e r  r e s i s t a n c e  a t  th e  o s c i l l a t i o n  fr e q u e n c y ,  
and i n  ord er  t h a t  th e  g r id  v o l t a g e  s h o u ld  be o f  th e  c o r r e c t  - 
p h ase  t o  m a in ta in  o s c i l l a t i o n ,  R^ must be n e g a t iv e *
The c u r r e n t  f lo w in g  in t o  th e  n etw ork  a t  1 i s  e q u a l and  
o p p o s i t e  t o  th e  anode c u r r e n t  o f  th e  v a l v e . (The c u r r e n ts  and  
v o l t a g e s  shown in  F i g .  1 a r e  c o n v e n t io n a l ly  p o s i t i v e  and th e  
c a th o d e  p o t e n t i a l  i s  ta k en ^ a s  z e r o )  H ence i f  l i a i  sind Vgj  ^ a re  
th e  anode c u r r e n t  and g r id  v o l t a g e  o f  fu n d a m en ta l fr e q u e n c y
Vg^ “ — ia i^ T  and V g^ — ""^ai^T * * • •  (3*2)
th e  c a p i t a l s  d e n o t in g  v a lu e s  o f  th e  a m p litu d e s .
At harm onic f r e q u e n c \ i e s  a  d i f f i c u l t y  a r i s e s  b e c a u se  th e  
harm onic g r id  c u r r e n ts  d e fe n d  m a in ly  on th e  fu n d a m en ta l g r id  
v o l t a g e  and l i t t l e  on th e  harm onic g r id  v o l t a g e s .  The c o n c e p t  
o f  g r id  in p u t  im pedance i s . t h e r e f o r e  nor a  v e r y  u s e f u l  one a t  
harm onic f r e q u e n c ie s *  However i t  i s  iinot u s u a l ly  r e q ii ir e d  to  
c a lc u l a t e  th e  harm onic v o l t a g e s  w ith u g r e a t  a c c u r a c y , so  f o r  
t h i s  p u rp o se  th e  harm onic g r id  c u r r e n ts  can be n e g le c t e d .
I f  th e  anode c u r r e n t  of'nth* harm onic fr e q u e n c y  i s  i^^  ^ th e  
c o r r e s p o n d in g  g r id  v o l t a g e  i s
^gn = -^an^T (jnœ o) = “ ian(% (Ji^O o) + jX p(jnm o) )
“ "^an^% n + J^Tn)
In  p r -a c t ic e  th e  p r e c i s e  v a lu e  o f  R^^ may be d i f f i c u l t  to
d e te r m in e ,: b e c a u se  o f  t h e  v a r ia t io n o o f  r e s i s t a n c e  w it h
fr e q u e n c y , b u t in  a l l  t h e  s im p le  n etw ork s i t  i s  s m a ll  com pared
w it h  X^n and and may be n e g le c t e d .  Then -  “j^an^Cn
I t  i s  shown in - S e c t io n  5 th a t  the; fu n d a m en ta l and harm onic  
anode c u r r e n ts  r e a c h  t h e i r  maxima a lm o s t  s im u lt a n e o u s ly .  The 
amode c u r r e n t  may t h e r f o r e  be w r i t t e n  a p p r o x im a te ly  a s
. l a  + ^  lancosn cb ot . . ■ , . ( 3 .3 )
and th e  a l t e r n a t i n g  g r id  v o l t a g e  i s  t h e ^ r e f o r e
Vga = Vg^coscüot +■ ^  V g n sin  ncogt . . ( 3 .4 )
9~  ■ ■ '
w here Vg^ -  ^an^Tn and
^ g n /^ g l  ~ " ^ a n ^ n /^ a i^ T  * * (5 * 5 )
The r a t i o  X^^ /R ^ i s  i n v e r s e l y  p r o p o r t io n a l  t o  Q,, I t  i s  assum ed  
t h a t  i s  a lw a y s  l a r g e ,  so  t h a t  th e  harm onic v o l t a g e s  a r e  o n ly  
a few  p e r c e n t  o f  th e  fu n d a m e n ta l.
So f a r  a s  th e  in p u t  im pedance Zj. (Jcq) b e tw een  1 and 2 i s  
c o n c e r n e d , fe e d b a c k  n etw ork s may be d iv id e d  r o u g h ly  in t o  two 
c l a s s e s .  In  n etw ork s o f  th e  f i r s t  c l a s s  Zj i s . com p arab le  w ith  
-R^ a t  th e  o s c i l l a t i o n ' f r e q u e n c y  and i s  e q u a l t o  a  r e s i s t a n c e  
R j a t  t h a t  f r e q u e n c y . In  n etw ork s o f  th e  se c o n d  c l a s s ,  w h ich  
a r e  e x e m p l i f ie d  by an a n t i - r e s o n a n t  c i r c u i t  c o n n e c te d  b etw een  
3 and 4 w ith  a c o u p lin g  c o i l  b etw een  2 and 1 ,  Zj(jcOg) i s  u s u a l ly  
s m a ll  com pared w it h  -R.  ^ a n d , d ep en d in g  on th e  c o e f f i c i e n t  o f  
c o u p l in g  b e tw een  t h e  c o i l s ,  h a s a r e a c t i v e  com ponent w h icji may 
be n e g l i g i b l e  or com p arab le  w it h  th e  r e s i s t i v e  com ponent, For 
b o th  c ia .s s e s , o f  netw ork  i t  i s  e a s i l y  shown t h a t  a t  f r e q u e n c ie s  
n ea r  th e  o s c i l l a t i o n  fr e q u e n c y
Zj = jX a + R% /(1 + 2 j(^ * (o/coo -  1 ) )  . . ( 3 .6 )
Xg^  i s  z e r o  in  n etw ork s o f  th e  f i r s t  c l a s s .
The anode c u r r e n t  o f  o s c i l l a t i o n  fr e q u e n c y  i s  .... - -- 
i a l  " Then th e  anode v o l t a g e  o f  o s c i l l a t i o n
fr e q u e n c y  i s  -  (R% + jXg^)ig^ -  -Vg^^coscoQt + (Vg^^Xg/Rj) sincoot 
w here ^a% ~ = rVg-j^R /^RQi ( 3 .? )
At harm onic f r e q u e n c ie s  Z-^  i s  a lm o st w h o lly  r e a c t i v e .
Z];(jnwg) = jX];^. A ssum ing t h e  anode c u r r e n t  t o  be g iv e n  by  
( 3 .3 )  t h e  a l t e r n a t i n g  anode v o l t a g e  i s
■Taa = + ('«'ai/lfXaAl)sim>ot + Z  VanSi" n®ot (3.8)
w here = la n ^ ln
In  c o n n e c t io n  w i t h  th e  s tu d y , o f  a m p litu d e  i n s t a b i l i t y  i t  
i s  n e c e ssa r y jto  know what e f f e c t  ch an ges in  th e  g r id  in p u t  
r e s i s t a n c e  have on th e  v a lu e s  o f  and R j .
Sup pose th a t  th e  power s u p p l ie s  t o  t h e  v a lv e  a r e  rem oved  
s o  t h a t  th e  g r id  in p u t  r e s i s t a n c e  becom es i n f i n i t e .  L et th e  
im pedance b e tw een  t e r m in a ls  6 -and 4 a t  the' o s c i l l a t i o n  fr e q u e n c y
i
th a n  be Rq + jX g . Now l e t  a c u r r e n t^ o f  fr e q u e n c y  co^  f lo w  in t o  
1 ,  and l e t  th e  v o l t a g e  a t  6 be v .  I f  a r e s i s t o r  o f  v a lu e  rg  i s  
th e n  c o n n e c te d  b e tw een  6 and 4 th e  v o l t a g e  a t  6 b eco m es, by ' 
T h ^ v e n in 's  th eorem  v r g / ( r g  + Rq t j X g ) . By d e f i n i t i o n  th e  
t r a n s f e r  im pedance i s  = R^ i = ( v / i ) r g / ( r g - + Rq + jX o)
I f  r g  i s  changed t o  r'g th e  t r a n s f e r  im pedance becom es  
Z  ^ = ( v / i ) r ^ ( r g  + Rq + JXq) . I t  i s  c le a r  t h a t  Z^ now h a s  a  
r e a c t i v e  com ponent so  th a t  th e  fr e q u e n c y  a t  w h ich  Z  ^ i s  w h o lly  
r e a l  i s  d i f f e r e n t  from  cOq * I t  may be ass-umed t h a t  f o r  a l l  
p r a c t i c a l  v a lu e s  o f  Vg t h i s  d i f f e r e n c e  i s  v e r y  s m a ll  , and a l s o  
t h a t  Xq i s  s m a ll  com pared w ith  Rq + T g . H ence i f  R ^ . i s  th e  
t r a n s f e r  r e s i s t a n c e  c o r r e s p o n d in g  t o  r^
= r ^ ( r g  + E q ) /r g ( r ^  + R^} . . . . ( 5 .9 )
S im i la r ly  i f  r |  i s  t l ie  r e ^ s i s t d y e  com ponent o f  2j(j<0Q) 
c o r r e s p o n d in g  t o  r^  i t -  can  be shown th%at
R p /^ I “ -^g^^g ^ 0 ) /^ g ( ^ g  ^ ^ 0 ) * * * * (3*10)
and so  R j/R ^ = R^~/Rip ■ •
A l l  th e  p r e c e d in g  fo rm u la e  r e f e r  t o  s te a d y  s in u s o id a l  
c u r r e n t s ,  b u t in  c o n n e c t io n  w ith  s q u e g g in g , w h ich  i s  t r e a t e d  
in  S e c t io n  7 ,  a m p litu d e  -m o d u la ted  c u r r e n ts  and v o l t a g e s  a r e  
e n c o u n te r e d . Sup pose th a t  th e  m od u la ted  g r id  cu r r en t  v o l t a g e  
a t  fu n d a m en ta l fr e q u e n c y  i s
Vg^m -  Vg2 (1  + :acoscû(3^t)cosü)gt . ( 3 .1 1 )
Then from  ( 3 .1 )  and (3 .6 .)  th e  c o r r e s p o n d in g  anode v o l t a g e  i s  
Vaim = Vg;j.m2j(jco)/Z^.( jœ) = -V .g ^ (l.+  acosco^j^t ) c o s ^ o t
+ Vgu_ (X g /ïl i)  (1 + acos(D(g^t -  Sa^ ' (cü^ /cDq) sincD^^t) s in o io t
(3 .1 2 )
fO-'
Of th e  two com ponents o f th e  a n o d e .v o l t a g e  i t  ' i s  s e e n  t h a t  
th e  m o d u la tio n  on th e  f i r s t  or in -p h a s e  com ponent i s  u n a l t e r e d  
in  p a s s in g  th r o u g h  th e  n e tw o r k . The m o d u la tio n  on th e  q u a d ra t­
u r e  com ponent i s  a l t e r e d  i n  b o th  p h ase  and a m p litu d e .
The an od e c u r r e n t  o f fu n d a m en ta l fr e q u e n c y  a s s o c i a t e d  w ith  
th e  v o l t a g e  g iv e n  by ( 3 .1 2 )  i s  iaqm  “ "’'^gin /%  (
S u b s t i t u t i n g  f o r  Zrp( j o ) from  ( 3 .1 )  and f o r  Vg^^ from  (3 .1 1 )  
iaqm -  (V g ^ /^ i)  + .acoscD^t -  2a^i ’ (cjù^ /cüq) sincD^t) ooscjÛQt (3 .1 3 )
T h is  c o n c lu d e s  th e  a n a l y s i s  o f  th e  fe e d b a c k  n e tw o r k .
Som etim es i t  i s  more c o n v e n ie n t  t o  c o n n e c t  th e  g r id  r e s i s -  
t o r  Rg b e tw een  6 and 4 in s t a e d  o f  in  th e  p o s i t i o n  shovm . The 
o n ly  e f f e c t  o f  t h i s  change i s  to  put an a d d i t io n a l  p a th  f o r  
h ig h - fr e q u e n c y  c u r r e n ts  b e tw een  6 >;and 4 w ith o u t  a f f e c t i n g  in  
any o th e r  way th e  ■ o p e r a t io n  o f  th e  o s c i l l a t o r .
V: ; The o h j e c t  o f  t h i s  S e c t io n  i s  t o  c a l c u l a t e  th e  g r id  c u r r e n t  
and th e n c e  t h e . g r id - h i a s  v o l t a g e  and th e  g r id  in p u t  resistance .
I f  th e  a l t e r n a t i n g  g r id  v o l t a g e  - i s : s 1 n u s o id a l  t h e  work i s  s im p ie ,  
h u t t h e r e  a r e  two . f à ç t o r s  w h ich  g iv e  r i s e  t o  h arm on ie g r i d . v o l t ^ ' 
a g e s S in c e  th é  d ^ -fa o to r  : o f  ' th e  , n etw ork  càn h ot he ; i n f  i  h i  t e t h é  : 
harm onic anode arid g r id  ; c u r r e n ts  pripduce harm ohic: grid^ v  
a n d , d ep en d in g  on t h e  m agn itu d e o f  t h e s e  t h e  ; griidr-h ias v C lta g é  ' 
and th e  g r id  in p u t  im pedance a r e  more or l e s s ,  a l t e r e d . ;  . The t  
se co n d  f a c t o r  i s  th e  t im e  c o n s ta n t  R™G„ o f  th e  g r id  : r e s i s t o r ; :  
and c a p a c i t o r .  S in c e  t h i s  can n ot he i n f i h i t e  th e  p u l s a t i n g  ’ 
g r id  c u r r e n t  p r o d u c e s •harm onic g r id  v o l t a g e s  b e tw e e n  5 a n d '6 •  ;
To s o lv e  th e  p rob lem  th e  m ethod w h ich  h a s  b een  a d o p te d . i s  ■
: t o  c a r r y  th ip U gh  th e  calcul^^ , f i r s t  p n y th e  a s su m p tio n  t h a t
and RgGg a r e  v e r y  l a r g e , arid, th e n  t o , i ekam ine ; s e p a r a t e ly  t h e  
e f f e c t s  o f  arid RgQg ■having; f  i  n i  te -  va lu e  s  f  : i t  i s  p a r t  i  c u la r ly  f  
; im p o r ta n t , t o  f in d  ,t h é  minimum v a lu e  o f w i l l  g iv e  ; 
s a t i s f a c t o r y  r e s u l t s , f o r  t h e  maximum v a lu e  i s  l im i t e d  by c o n -  
s  i d e r a t io n s  ' o f . a m p iitu d e  s ta b  i l i t y  ( s q u e g g in g ) . ;;
: ; L e t  th e  mean' g r id  c u r r e n t  b e  i f . " T h is ^ f  
and i f  th é  f  é s i s t a n o é  t o  d i r e c t  c u r r e n t  betw eeri 3 and 4 i s ; t  t  v 
, n e g i i g i b i e  com pared w ith  Rg t h e  ÿmean igrid  v o l t a g e  i  ” - ^ gv t
A ssum ing Q, and RgOg t o  b e  i n f i n i t e , harm onic v o l t a g e s  a r e  z e r o  , 
and th e  g f  id  : vo  11agerican be w r i t t e n  '
:: ; : \ . . . . c f u f :
I t  i s  f  ound t h a t  in  r e c e iv in g :  v a l v e s ; and s m a ll  t r a n s m i t t in g  
v a lv e s  h a v in g  u r i ip o t a n t ia i  o x id e -c o a t e d  c a th è d é s  t h e  r é l a t i o n  
b etw eeri g r id  c u r r e n t  arid g r id  v o l t a g e  . i s .  a p p r o x im a te ly . l in e a r  ; 
fo r '  s m a ll  p o s i t i v e :  g r id  v o I t a g e s   ^ and : y a r i e s  b u t ;1 i1 1 1 e w it h  
anode or s e r e  eh  v o l t  ag  e p r o y id e d  t h e s e  a r e  c o n s id e r a b iy  g r e a te r  
. th a n  th e  g r id  v o l t a g e t  ; I f  anode and ^ i d  y o l t a g e s  becom e comp- 
- a r a b le  th e  g r id  c u r r e n t  in c r e a s e s  a t  a  g r e a te r  r a t e .  T h is , may 
: happen i f  t h e  anode lo a d  ,r e s is ta ,n o é  . i s  ^ la rg e  arid the-valV e^ ; i s  ,
d r iv e n  h a r d ,-  I t  w i i r  be su p p osed  t h a t  in  th e  o s c i l l a t o r s  to  
w h ich  t h i a  a n a l y s i s  : a p p l i e s  t h e t e x c u r s io n  :cë  l th é  anode v o l t a g e  • ; 
i s  n o t a  la r g e  f r a c t io n :  o f  the.'-'H^T:.):eupily v o l t a g e i  i
.W henythe : g r i d 'v o lta g ë V  i s 'n e g a t iv e :  t t h e  g r id  c u r r e n t  c h a r a c t -  t  
e r i s t i c  i s  a p p r o x im a te ly  e x p o n e n t ia l . .  T h is  i s  im p o r ta n t when ; 
v e r y  s m a ll  V a lu es  b f o s e i l l a t i  on a m p litu d e  h ave t o  b e  c o n s id e r e d , -  
arid i s  d i s c u s s e d  in  S e c t i o h  8 in  .c o n n e c t io n  w ith  a m p litu d e  ;
i n s t a b i l i t y . : Under norm al ; s t e a d y - s t a t e  c o n d i t i  ons th e  T d sc iil-^  " 
a t  ion; a m p litu d e  ■ i  s  u s u a l  l y  i a r  ge enough t o  make t h e  l in e a r ;  la w -t^  
an  a c c u r a t e  a p p r o x im a tio n . Clhe r e l a t i o n  ;betw een g r id ;  curi% t and  
v o l t a g e  can th e n  :be w r i t t e n ;
ig  = -  Vog) when Vg >  T<,g
■ v g < - V o g  ' ( 4 . 8 )
bg and V cg a r e  c o n s ta n t s  p e c u l ia r  t o  t h e  v a l v e .
. S u b s t i t u t i r ig  f o r  v„  a c c o r d in g , t o  ( 4 .1 )  g iv e s  
; : : ' ; q  =  h g  (V gio  o s to o f v g  -  g)
and c u r r e n t  f lo w s  when Vg^^coscpot + Vg -  V^g > 0 ,  e . g .  from  
= : t o  Wqt ■
In  p r a c t i c a l  o s c i l l â t o t s j V g i i s  much g r e a te r  th a n  V^g and i s  
com parab le w it h  Vg^ so  t h a t  c u r r e n t  f lo w s '  o n ly  f o r  a  f r a c t i o n  
o f  ea ch  c y c l e .  The mean g r id  c u r r e n t  i s  
' '' ' -0
I g  = ( h g A ) \  (Vg c o s e  + Yg -  Vog)d@
 Jo . >■:
From t h i s  and th e  p r e c e d in g  fo rm u la
-V g = R g ig  = V g ^ b ^ g ( s iu 0  -  jZ^cos^)/7T = Vg^cosjZ* -  V^g ( 4 .3 )
bgRg c o u ld  b e  fou n d  from  t h i s  e q u a t io n  in  term s o f  Vg/Vg^  
and V gg/V g 2  and grap h s o f  Vg/Vg^ v e r s u s  bgRg c o u ld  be drawn 
f o r  v a r io u s v a lu e s  o f  Vcg/V g]_. A s im p le r  th ou gh  ap p rox im ate
m e t r iÿ ÿ ; 0 ; t h : p ^ p ^ # ; < a 8 ^ ^
L et b e  t h e  v a lu e  o f  0  c o r r e s p o n d in g  t o  V^A = 0 .  L et  
0  = 0Q + 02. nnd su p p o se  th a t  i s  so . s m a ll  t h a t  cosjZ)^ = 1 and y . 
,s in )^ i = 0X» Then ( 4 .3 )  becom es .
y g l t » ^ g ( ^ t M b " o c 0 sjZfo + ) Z ) o ^ is in 0 o ) /v  = V g i c o s ^ o  ” V g ijZ J is in 0 o  “^ c g
S in c e  ^  = 0 0  When Vog = 0
,b g R g (s iii^ o  -  ^ o ) Â  = 008;^ ^^ ^^  , . . ' : ; ( 4 .4 )
S u b s t i t u t i n g  t h i s  ; i r i t h  t j ie  ab ove e q u à t i  on g i y e s  ■
: jV 7g3/<isihe>p : - t y c g ( i  ; - : ^ q c o # ) / :: :7  t t ;  ' 
y e " ; ; y g  -  -^ s iQ  : y ; , / /  ;  : : : :
;v :7 ;:7  \ ; t : 7 ( 4 v ë i
F i g .  2 shows cos^Q and ^Q oot^o p l o t t e d  a g a in s t  bgR g. 
lO xact V a lu e s  f o r  V i  b a l  ( 4 .3 )  ■ i n d i c a t e  th a t:  f o r  th e  ;
ran ge  o f  b ^ g  c o v e r e d  b y  F i g .  2 th e  e r r o r  i p  fo rm u la  ' (4 .6 )  i s  
l e s s  th a n  ab ou t 1^; f o r  v a lu e s  o f  V ç g ^ g i  b e tw e e n  0 .3  and— 0 . 6 .
. In  p r a c t i c e  t h e  v a lu e s  o f  V^g/Vg^ a re  much l e s s  th a n  t h i s .
: N ext c o n s id e r  th e  a m p litu d e  Ig^  o f  t h e  com ponent o f  fu n d ­
a m en ta l fr e q u e n c y  in  i g .  T h is  i s
,/y:. u / . ' : , /  : 7 /  / -  y'':-
;  : 7 %  =7(2hg4r) W
' 7  = b ÿ r g i U ; 8 in 0 c o s 0 ) /^  ;  ' : : y ; ■.7
-  - « = / ' * ■ • '
S im i la r ly  from  ( 4 .3 )  :
Henbe;; .:Ig^: = ::2Ïg(iyy0^/lp::Ù ;T )' 4  : : ' (4.7)
The g r id  in p u t  r e s i s t a n c e  a t  fu n d a m en ta l fr e q u e n c y  i s
:  : ; :rg  = V g i / i g i  = $ ( V g ^ ^  ^
: . 7 ; -
S in c e  0  i s  n o t  v e r y  d i f f e r e n t  from  0^  and th e  term  j ^ / l O
i s  in  any c a s e  s m a l l ,  i t  i s  p e r m is s ib le  t o  w r i t e  ; t  :
rg = - iE e /(V g A g i)C  - 0 S/IO) . . ) (4.8)
T h éW lu e  o f  1 -  .0 ^ 1 0  i s  shown i n  F i g .  2 I t  i s  o n ly  a t  th e  , 
s m a l le s t  v a lu e s  o f  bgRg t h a t  t h i s  term  i s  a p p r e c ia b ly  d i f f e r e n t  
from  1 .  In  ; m ost exam p les th e  d i f f e r e n c e  can b e  n e g le c t e d .
Now su p p o se  that/R gC o. i s  s t i l l  i n f i n i t e ,  b u t  t h a t ,  b e c a u se  
o f  th e  f i n i t e  v a lu e  o f  Q,, th e  g r id  v o l t a g e  c o n t a in s  harm onic
co m p o n en ts , and t h a t  th e  mean g r id  v o l t a g e  i s  th e r e b y  a l t e r e d
t o  Vfr + dV^. Then from  ( 3 .4 )
(4
: : ; u  = A l ? ' A  ;  ' 4  A ? -  ”  A 4  4  -  : •; :■: :  ;  ; '' : : ? 7 - .. : ? ;?
. I t  ; w i i l  b e  assum ed: t h a t  Vj,g I s  0 ; s q  t h a t  J2? The e f f e c t
o f  Vqg oh th e  v a lu e  o f  shown 1 6 p e  n e g l i g i b l y  s m a ll  . ?
L et ô o h d u c t ioh how b e g in  when, cont ^ (0^  + ■ ^ t )  and end when
Vg3_cos(^o, -  V g^cos^o y ^ ^ V g n s in  n (^o: +
A ssu m in g  t i i a t  ' Vgnsih^^ s m a ll  and t h a t  JZ^ -,^  i s  so  s m a ll  A -  h
th a t  s in ^ T  =-vj?î^  and o o s% ;=  1 -  >ei|/2,
A 0 i ( V g ip o s W y  + :
:; / : ;  :  ' t 'A y g n =  i": V  ,
Rrom Which  ^ _
■ -  A :n ^ A n ® 4 "  ' '  A i d
,+ ((V giB ih0o +'21nVgnOosn0o)2 + 2(V gioos0o -  ^ n ^ V g n S in  n0p)
'  L
; The e x p r e s s io n  f o r  0 2  i s  o b ta in e d  from  t h i s  by w r i t in g  -Vg^  
: '7 in :p la c e  o f
The mean g r id  c u r r e n t  ie  '
\  . . '■ ■■■■,: , Ç0Q + 0 2  y ' ^
%  * M g y  + : ^ g ^ e i n  ne + ^ g ) m
?" ' ig  -  ( b g /4 f )  (T g i(0 g  + -;:03) rV -g„B ln  h0„ . ,
+ (0? -  iz |)  '£  nVg„oosn0o -  2dVg(20o + 01  + 0 g ))  
jH e n c e  d V g (( l  t  b ^ g ^ p /y )  +
= (hgRg/4Tr) (Vgj^(0f + 0 | ) e i n 0 o  + 8 ( 0 1  -  0 3 ) Z  V g „ s in  n0o
. From ( 4 .4 )  1 + ? ‘ : ' ' •
; : Hehce. : (iM-gAg) ( s i p 0 o y \ i ( 0 i  ;+^
1 (2  (02  -  0 i )  A  h g A g l  A i n
■: ■7
, o 4 ?
/ f
■ S in c e  dVg i s  in v o l^ v e d  in  th e  e x p r e s s io n s  f o r  0^  and 0 p  
t h i s  e q u a t io n  c a n n o t h e  s o lv e d  d i r e c t l y  f o r  dV g. The m ethod  
w h ich  h as b e e n  a d o p ted  i s  t o  c a l c u l a t e  0j^ and 0 p  from  ( 4 .9 )  on 
th e  a ssu m p tio n  t h a t  dVg/Vg h a s  c e r t a in  s m a l l ,v a lu e s  ( e . g .  1 ^ , 2%) 
and t o  f in d  t h e  v a lu e s  o f  d.V^Vg g iv e n  by th e  ab ove e q u a t io n  
u s in g  t h e s e  v a lu e s  o f  und 02*  The v a l u e s o f  dVg/Vg th u s  fou n d  
a r e  s u b s t ^ i t u t e d  b ack  in t o  (4 .9 ) .  and th e  c a l c u l a t i o n  r e p e a te d  
t o  o b ta in  a  b e t t e r  a p p rox im aticon .
The e f f e c t  o f  harm onic v o l t a g e s  in c r e a s e s  s l i g h t l y  a s  bgRg 
• i n c r e a s e s ,  b u t i t  i s  a lw a y s  s m a l l .  As an exam ple c o n s id e r  th e  
ex trem e c a s e  in  w h ich  bgRg = 1 0 0 0 , and th e  a m p litu d e s  o f  th e  
seco n d  and t h ir d  harm onic v o l t a g e s  a t e  and 3 ^ , h ig h e r  h arm on ics  
, b e in g  n e g l i g i b l e .  The c o r r e s p o n d in g  v a lu e  o f  dVg/Vg i s  fou n d  
t o  be. 1 .6 ^ .  In  p r a c t i c e  th e  v a lu e  o f  bgRg i s  u s u a l ly  much l e s s  
th a n  1000 and t h e  harm onic v o l t a g e s  a r e :s e ld o m  a s  g r e a t  a s  th e  
v a lu e s  a s s u m e d ,. I t  can be shown s i m i l a r l y  t h a t  th e  e f f e c t  o f  
■ th e  harm onic v o l t a g e s  od t h e  g r id  in p u t  im pedance i s  a l s o  
n e g l i g i b l e .
The e f f e c t  o f  a  f i n i t e  v a lu e  o f  RgOg can  now be c o n s id e r e d .  . 
I t  w i l l  be su p p o sed  th a t  t h e  Q -fa c to r  o f  th e  o s c i l l a t o r y  c i r c u i t  
> i s  i n f i n i t e  so  t h \ a t  th e  v o l t a g e  b etw een  3 and|i i s  s i n u s o i d a l .
The p u l s a t i n g  g r id  c u r r e n t ,  h o w ev er , p ro d u c e s  a  n o n - s in u s o id a l  
v o l t a g e  b e tw e e n  5 and 6 w h ich  ch an ges th e  mean g r id  v o l t a g e  and  
t h e  g r id  in p u t  im p ed an ce . A n oth er  e f f e c t  o f  a  n o n - i n f i n i t e  
v a lu e  f o r  RgCg i s  a  s m a ll  change in  th e  a m p litu d e  and p h a se  o f  
th e  fu n d a m en ta l g r id  v o l t a g e .  The aim  o f  th e  f o l lo w in g  c a l c u l ­
a t io n  i s  t o  f in d  t h e  v a lu e  o f  Vg c o r r e s p o n d in g  t o  any g iv e n  v a lu e  
o f  RgCg, and h e n c e  t o  f in d  th e  v a lu e s  o f  RgCg w h ich  produce  
c e r t a in  s p e c i f i e d  s m a l l  ch a n g es  in  th e  v a lu e  o f  V g.
L et th e  v o l t a g e  b e tw een  3 and 4 be V g. For th e  p u rp ose  o f  
c a l c u l a t i n g  th e  g r id  c u r r e n t  th e  p a r t  o f  th e  fe e d b a c k  netw ork  
t o  th e  r ig h t  o f  t e r m in a ls  3 and 4 may be r e p la c e d ,  a c c o r d in g  t o  
T h ev e n in * s  th e o re m , by  th e  e q u iv a le n t  c i r c u i t  shown in  F i g .  3 
in  w h ich  ■ C ’ .= Cg + ^-ad
^3e ■“ ^ 5 j^CQCgRg)/ ( l  + jcDgCgRg)
In  p r a c t i c a l  o s c i l l a t o r s  Rg i s  many t im e s  l/œ g C g , and Cg i s  
s e v e r a l  t im e s  Cg}.. Then t o  a  h ig h  d e g r e e  o f  a c c u r a c y  
TSe = v^C g/O g. For e x a m p le , i f  Cg i s  5 t im e s  Cgi;; and Rg i s  15 
t im e s  ,l/cOoGg th e  e r r o r  in  i s  o n ly  0 .0 7 ^ - and th e  p h a se  e r r o r  
o n ly  0 .0 1  r a d i a n . '
I t  i s  assum ed i n i t i a l l y  t h a t  V^g i s  z e r o .  The e f f e c t  o f  
a f i n i t e  v a lu e  f o r  V^g i s  c o n s id e r e d  l a t e r  and i s  shown to  be  
s m a l l .
L e t VgQ = YjgCoscuQt. ' L et V'^  be t h e  in s ta n t a n e o u s  v a lu e  o f
th e  v o l t a g e  a c r o s s  C \  and l e t  th e  g r id  c u r r e n t  fe e g in , in  th e
• ' -
c y c le  c e n te r e d  on t. =' 0 ,  when œ^t = 3-ad end when coot = 0 2 '
In  th e  f o l l o w i n g  c y c le  c u r r e n t  b e g in s  when cogt = Sir -  
D u rin g  th e  c o n d u c t io n  p e r io d  t h e  c u r r e n t . i s
i g  = b g(V 3 eCosü)ot + vb) * T h is  m ust be e q u a l t o  th e  sum o f  th e  
c u r r e n ts  f lo w in g  th r o u g h  Rg and Cg w h ich  i s  - v t /R g  -  C g(dv-b/dt) 
H ence C ^ g (d v - ^ d t )  + (^1 + bgRgjv-^ = -b^gV seC O scoot ■
T h is  d i f f e r e n t i a l  e q u a t io n  i s . o f  a  s im p le  and w e ll-k n o w n  t y p e .  
The. s o l u t i o n  i s  e a s i l y  fou n d  to  be
v^ -  a  é x p ( -pbgXgCOot) -  V g g S in e s in fw o t  + @ )/p ( 4 .1 0 )
i n  w h ich  p = 1 + l /b g R g
tan© = p b ^ g  -■ ( 4 .1 1 )
Xg = 1 / Ü)g0g
and t h e  c o n s ta n t  a  i s  d e ter m in ed  by th e  i n i t i a l  c o n d i t i o n s .
The g r id  c u r r e n t , and t h e r e f o r e  Y^gCoscDot t  v^ i s  z e r o  when
cogt = "02^  and when cogt = 02*  A p p ly in g  t h e s e  c o n d i t io n s  t o  ( 4 .1 0 )
g i v e s
a  exp(pbgX g^x) = V 3 e S in © sin (9  -  0 ^ ) /p  -  Vgg cos^^. (
.'v ■ .fV ' ■ .■■,■= /. : (.4. * 1 8  )
a exp(-pbgXgjZig) = V 3 e s in 9 s in (©  + ^gX /p -  VgQOOs^g |
L et 02  ^ + 0 2  = 2 0 s , ^1 ^2  =^^d
Two new e q u a t io n s  may be form ed by s u b t r a c t in g  and a d d in g  - 
th e  c o r r e s p o n d in g  s id e s  o f  e q u a t io n s  ( 4 .1 2 )  and th e  q u o t ie n t s  
o f  th e  c o r r e s p o n d in g  s id e s  o f  t h e s e  new e q u a t io n s  form  a t h ir d  
e q u a t io n ,  w h ic h , a f t e r  s u b s t i t u t i n g  f o r  0j^ and %  may be w r i t t e n
nA A - p 8 Ïn 0 A si4 0 8  -  s in e ç o s  Ce -  0 ^ m h 0 ^  ; 7
tanh(pbnXgjZ)g ) ,— ■ : ;■.., ~ - '-
I -  s in © s in (^  - ' ^ ) b o s ^ g - -
B ineoos©  -  (p  -  8 in S e )ta u 0 ( i  
A, t à î ^ g  ■' ' • .
= t a r ; 0 , ( l  -  q ta n « ia ) /(q  + target)
Where q -=A(P s ir i^ e  j / s i n ë e o s e  = l / b ^ ^  + pXg/Rg ,A ; ■ (4 .1 3 )7
The ab oyé eq u at io n  may be r e w r i t t e n  as- : -A A A'. A : ' .7 ?
: A A ^ y  _ 7 t a ^ é  . -  8 ta n h (p b ^ B 0 s )  ; 7 r ;  :7 ? ;7 ? A ? : (4 .i4 )  7
t  t à & f p b g X ^  .
. B etw een  th e  end o f  one c o n d u c t in g  p e r io d  and th e  b e g in n in g  
o f  t h e  n e x t  G.. d is c h a r g e s  e x p o n .e h t ia l ly  th r o u g h  R r . D u rin g .
t im e  = 4  e x p ( -X g ® o tA g ) ■ (4 .X 5)
w here d i s  a  c o n s ta n t  d e ter m in ed  by  th e  i n i t i a l  c o n d i t i o n s . 7
At, th e  b e g ih n in g  and end o f  th é  : d is c h a r g e  p e r i  od V.z„cbsœiot + vA
<, .  - V , . , o . f e  , W . . 1 . I
; d exp (Xg:(jg(p; T ;2y)/R g;) =i 7;-3
By s u b t r a c t in g  and a d d in g  th e  c o r r e s p o n d in g  s i d e s  o f  t h e s e  
e q u a t io n s , and t a k in g  th e  q u o t ie n t s  o f  th e  c o r r e s p o n d in g  s id e s  . 
o f  t h e . two new e q u a t io n s  th u s  fo rm ed ,7 one o b ta in s  
. : ■ t a t ^ d  c o f d s t a n h ( X g ( t t  - . (4. 1 7 ) .  7 '■
7 tanged be. e l im in a t e d  b e tw een  ( 4 . 1 4 )  and ( 4 . 1 7 )  t o  g iv e  an . : 
e q u a t io n  c o n t a in in g  0^  o n ly
tan h (X g(ir  -  JZ^g)/Rg) (qtanjZJg + tanh(pbgX g^G ) ) ; 7_y.,..
= ta:-t0a (ta .i0 f, -  .qianb (pb.;Xg0a)
7 . ; 7 T h is  e q u a t io n  c o u ld .b e  s o lv e d  g r a p h ic a l ly , ,  b u t an ap p rox ­
im a te  a n a l y t i c a l  s o lu t i o n  i s  l e s s la b o r io u s  and more a c c u r a t e .  7/ 
A rou gh  a p p r o x im a tio n  f o r  0„  i s  w h ich  ca n  be fou n d  from  
: F i g .  2 .  By th e  m ethod o f  s u c c e s s iv e  a p p r o x im a tio n s  th e  v a lu e  ; ,
; ' of. 0Q ■ can  th e n  b e < c a lc u l a t e d  t o  any r e q u ir e d  d e g r e e  o f  a c c u r a c y • 
0(X f o  H ow s a t  : one e from  ( 4 . 1 7 )
The mean g r id  v o l t a g e  can how be c a l c u l a t e d .  T h is  i s  done  
by - in t e g r a t in g  o f ? b ' s c i i l a t i o n .  7 Expy^ ^^ ^
i s  in t e g r a t e d  b e tw een  oogt = and (Ogt = , and e x p r e s s io n
.,(4?,i5) y  , 2^ ' and = 2$\ jZ^% *: t/hen  : th e  e x p o n e n t ia l  ;,
term s: h ay  "been e l im in a t e d  by s n h s t i t d t i o h  f  16)
t h e  B o lu t io n ,  .d en o ted  by V *, can  be w r i t t e n  : , 7; - ' ,; , 7,
+ s i .n 0 s in ^ s ( s in ( 9  -  + c o s (9  -  j^d)/F 'bgX g)/p)
On s u b s t i t u i n g  f o r  9 and p a c c o r d in g  t o  ( 4 .1 1 )  t h is ,  becom es
aesi% '(qoA&:i ; ; 7 ■
A >;ït’ ;hg/X g w e r e H n f i n i t e  -the meaUr^grid v o l t a g e  w puld .be!
- ' ^ : 4 : - ^ % A A ' ! . : ™ : 7  77  '7 7 '' ;7 ' : .7 .  ;:7'7:::
= ( l  + (Rg/Xg)tap04)siA0gOOS03/pTroos0o (4.18)
In  7Fig . 4 a r e  ;sho\«l th e  y a iu e s  'b f  , b ^ g  and /R g/X g w h ioh  loorr espond
A ; A 7 A - A l A g A A  A t , ! : : ? 7  ' V 7 : :  7 7 7 , 7 7  ■
7 A;:.;; T h is  problem ; h a s  ;a is o 7 Tbeen; sthdihd:7b Màr i  que^ Twhbs è met hod 77 
was t o  f in d  0 i  and by s o lv i n g  g r a p h ic a l ly  two s im u lta n e o u s  
e q u a t io n s  I n  02. a,nd . M ari que a l s o  assum ed t h a t  th e  mean 77". 
v a lu e  o f  v-h d u r in g  t h e  c h a r g in g  p e r io d  i s  e q u a l t o  t h e  mean 
: v a lu e  d u r in g  th e  d is c h a r g e  p e r i  dd * ...'■In s p i t e  o f  t h e s e  l i m i t a t  io n s  
th e  v a lu e s  o f  Vg o b ta in e d  by M ari que a r e  i n  good agreem ent, w it h  . 
t h o s e  c a lc u l a t e d  from  th e  e x a c t  fo rm u la e  d e v e lo p e d  in  t h i s  
S e c t i o n .  M arique gave  a  t a b le  o f  v a lu e s  o f  bgRg and c o r r e sp o n d ­
in g  v a lu e s  o f  R g/SvX g beyond  w h ich  no a p p r e c ia b le  in c r e a s e  in  
th e  b ia s  v o l t a g e  o c c u r s  a s  th e  v a lu e  o f  X ~ . i s  r e d u c e d . The 
p o in t s  c o r r e s p o n d in g  obo t h e s e  v a lu e s  l i é  b e tw een  th e  0.5% and  
1% grap h s o f  F i g .  4
The e f f e c t  o f  t h e  g r id  c u r r e n t  c u t - o f f  v o l t a g e  V ^g, w h ich  
s o  f a r  h a s  b een  n e g l e c t e d ,  can  now b e c o n s id e r e d .  .. I t  can be ■
8 een  from  ( 4 .2 )  t h a t , so  f a r  a s  th e  g r id  c u r r e n t  i s  C on cern ed ,
Vgg has th e  same e f f e c t  a s  a  g e n e r a to r  o f  e . m . f . -V ^g, w ith  .. 
z e r o  im p ed an ce , c o n n e c te d  i n  s e r i e s  w it h  th e  g r i d , S u p p ose  t h a t  
f o r  any p a r t ic u la r  v a lu e s  o f  Rg,7 Cg and VgA th e  mean g r id  
c u r r e n t  i s  I g ., The mean g r id  c u r r e n t  w ou ld  be unchan ged  i f  t h é  : 7 
g e n e r a to r  w ere  rem oved and r e p la c e d  by a  r e s i s t o r  o f  v a lu e  V ^ g /Ig  
'sh u n te d  by a v e r y  la r g e  c a p a c i t o r . S i n c e , t h e  a l t e r n a t i n g  g r id  
c u r r e n t  f lo w s  a lm o s t  e n t i r e l y  th r o u g h :th e  g r id  c a p a c i t o r ,  th é  . .
1i 0p
Ig^Q = (bg/m ) I ÎVggCos© + V '^)eos9d0 i s  g iv e n  by (4 .1 0 )
th e  two r e s i s t o r s  and two c a p a c i t o r s  c o u ld  be r e p la c e d ,  w ith  
l i t t l e  e f f e c t  on th e  g r id  c u r r e n t ,  by a s i n g l e  r e s i s t o r  o f  v a lu e  
Rg + V ^ g /lg  = R g ( l  -  ^ o g /^ g )  sh u n ted  by a  c a p a c it o r  o f  v a lu e '
Cg. I t  i s  c o n c lu d e d  t h a t  f;or th e  s m a ll  ch a n g es  o f  w h ich
■
are  o f  i n t e r e s t  th e  grap h s o f  P ig .  4 a r e  v a l i d  i f  Rg i s  r e p la c e d  
b y  'Rg(1 -  V g g /V g ) , b u t i t  i s  o b v io u s  from  i n s p e c t io n  o f  t h e s e  
grap h s t h a t  t h i s  makes a  n e g l i g i b l e  d i f f e r e n c e  t o  th e  v a lu e  o f
V
F i n a l l y  th e  e f f e c t  o f  a  f i n i t e  tim e  c o n s ta n t  on th e  g r id  
in p u t  im pedance can b e  c a l c u l a t e d .  The g r id  c u r r e n t  o f  fu n d ­
a m en ta l fi^ requency can  be e x p r e s s e d  a s  Ig^QCOsoQt + Ig-j^gsincüQt 
or s y m b o l ic a l ly  (lg]_c -  j lg ^ g )  expjcoot w here
The i n t e g r a l  i s  equal t o
( s iq 0 g o o s 0 g (  (2Xg/Rg + b g X g )s in 2 0 a  -  (1  -  x | / r |  -  b g X ^ g )
X cos2)Z^(i)
+ 0 g ( i  + x | / r |  + -b g x |Æ g ))
S im i la r ly
Ig].8 = C 3 e b g / ^ ( l  +
(s iK s0 sO o s0 g ((l -  x | / r |  -  b g X |/R g )s in 2 0 ^
+ . (2Xg/K g + b g X g )o o s20^) -  bgXg0 g)
The g r id  v b i t a g e  o f  fu n d a m en ta l fr e q u e n c y  i s  
(V^Q + jR gX g(lg^  Q -  j  Ig q s  ) / (^g “ jX g) ) exp jcDot 
H ence th e  g r id  in p u t  im ped a n ce  i s
Zg = ^ 3 e /( ,^ g lo  “ j ^ g ie )  + J ^ g ^ g /(^ g  “ J^g) = ^g + # g  
I t  i s .  fo u n d  t h a t  f o r  th e  v a lu e s ,  o f  bgRg and R g/X g shown 
in  P i g .  4 th e  v a lu e s  o f  r g  do n o t d i f f e r  from  th o s e  c o r r e sp o n d ­
in g  t o  an  i n f i n i t e  v a lu e  o f  RgCg by p e r c e n ta g e s  g r e a te r  th an  
t h o s e  shown in  P i g .  4 f o r  th e  change in  V g , and t h a t  Xg i s  
a lw a y s  a  s m a ll  f r a c t i o n  o f  V g . I f  i t  i s  assum ed t h a t  e r r o r s  
in  Vg and r g  l e s s  th a n  sa y  1^ can be n e g l e c t e d ,  th e n  fo rm u la e
( 4 .6 )  and ( 4 .8 )  can  be u s e d ,  p r o v id e d  R g / X g i s  g r e a te r  th an  
th e  v a lu e  shown in  P i g .  4 c o r r e sp o n d in g  t o  t h e  a s s u m e d -e r r o r .
O/ c 5 « Anode c u r r e n t .
The anode, c u r r e n t  i s ,  t h e . d i f f e r e n c e  b e tw een  th e  c a th o d e  ^ 
c u r r e n t  and th e  sum o f  th e  c u r r e n ts  f lo w in g  .to  a li.v .o th é r  é l e c t ­
r o d e s . .T h u s  f o r  t r i o d e s ,  ia; = i^  -  ig>  in  h H f i o ^  ca th o d e
c u r r e n t  may be r e p r e s e n t e d  f a i r l y  a c c u r a c t ly ,  over  a  c e r t a in  ;. 
r a n g e , b y - th e  e x p r e s s io n  
;. l - h . = when Tg
= 0 . Vg + < 0 -
; i^  ^ \ i s  t h e  ' anode v o l t a g e  and bg^  and^'; a^e /c o n s t a n t s  -
p e c u l ia r  t o  ith e . v a lv e r ;  The e r r o r s  in  th is :  .e x p r e s s io n , ooou^^
:■ m a in ly  a t  la r g e  and. s m a ll  r v a lu e s  o f  P l a r g e . p o B it iv e
/ g r id  v o l t a g e s  e s p e c i a l l y  i f  com bined w ith  , low  anode:, v o l t a g e s  
th e  c u r r e n t  .is . l e s s ,  th an  th e  t h e o r e t i c a l  v a lu e v  .T h is  may happen  
i f  th e  a n o d e - lo a d  im pedance Ry i s  la rg e:-a n d  th e  v a lv e  i s  d r iv e n  
' ' h a r d . , I t  w i l l  be su p p os ed t h a t  in  th e  o s c i l l a t O r s  ; t o  w h ich  th  i s  
•. a n a ly s is ,  i s  a p p l ie d  th e  anode a l t e r n a t i n g  v o l t a g e  i s  n o t a  la r g e  
f r a c t i o n  o f  th e  H .T , s u p p ly  v o l t a g e .
; At s m a ll  v a lu e s  o f  e r r o r s  may b e p rod u ced  by th e  f r i n g ­
in g  o f  th e  e l e c t r o s t a t i c  f i e l d  a t  th e  e x t r e m i t i e s  o f  th e  e l e c t -  . 
- : r o d e s , by t h e  i n i t  i a l  v e l o c i t y  o f  t h e ‘ e l e c t r o n s  and o th e r  e f f e c t s  
The c u r r e n t  i s  g r e a t e r  th a n  th e  t h e o r e t i c a l  v a l u e ,  but t h e s e  . 
d is c r e p a n c ie s  a r e  o o m p a ra tiire ly  in n o c u o u s . '
Under o p e r a t in g  c o n d i t io n s  Vg i s  th e  sum o f  a  c o n s ta n t  .;/.y t .
, com ponent V„ ( th e  E .T . su p p ly  v o l t a g e )  and an a l t e r n a t i n g  
com ponent v^a* H ence i^  = % a(?g + ? a s /P  c a )  " ^g 
: w h ere  i s  th e  v a lu e  o f  Vg a t  which beeom es ;z e r o  under '
■ s t a t i c  c o n d i t i o n s .  i s  a lw a y s  n e g a t iv e  and i s  r e f e r r e d  to
, a s . th e  anode c u r r e n t .c u t - o f f  v o l t a g e . (The g r id  c u r r e n t  i s  z e ro  
a t  t h i s , ,p o i n t )
In  t e t r o d e  and p e n to d e  v a lv e s  th e  anode c u r r e n t  b e a r s  an  
a lm o st  c o n s ta n t: !;r a t io  t o  t h e  s c r e e n  c u r r e n t  p r o v id e d  th e  anode  
.. v o l t a g e  i s  n o t  t o o  lo w . L et th e  anode c u r r e n t  b e  k t im e s  and '
th e  s c r e e n  c u r r e n t  1 -  k t im e s . th e  sum o f  t h e s e  c u r r e n t s ,  f o r  
'. many v a lv e s  k . i s  a p p r o x im a te ly  0 . 7 5  - o . 8 .  : I f  th e  s c r e e n  ,
«if
v o l t a g e  i s  f i x e d  th e  e x p r e s s io n  f o r  th e  anode c u r r e n t  i s
s im i la r  t o  t h a t  g iv e n  above fo r  t r io d e s  , Thus
i a  = %a(Tg + Vaa/ju -  -  k ig  ' • ■ • • . ( 5 . 1 )
The c o n s ta n t  ba h e r e  r e fe r s ,-  o f  c o u r s e ,  t o  th e  anode c u r r e n t  
n o t  t o  th e  c a th o d e  c u r r e n t .  T h is  e x p r e s s io n  may s e r v e  f o r  a l l  
t y p e s  o f  v a l v e s ,  l ’or t r i o d e s  k = 1 .  For p e n to d e s  and t e t r o d e s
/r i s  u s u a l ly  s o  la r g e  t h a t  ban be n e g le c t e d  .
Talcing a c c o u n t o f  h a r m o n ic s , th e  g r id  v o l t a g e  i s  
y  g = V g^cosw gt + Vg + %  VgjjSini ncogt and th e  a l t e r n a t in g  
an od e v o l t a g e  i s  -
Vaa = -V a icoscoot + : V ^l + X  ^an^^^ ^ o ^
%
S u b s t i t u t i n g  t h e s e  e x p r e s s io n s  in t o  ( 5 . 1 )  and ex p a n d in g  by , 
T a y lo r 's  th eo rem  g i v e s
i a  = % a((T gi '  V ai/u )ooscD ot + Vg -  " k ig
+ l i b a (  (V a i(X a /u R x)sin iO ot + X  (Vg^ + V g ^ ) s i n  nœ^t)
of
% ( (Vgx -  V a i/u )coscO ot t  Vg -  V^^) 2
In  th e  a b se n c e  o f  th e  quad rature- anode v o l t a g e  and o f  
t h e  harm onic v o l t a g e s ^ i g  c o u ld  be r e p r e s e n t e d  by th e  s e r i e s  
l a  + % la n c o sn w g t . I t  i s  s e e n  from  th e  p r e c e d in g  e x p r e s s io n  
f o r  ig  ^ t h a t ,  s in c e  Vg^(Xg/uR]:) and Vg^ + Vg^y^ a r e  s m a ll  
com pared w it h  V-g^» th e  e f f e c t  o f  a d d in g  th e  q u a d ra tu re  and 
harm onic v o l t a g e s  i s  t o  p rod u ce a d d i t io n a l  c u r r e n ts  o f  sm a ll  
a m p litu d e s  in  p h a se  q u a d ra tu re  w ith  th e  e x i s t i n g  c u r r e n t s .
T h ese c u r r e n ts  h ave  t h e r e f o r e  a  n e g l i g i b l e  e f f e c t  on th e  
a m p litu d e s  and o n ly  a  s m a ll  e f f e c t  on th e  r e l a t i v e  p h a se s  o f  
th e  t o t a l  c u r r e n ts  a t  th e  v a r io u s  harm onic f r e q u e n c i e s .  T h e ir  
m ain r e s u l t  i s  a s l i g h t  change in  th e  fr e q u e n c y  o f  o s c i l l a t i o n .
The a m p litu d e  o f  th e  fu n d am en ta l com ponent in  i g  i s  t h e r e ­
f o r e
l a i  = (2 ta /ir )Ç  ((V g^ -  V a^ /m joose  + Vg -  V(,a)®'^^oosede -
w here V g ^ /rg  i s .  th e p m p litu d e  o f  th e  fu n d a m en ta l com ponent o f  
t h e  g r id  c u r r e n t .  The i n t e g r a l  i s  e v a lu a te d  in  -the A p p en d ix . 
Two c a s e s  m ust b e  c o n s id e r e d  d ep en d in g  on w h eth er  Vg^ -  V ^x/u  
i s  g r e a te r  or l e s s  th a n  Vg -  V ^g.
Vg -  Vgg . anode c u r r e n t  f l o w s  c o n t i n u o u s l y ,  and 
t h e  r e s u l t  o f  i n t e g r a t i o n j i s  ■ ' '
l a l  = l i b a ( V g  -  ToaUtVgj^ -  T a i / { w ) ( l  -  -  V ^ i / u ) 2 / 3 3  (Vg-V^a)^
-  k V g^ /rg  ( 5 . 2 )
From ( 3 . 2 ) Ig,x “ " Vg^/R^» a-nd from  ( 3 .7 )  Vg^ =
Let R = - l ib g (-V ca )" ^ (R T  + R i% n ) / ( l  - .M î ^ / r g )  ( 5 .3 )
K = - ( V g / V g x ) / ( 1  + R l /h R f )  „ • • ■ . . ( 5 . 4 )
Then ( 5 .2 )  can he  w r i t t e n  in  th e  form  
1 = H(1 -  7 g / T o a ) * ( l  -  1 /3 S k 3 (1  -  ( 5 . 5 )
I f  Vg^ -  Vgx/)j- >  Vg -  Vga anode c u r r e n t  f lo w s  o n ly  when 
.< (Ogt -r p   ^ w here cos,6  = " (V g-V ^g)/V g^(l+R x//iR x) = H (l-V ^g/V ^)
The r e s u l t  o f  i n t e g r a t i o n  i s  th e n  
l a l  = C 3 b a /2 i )V g f /^  ( l  +
X (1 " ( 1 / 4 ) sin^-g-fi -  ( 5 / 1 2 8 ) sin" -^g-|D -  . . )  -  k V g^/rg
( 5 .6 )
S u b s t i t u t i n g  f o r  M, K and 1^^ a s ,a b o v e  t h i s  becomes.
1 = i h ( i V g / K V ç g ) t e ^ ( l  -  E /8  -  5 5 ^ /5 1 2 )  . . ( 5 . 7 )
w here H = 2 s i n H p  = 1 -  K + HVca/Vg • • ( 5 .8 )
From ( 5 . 5 )  and ( 5 . 7 )  E can be found  i n  term s o f  Vg/V^^ 
and K. F i g .  5 shows Vg/V^g p l o t t e d  a s : ,a l fu n c t io n  o f  E f o r  
v a r io u s  v a l u e s  o f  K., The-m ethod o f  u s i n g  F i g ,  5 t o  c a l c u l a t e  
t h e  o s c i l l a t i o n  a m p li tu d e  i s  e x p la in e d  i n  t h e  n e x t  S e c t i o n .
■ I f  t h e  graphs w ere  c o n t in u e d  upwards i t  w ould  be found  
t h a t  f o r  a l l  v a l u e s  o f  K l e s s  th a n  1 t h e r e  i s  a  p o i n t  on each  
graph  a t  w h ich  i t s  s l o p e  becomes i n f i n i t e  e.nd t h e r e a f t e r  n e g ­
a t i v e .  T h is  b e h a v io u r  i s  i n v e s t i g a t e d i n  S e c t i o n  8 where i t  i s  
shown t h a t  a l l  v a l u e s  o f  Vg/V^^g g r e a t e r  th a n  t h e s e  c r i t i c a l  
v a l u e s  c o r r e s p o n d  t o  u n s t a b l e  s t a t e s .
For d e s i g n  p u r p o s e s  i t  i s  s o m e t im e s . u s e f u l  t o  know t h e  
mean anode  c u r r e n t . T h is  i s
l a  = (T’a/'"')) ( V g i d  + Ei/;uH,i,)oos9 + Vg -  + kVg/Rg
- Jo - ,
From t h e  i n t e g r a l  e v e l ü a t e d  i n  the, A ppendix
IT Vgj^ ( l  + Rj/uRrp) <  ,Vg -  Vçjg
o a
= t a d g  -  + S /1 6 k2 ( 1  -  V oa /V g)8  + . . )  + k V ^ E g
I f  V g ^ d  + > V g  -
l a  = 5 l3 a |V g i )® /® ( l  + R i / ;X R ï)o \n H (3
X ( 1  +■ ( l / l 2 ) s i n S i ^  + ( 3 / 1 2 8 } s in H j - ; )  4- k V ^ /R g  ( 5 . 9 )
Eow Tg = - ÿ l g ( V g x / V g )  a n d  k V ^ /R g  i s  s m a l l  c o m p a r e d  w i th .  I g ,  
w h i c h  may t h e r e f o r e  h e  w r i t t e n  w i t h  l i t t l e  e r r o r  a s
- i ( V g ^ / % )  (1 + H /6  + V l f /1 9 2  + . . )  . . ( 5 .1 0 )
To c a l c u l a t e  t h e  g r i d  h a r m o n ic  y o l t a g e s -  t h e  a m p l i t u d e s  
o f  t h e  a n o d e . h a r m o n i c  c u r r e n t s  a r e  r e q u i r e d .  T he  tw o  o f  m o s t  
i m p o r t a n c e . . ' a r e  t h e  s e c o n d  a n d  t h e  t h i r d .  E e g l e c t i n g  g r i d  
c u r r e n t , t h e  a m p l i t u d .e  o f  t h e  s e c o n d  h a r m o n i c  c u r r e n t  i n  i^, i s  
I g g  =  ( S b g / i r )  C ( V g ^ ( l  +  4- V g  -  V ^ g ) ^ / ^ c o s 2 9 d e
•JQ
I t  i s  u s u a l l y  o n l y  f o r  l a r g e  v a l u e s  o f  o s c i l l a t i o n  a m p l i t u d e  
t h a t  t h e  h a r m o n i c  v o l t a g e s  h a v e  a p p r e c i a b l e  m a g n i t u d e s ,  a n d  s o  
o n l y  t h e  c a s e  i n  w h i c h  Vg^ ( l  + >  V g  -  n e e d  b e
c o n s i d e r e d .
T hen: I g g  = 6 b g ( i V g x )  V 2 ( i  + R^/^pR^ ) ^ / " ^ s i n % i
X ( 1  -  ( 5 / 4 ) s i n ^ i {3 + ( 3 5 / l 2 8 ) , s i n H ^  + . . )
= 4 ‘g ^ / R . x ) ( l  -  iH  + R ^ / 6 4 ) . . . . ( 5 . 1 1 )
; S i m i l a r  l y  :
- ( V g x / R x ) ( l  -  4H/3 4- 85H^/192 -  E ^ /9 6 )  ( 5 .1 2 )
6 .  Method o f  c a l c u l a t i o n  and ex a m p le .
The f i r s t  s t e p  tow ard s  c a l c u l a t i n g  t h e  o s c i l l a t i o n  a m p li tu d e  
i s  t o  f i n d  t h e  v a l v e  c o n s t a n t s  h g ,  b g ,  V^g, Vg and ju i f  t h e s e  
a r e  n o t  a l r e a d y  known. To f i n d  b^ and V^g t h e  t w o - t h i r d s  power 
o f  t h e  anode  c u r r e n t  i s  p l o t t e d  -a g a i n s t  i s  p l o t t e d  f o r  n e g a t i v e  
v a l u e s  o f  g r i d  v o l t a g e ,  t h e  s c r e e n  a n d /o r  anode v o l t a g e  b e in g  
k e p t  c o n s t a n t  a t  t h e  norm al w ork in g  v a l u e .  A s t r a i g h t  l i n e  i s  
drawn th r o u g h  th e  p o i n t s  i g n o r in g  th e  d e v i a t i o n  from  l i n e a r i t y  
a t  s m a l l  v a l u e s  o f  i g .  The i n t e r c e p t  o f  t h i s  l i n e  on th e  v o l t ­
a g e  a x i s  i s  Vçjg, and bg = (-V^g) w here  i s  t h e  v a lu e  o f
ig when'Vg = 0 .  S t r i c t l y  - a  c o r r e c t i o n  s h o u ld  be made f o r  t h e
g r id  c u r r e n t ,  bu t  even  when Vg = 0 t h i s  i s  a  v e r y  s m a l l  f r a c t i o n
o f  th e  anode c u r r e n t  and may s a f e l y  be  n e g l e c t e d ,
bg  and Vgg a r e  found  by p l o t t i n g  t h e  g r i d  c u r r e n t  f o r  
s m a l l  p o s i t i v e  v a l u e s  o f  g r i d  v o l t a g e  ( s a y  u p , t o  a b ou t  -V ^ g /S )
A s t r a i g h t  l i n e  i s  drawn i g n o r in g  d e v i a t i o n s  from  l i n e a r i t y  
n e a r  t o  Vg = 0 .  The s l o p e  o f  t h i s  l i n e  i s  bg  and th e  i n t e r c e p t  
on th e  v o l t a g e  a x i s  i s  V^g. The v a l u e s  o f  g r i d  c u r r e n t  sh o u ld
be t h o s e  o b t a in e d  when t h e  norm al anode or s c r e e n  v o l t a g e s  a r e
a p p l i e d ,  p.  w i l l  u s u a l l y  be known , b u t  i f  n o t  i t  can be found  
by any o f  th e  s ta n d a r d  m eth o d s .
The c o n s t a n t s  Rrp and Rp o f . , t h e  f e e d b a c k  netw ork  sh o u ld  
n e x t  be e v a l u a t e d ,  t a k i n g  a c c o u n t  o f  t h e  i n t e r - e l e c t r o d e  c a p a c ­
i t a n c e s  and t h e  g r id  in p u t  r e s i s t a n c e .
To f i n d  th e  g r i d  in p u t  r e s i i s t a n c e  from ( 4 .8 )  i t  i s  n e c e s s ­
a r y  t o  f i n d  f i r s t  from  ( 4 .6 )  t h e  v a lu e  o f  V ^/V g^, w h ich  i n  tu r n  
depends on V^g/Vgp w h ic h  i s  n o t  y e t  known. However, Vgg/Vgp  
i s  a lw a y s  s m a l l ,  so  t h a t  a good a p p r o x im a t io n  to  t h e  t r u e  v a lu e  
o f  can be o b t a in e d  by assu m in g  a  rou gh  v a lu e  f o r  "'^cg/^gx
A pproxim ate v a l u e s  f o r  r ^ ,  R^ and Rp can th e n  be  c a l c u l a t e d .
E and K are  found  from ( 5 .3 )  and ( 5 .4 )  I f  t h e  v a l v e  i s  a  t r i o d e  
k = 1 ,  and i f  a  p e n to d e  i t  w i l l  u s u a l l y  b e  s u f f i c i e n t l y  a c c u r a t e  
t o  ta k e  k = 0 .7 5  i f  t h e  t r u e  v a lu e  i s  n o t  known. V ^ V ^ g  can  
th e n  be  reqd  o f f  from  F i g .  5 and so  can  be c a l c u l a t e d  u s i n g
t h e  p r e v i o u s l y  found  v a lu e  o f  ^ g / ^ g p •
An a p p r o x im a te  v a lu e  f o r  Vgp h a v in g  b e e n  o b ta in e d  i n  t h i s  
w ay, more a c c u r a t e  v a l u e s  f o r  and E and K can be c a l c u l ­
a t e d ,  a n d , by  r e p e a t i n g  th e  p r o c e d u r e  d e s c r i b e d  a b o v e ,  a  b e t t e r  
a p p r o x im a t io n  f o r  Vg^ can be fo u n d .  T h is  w i l l  u s u a l l y  be s u f f ­
i c i e n t l y  c l o s e  t o  th e  f i r s t  v a l u e  t o  make f u r t h e r  c a l c u l a t i o n s  • 
u n n e c e s s a r y .
S h o u ld  the: harm onic  v o l t a g e s  be  o f  i n t e r  e s t  t h e i r  ap p rox ­
im a te  v a l u e s  can be fou n d  from  ( 3 . 5 ) ,  ( 5 .1 1 )  and ( 5 .1 2 )
; A c h e c k  s h o u ld  be made t o  en su r e  t h a t  th e  a s s u m p tio n s  on 
w hich  t h e  a n a l y s i s  i s  b a s e d  a r e  f u l f i l l e d .  The r a t i o  Rg/Xg  
sh o u ld  b e  compared w i t h  th e  v a l u e s  g iv e n  by F i g .  4 .  I f  th e  
anode a l t e r n a t i n g  v o l t a g e  i s  a l a r g e  f r a c t i o n  o f  t h e  .H .T .
s u p p ly  v o l t a g e  t h e  maximum g r id  v o l t a g e  Vg^ + and th e  
minimum anode v o l t a g e  Vg + Vg^Rp/Rip s h o u ld  be c a l c u l a t e d  : I f
t h e  c o r r e s p o n d in g  p o i n t  l i e s  b e lo w  th e  "knee" on th e  c h a r a c t e r ­
i s t i c  c u r v e s  f o r  th e  v a l v e ,  i . e , .  i n  th e  r e g i o n  where th e  anode  
c u r r e n t  v a r i e s  r a p i d l y  w i t h  anode v o l â t age  t h e  a n a l y s i s  w i l l  
n o t  be  v a l i d  b e c a u s e  o f  t h e  d e p a r tu r e  from  t h e  t h r e e r h a l v e s  :
power la w .  O th e r w ise  r e a s o n a b l e , a c c u r a c y  in  t h e  v a l u e s  o f  
Vg^ can b e  e x p e c t e d .
Two g e n e r a l  c o n c l u s i o n s  may be drawn from  t h e  graphs o f  
F i g .  5 I f  a  l a r g e  a m p li tu d e  i s  r e q u ir e d  K s h o u ld  be s m a l l .
T h is  i m p l i e s  t h a t  th e  g r i d - l e a k  r e s i s t a n c e  Rg s h o u ld  be s m a l l  
and t h e  r a t i o  -R j/R p  s h o u ld  rhe- a l s o  be s m a l l .  On t h e  o th e r  
hand i f  good r e g u l a t i o n  ( i . e .  c o n s ta n c y  o f  a m p li tu d e  w i t h  
r e s p e c t  t o  ch a n g es  o f  : lo a d )  i s  more im p o r ta n t  b o th  t h e s e  q u a n t­
i t i e s  s h o u ld  be l a r g e .
Example ; The f o l l o w i n g  d a ta  a p p ly  t o  th e  t r i o d e  s e c t i o n  o f
a  t r i o d e - h e x o d e  f r e q u e n c y  changer  v a l v e :  bg  ~ 0 .0 0 0 6 5  mhos
V^g -  - 0 . 1 3  V .  b g  " 0 ,0 0 0 5 6  mho/ V ^ , V^g = - 9 . 1  v ,  ju = 2 0 .
The f e e d b a c k  netw ork  i s  a s  shown i n  F i g .  1 The m u tu a l  i n d u c t ­
a n c e  b e tw een  the, c o i l s  i s  - 0 . 5  t im e s  t h e  in d u c t a n c e  o f  t h e  anode
c o i l  and th e  c o e f f i c i e n t  o f  c o u p l in g  may be ta k e n  a s  1 .
Rg = 10^ ohms, Cg = O-.luF. F requency  o f  o s c i l l a t i o n  = 1 K c / s
F in d  t h e  o s c i l l a t i o n  a m p li tu d e  when th e  dynamic r e s i s t a n c e  
o f  th e  a n t i - r e s o n a n t  c i r c u i t  hy i t s e l f  ( i . e .  w i t h  th e  power  
s u p p l i e s  t o  t h e  v a lv e -  c u t  o f f )  has t h e  v a l u e s  1 0 ,  5 ,  and 2 . 5  K i l  
From t h e  d a t a ,  hgRg = 6 5 .  T ak ing  as  a  f i r s t  g u e s s  Vg^ =
F i g .  2 and ( 4 .6 )  g i v e  ^ g /^ g ^  “ "0*89 , and from  ( 4 . 8 ) ,  Tg = 5 7 .6  Kfi. 
When th e  dynamic r e s i s t a n c e  o f  t h e  c i r c u i t  i s  10 K i l  t h e  in p u t  
r e s i s t a n c e  R j i s - e q u a l  t o  a - r e s i s t a n c e  o f  10 K J l  in  p a r a l l e l  
w i t h  a  r e s i s t a n c e  o f  5 7 .6  0 .5 ^ K i)- ,=  230 K f i .  Hence R j -  9 . 5 8
and Rj = - 9 . 5 8  x  0 . 5  = - 4 .7 9  K /l . -  From ( 5 . 3 )  and ( 5 . 4 )  E = 1 0 .1  
and K = 0 i9 9  F i g .  5 g i v e s  Vg/V^g a s  2 . 3 0  and so  Vg^ = 2 3 .5  V .
The se co n d  a p p r o x im a t io n  g i v e s  Vg/Vg^ = - 0 . 8 8  h u t  makes a  
n e g l i g i b l e  d i f f e r e n c e  t o  t h e  v a l u e s  o f  R j ,  R^ i and E . The v a lu e  
f o r  K i s  now 0 . 9 8 .  Hence Vg/V^g = 2 .3 5  and Vg^ = 2 4 .3  V.
S i m i l a r l y  f o r  r e s i s t a n c e s  o f  5 and 2 . 5  K.fX t h e  v a l u e s  o f  Vg^ ' 
a r e  1 4 .9  and 9 , 0 V .  S i n c e  th e  r a t i o  Rg/Xg i s  63 t h e  p o s s i b l e  
e r r o r  in  Vg from  t h i s  c a u se  i s  l e s s  th an  0 .5 ^  ( F i g .  4)
An e x p e r im e n t a l  arrangem ent was s e t  up h a v in g  t h e  c o n s t a n t s  
s p e c i f i e d  above  and th e  o s c i l l a t i o n  a m p li tu d e  was m easured i n ,  
t h e  t h r e e  c a s e s ., The v a l u e s  found  were 2 3 . 8 ,  1 4 .9  and 8 .2  V .
I t  s h o u ld  be  p o in t e d  out t h a t  t h is :  ex a m p le  i s  p a r t i c u l a r l y  
u n fa v o u r  l ia b le  t o  th e  t h e o r y ,  a s  t h i s  ty p e  o f  v a l v e ,  b e c a u s e  o f  
t h e  U n u s u a l ly  s m a l l  l e n g t h - t o - d i a m e t e r  r a t i o  o f  t h e  e l e c t r o d e s  
shows a  c o n s id e r a b l e  t a i l  i n  the a n o d e - c u r r e n t  g r i d - v o l t a g e  
c h a r a c t e r i s t i c  i . e .  t h e  a c t u a l  c u r r e n t  i s  g r e a t e r  than  t h e  
t h e o r e t i c a l  v a lu e  f o r  v a l u e s  o f  i g  l e s s  th a n  a b ou t 2 5 /  o f  I q
The anode c u r r e n t  may be c o n s id e r e d  t o  be  t h e  sum o f  
t h e  t h e o r e t i c a l  c u r r e n t  and an e x t r a  c u r r e n t  . From th e  i n t e g r a l  
g i v e n  in  t h e  p r e c e d in g  S e c t i o n  f o r  th e  v a lu e  o f  Ig^ i t  can be  
s e e n  t h a t  when' Vg^ i s  l a r g e  t h e  a n g le  o f  f l o w  i s  s m a l l .  The 
e x t r a  c u r r e n t  th e n  f lo w s  m a in ly  when cos© i s  p o s i t i v e  and t h e  
t r u e  v a l u e  o f  Ig^ and h e n c e  o f  Vg^ i s  g r e a t e r  th a n  t h e  t h e o r e t ­
i c a l  v a l u e , bu t  t h e  d i f f e r e n c e  i s  n o t  l a r g e  b e c a u s e ,  f o r  l a r g e  
v a l u e s  o f  V g^, t h e  e x t r a  c u r r e n t  i s  a  s m a l l  f r a c t i o n  o f  t h e
t o t a l  c u r r e n t .
\\rhen Vg^ i s  s m a l l  m ost o f  th e  e x t r a  c u r r e n t  f lo w s  when 
cos© i s  n e g a t i v e ,  and i s  r e l a t i v e l ^ y  g r e a t e r ,  b o t h  in  m agnitude  
and d u r a t i o n ,  th a n  when Vg^ i s  l a r g e .  and th u s  Vg^ i s  th e n
l e s s  th an  t h e  t h e o r e t i c a l  v a l u e ,  and t h e  f r a c t i o n a l  e r r o r  sh o u ld
be g r e a t e r  th a n  f o r  l a r g e  v a l u e s  o f  . T h is  i s  b orne  out i n
&1
:the  exam ple  above  by th e  c o m p a r a t iv e ly  l a r g e  e r r o r  o f  1 0 /  a t  
t h e  . s m a l l e s t  v a l u e  o f  Vg^ . At th e  l a r g e s t  v a l u e  t h e  e r r o r  i s  
o f  o p p o s i t e  s i g n  t o  t h a t ^ e x p e c t e d  ? b u t  s i n c e  t h e  e r r o r  i s  s m a l l  
t h i s  d i s c r e p a n c y  may r e a s o n a b ly  be a t t r i b u t e d  t o  e x p e r im e n ta l  
e r r o r s  and i n a c c u r a c i e s  i n  th e  c a l c u l a t i o n .
; : ■ ■ 7 . /  A m p l i t u d e /
, / l n  t h e  p r e v i o u s , S e c t i o n s  th e  p s c i l l a t i d n  
c a l c u l a t e d ,  ,o n / th e  . assui^pt io n  # #  t h  :
t h i s  i s  n o t  a lw a y s  / t h e  pa,se . Two typ eS  o f  t i # s  t a h i l i t ^  / p e r i  o d ic  
and  a p e r i o d i c  -  w i l l  he d i s c u s s e d .  . -,:///-
: For ii^s t a h i  l i t y  o f  any /k in d  t o  e x i s t  i t  i  s : n ec  e s  s a r /  : t h a t  //: 
a s m a l l  i n c r e a s e  i n  t h e  o s c i l l a t i o n  a m p li tu d e  s h o u ld  c a u se  th e  
a m p l i f i c a t i o n  A r o u n d /th e .  w h o le  o i f o u i t  a t  t h e  o s c i l l a t i o n  
fr e q u e n c y  t o  i n c r e a s e /  from  i t s  S t e a d y - s t a t e :  v a l u e  o f  1 ,  i  .e:,. ■ ,, 
dA/dVA must he p o s i t i v e .  The d i f f e r e n c e  b e tw e e n  t h e  two form s /  
o f  i n s t a b i l i t y  i s  t h a t  f o r  th e  p e r i o d i c  t y p e  t h i s  fu n d am en ta l  
r e q u ir e m e n t  i s  s a t i s f i e d  o n ly  when . c e r t a in  r é i a t i o n s  e x i s t  ' 
b e tw e e n  t h e  r a t e  o f  change o f  th e  o s c i l l a t i o n  a m p l i t u d e , th e  
t im e  c o n s t a n t  R ^ C /,/ar id  v a r io u s  o th e r  p a r a m ete r s  o f  th e  netw ork  
and a m p l i f i e r . T h is  type , o f  i n s t a b i l i t y  i s  e s s e n t i a l l y  dynam-
In  c o n t r a s t ,  t h e  a p e r i o d i c  ty p e  o f  i n s t a b i l i t y  d o e s  n o t  
depend on any o f  t h e  t im e  f a c t o r s  m en tio n ed  a b o v e , th ou gh  t h e s e  / /  
may l i m i t . / t h e  sp eed  w i t h  w h ich  t h e  a m p li tu d e  moves from  an  
u n s t a b l e  v a l u e . / A t'. ' - / /> :/, - "/,,: h '-  t'/
/. P e r i o d i c  i n s t a b i l i t y  - o r  s q u e g g in g  a s  i t  i s  C o l l o q u i a l l y  
named .- i s  o f  t h e  g r e a t e r ^ p r a c t i c a l  im p o rta n ce  and w i l l  be  
t r e a t e d  f i r s t . V/hen t h i s  o c c u r s  t h e  o s c i l l a t i o n  a m p li tu d e  
becom es p e r i o d i c a l l y  m o d u la te d .  As i s - w e l l  known t h i s  k in d  o f  
i n s t a b i l i t y  can  be e l i m i n a t e d  by r e d u c in g  t h e  t im e  c o n s t a n t  o f  
t h e  g r i d  r e s i s t o r  and c a p a c i t o r . / : - /  /■' ' A  ' '
/When t h e  v a l u e  ' o f  . t h e  gr  i d  capac i t  or i s  ' i n c r e a s e d  ' t  o th e  
c r i t i c a l  p o i n t  where i n s t a b i l i t y  s e t s  i n i t h e  m o d u lâ t io n  i s  ■ ■ 
o f t e n  o f  s m a l l  am plitude , and s i n u s o i d a l  w aveform . T h is  i s  u se d  
as' th e  b a s i s :  o f  ; th e :  f o i l  owing- a n a l y s i s ; .  ■ . : ' : / / /■/'■T;/:.,/■, ' •• /
I f  t h e  a m p li tu d e  o f  m o d u la t io n  i s  s m a l l  th e  m o d u la t io n  
may be r e g a r d e d  a s  a  p e r t u b a t i o n  o f  th e  s t e a d y  s t a t e  and th e  / 
e f f e c t s  w h ich  ifc produces, may be c a l c u l a t e d  by  q u a s i - l i n e a r  
m e th o d s . The h i g n - f r e q u è n c y  o s c i l l a t i o n  may be r e g a r d e d  a s  a
Ic a r r i e r  wave whose f u n c t i o n  i s  t o  convey  th e  m o d u la t io n  th ro u g h  
t h e  a m p l i f i e r  and f e e d b a c k  n e tw o r k , b o th  o f  w h ich  a l t e r  th e  
a m p li tu d e  and p hase  o f  th e  m o d u la t io n  i n  a c a l c u l a b l e  m anner.
So f a r  a s  t h e  m o d u la t in g  wave i s  c o n c e rn ed  .the o s c i l l a t o r  may 
b e  r e g a r d e d  a s  a  lo w - fr e q u e n c y  fe e d b a c k  a m p l i f i e r  w i t h  known 
a m p l i t u d e - f r e q u e n c y  and p h a s e - f r e q u e n c y  c h a r a c t e r i s t i c s ,  and 
E y q u i s t ' s  c r i t e r i o n ^ f o r  t h e  s t a b i l i t y  o f  su c h  a m p l i f i e r s  may 
be a p p l i e d .  T h is  method o f  d e te r m in in g  th e  a m p l i t u d e - s t a b i l i t y  
h a s  a l s o  b een  d e s o r ib e d  by  Edson^-.
The p h y s i c a l  m echanism  o f  s q u e g g in g  i s  r o u g h ly  a s  f o l l o w s  
I f , t h e , g r i d  v o l t a g e  o f  fu n d am en ta l  f r e q u e n c y  h as  a  s m a l l  s i n ­
u s o i d a l  m o d u la t io n  -the'■ g r i d - b i a s  v o l t a g e  i s  a l s o  m odulated  
s i n u s o i d a l l y ,  bu t  t o  a l e s s e r  e x t e n t  and w i t h  a l a g g i n g  phase  
w h ich  depend -.on th e  m agn itu d e  o f  t h e  t im e  consbantkR gC g. The 
m o d u la t io n  on the anode c u r r e n t  o f  fu n d a m e n ta l  f r e q u e n c y  i s  t h e  
r e s u l t a n t  o f  t h e  m o d u la t io n s  produced by t h e  g r i d  v o l t a g e  o f  
o s c i l l a t i o n  f r e q u e n c y  and by th e  g r i d - b i a s i v o l t a g e .  S in c e  an  
i n c r e a s e  i n  t h e  m agn itu d e  o f  th e  g r i d - b i a s  v o l t a g e  r e d u c e s  t h e  
anode c u r r e n t  t h e  r e s u l t a n t -  m o d u la t io n  on t h e  anode c u r r e n t  has  
a l e a d i n g  p h a se  and may a l s o ,  owing t o  t h e  e f f e c t  o f  th e  a m p l i f ­
i e r  c h a r a c t e r i s t i c  have  an i n c r e a s e d  m a g n itu d e .
In  i t s  p a s s a g e  th r o u g h  t h e  f e e d b a c k  netw ork  t h e  m o d u la t io n  
i s  r e t a r d e d  and r e d u c e d  in  a m p li tu d e  t o  an e x t e n t  d ep en d in g  on 
t h e  0 ,- fa .c tor  and t h e  m o d u la t io n  f r e q u e n c y .  At some f r e q u e n c y  
t h e  p h ase  s h i f t  produced  by t h e  netw ork may be e q u a l  arid o p p o s i t e  
t o  t h a t  o c c u r r in g  in  th e  a m p l i f i e r  so  t h a t  t h e  t o t a l  p h ase  s h i f t  
i s  z e r o . I f  o n ly  one su ch  fr e q u e n c y  e x i s t s  and i f  a t  t h i s  
f r e q u e n c y  t h e  t o t a l -  a m p l i f i c a t i o n  o f  t h e  m o d u la t io n  round the-  
c i r c u i t  i s  g r e a t e r  th a n  1 ,  t h e  m o d u la t io n  t e n d s  t o  i n c r e a s e  
and t h e  o s c i l l a t i o n  a m p li tu d e  i s  t h e r e f o r e  u n s t a b l e .  I f  th e  
a m p l i f i c a t i o n  i s  l e s s  than  1 ,  or i f  no f r e q u e n c y  e x i s t s  a t  w h ich  
t h e  t o t a l  p h a se  s h i f t  i s  z e r o , th e  o s c i l l a t i o n  a m p li tu d e  i s  
s t a b l e .
The o p e r a t io n -  o f  t h e  o s c i l l a t o r  w i l l  now be a n a ly s e d  from
ô o
t h i s  p o i n t  o f  v i e w .  I t  w i l l  he supp osed  t h a t  Hg/Xg i s  l a r g e r  
th a n  th e  v a l u e s  i n d i c a t e d ' i n  F i g .  4 , and t h a t  th e  m o d u la t io n  
f r e q u e n c y  i s  s m a l l  compared w i t h  th e  o s c i l l a t i o n  freq ,u en cy , so  
t h a t  t h e  fo rm u la e  d e v e lo p e d  i n  th e  f i r s t  p a r t  o f  ^ S e c t io n  4 can  
h e  a p p l i e d  t o  th e  in s t a n t a n e o u s  v a l u e s  o f  the' o s c i l l a t i o n  
a m p li tu d e  and g r i d - h i a s  v o l t a g e .  The e f f e c t  o f  harm onic v o l t ­
a g e s  i s  n e g l e c t e d .
To i n v e s t i g a t e  th e  s t a b i l i t y  o f  any p a r t i c u l a r  a m p litu d e  
su p p o se  t h a t  th e  o s c i l l a t o r  i s  a c t u a l l y  o p e r a t i n g ‘w i t h  t h i s  
a m p l i t u d e .  Then th e  prob lem  i s  t o  f i n d  w h ether  t h i s  c o n d i t i o n  
r e p r e s e n t s  a  s t a t e  o f  s t a b l e  or u n s t a b l e  e q u i l i b r i u m .  In  low -  
f r e q u e n c y  f e e d b a c k  a m p l i f i e r s  t h e  method o f  i n v e s t i g a t i n g  s t a b ­
i l i t y  i s  t o  i n t e r r u p t  th e  c i r c u i t  a t  some p o i n t  and t o  f i n d  th e  
a m p l i f i c a t i o n  and p h a se  s h i f t  round th e  c i r c u i t  over  th e  w h ole  
f r e q u e n c y  r a n g e . The e q u i v a l e n t  p r o c e d u r e  f o r  t h e  o s c i l l a t o r  
i s  a s  f o l l o w s .
Suppose  t h a t  a  s i g n a l  g e n e r a to r  o f  Zero im pedance h a v in g  
a t e r m in a l  v o l t a g e  Vg e q u a l  t o  t h a t  b e tw een  5 and 4 (Fig.- l )  
i s  c o n n e c te d  b e tw een  5 and 4 and l e t  an impedor o f  v a lu e  e q u a l  
t o  t h e  im pedance a t  fu n d a m en ta l  f r e q u e n c y  b e tw e e n  5 and 4 
l o o k in g  tow ard s  t h e  g r id  be  c o n n e c te d  b e tw een  3 and 4 .  Then 
t h e  c u r r e n t  f l o w i n g  b e tw een  3 and 5 i s  z e r o  and th e  c i r c u i t  may 
be broken  a t  t h i s  p o i n t  w i t h o u t  a l t e r i n g  t h e  . . v o l t a g e s  in  any  
p a r t  o f  t h e  o s c i l l a t o r .
Eow l e t  t h e  s i g n a l - g e n e r a t o r  v o l t a g e  be  m o d u la ted  in  
a m p li tu d e  t o  become V ^ f l  + acoscD<xt ) ooscüQt. In  t h e o r y  sh o u ld  
be v a r i e d  over  t h e  e n t i r e  ran ge  from -  t o  ^  , b u t  i f  t h e  
Q ,-fac tor  i s  l a r g e  t h e  a m p l i f i c a t i o n  o f  t h e  m o d u la t io n  i s  p r a c t ­
i c a l l y  z e r o  f o r  c o m p a r a t iv e ly  s m a l l  -ygtluesnof co^. • Thus in  
p r a c t i c e  i s  much l e s s  th an  cog.
The g r id  v o l t a g e  o f  fu n d am en ta l  f r e q u e n c y  becom es
^gim^oscjùgt = V g ^ ( l  + acoscU(^t)coscDQt . . ( 7 .1 )
The s u b s c r i p t  m i s  u s e d  to  d e n o te  th e  m o d u la te d  v a lu e ,  o f  a  
q u a n t i t y .
v3l
L et the; g r i d - h i a s  v o l t a g e  be
^gm “ ^ g ( l  + a io o s (m ^ t  -  e ^ ) ) . . . . ( 7 .2 )
To s i m p l i f y  t h e  c a l c u l a t i o n s  i t  w i l l  be  su p p o se d  t h a t  V^g = 0 
From ( 4 . 3 ) th e  mean v a lu e  o f  th e  g r id  c u r r e n t  over  a  p e r io d  
l o n g  compared w i t h  l/cog b u t  s h o r t  compared w i t h  l/coa i s  
• ^gm = Vg^ni(sin0i% -  ^ c o s  / n i ) ^ g A  i n  which,  
cos/j^  = -Vgn/Vgj^jn = o o s /g  ( l  -  acosm^t + a p c o s  (w^t -  ©p))
Let 0j^ -  0 0  + 0 i f  0 1  b e in g  s m a l l ,  th e n  cos/jj^ = c o s / g -  / p s i n / ^  ‘ 
Hence / p s i n / g  =' cos /g (acosm (^ t  -  apcos(cogt -  ©p) )
The e x p r e s s i o n  f o r  Ig ^  becom es
-Igm = Yg^(bp,/Tr) ( 1  + acoscudt) ( s i n / g  -  / g c o s / g ,  + / p / g s i n / g )
On s u b s t i t u t i n g  f o r  / p s i n / g  and p u t t i n g  (from  ( 4 . 3 ) )
V g ^ (s in 0 g  -  /g C O s/g )b ÿ lg /T r  = -Vg- = Vg^^oos/^, Ig^i can be w r i t t e n  
igm = - ( V g A g ) ( l  + a ( l  + /obgR gA )cosco ,p t  -  ap(/gbgRg/7r.) x
cos(cO jit -  ©p) )  f"7 , -p)
T h is  c u r r e n t  i s  e q u a l  t o  t h e  sum o f  t h e  s t e a d y  and lo w -fr e q e 'e n c y  
c u r r e n t s - f l o w i n g  thrb.ugh Rg and (= Cg + Cgk) w h ich  i s
igm “ "^gm Ag “ ^g(^^gm/"i^)
-  - ( V g /R g ) . ( l  + a p c o s (w a t  -  ©p) -  apm ^^C ^gSin(m ^t -  ©p) )
( 7 . 4 )
In  ( 7 . 3 ) coscD(^t may be w r i t t e n  a s
cos© p cos(œ ^ t -  © p). T s in© psin(co^t -  ©p)
E q u a t in g  th e  c o e f f i c i e n t s  o f  c o s (( 0 ( t^ -  ©p) i n  ( 7 .3 )  and 
( 7 . 4 ) g i v e s
a p / a  — co8@p » .  . .  ( 7 . 5 )
and e q u a t in g  t h e  c o e f f i c i e n t s  o f  s in (co^t -  ©p) g i v e s  
a p / a  = s in © p ( l  + /g b g R g A )/cO (iC ^ g  
The r a t i o  o f  t h e  two e q u a t io n s  f o r  a p A  i s  
tan©p = cjD^C^g/(l + Z gb gR gA )
Let 8 = 1 + b g R g /g A  = ( b g R g A ) t a n / g  . . . ( 7 . 6 )
T h is  q u a n t i t y  i s  shown in  F i g .  6 a s  a  f u n c t i o n  o f  bgRg 
The e x p r e s s i o n  f o r  tan©p can  th e n  be  w r i t t e n  a s  
tan©p = ü)(^Cÿ.g/8 . . . . ( 7 . 7 )
From (4 . 7 ) th e  a m p li tu d e  o f  th e  g r i d  c u r r e n t  o f  fu n d am en ta l
c» 6-
f r e q u e n c y  i s
^©1^ ~ ~ ^ ^ ig m ( i  " / ^ l O  . . )
From ( 7 . 4 ) and ( 4 . 7 )  t h i s  i s
igpm = i g i ( i  4* apeos(o)^t -  9p) -  apcO(j^C^gsin(a><pt- -  0%) ) ( 7 . 8 )
The g r id  in p u t  r e s i s t a n c e  i s  t h e r e f o r e  
^gm = "Vgpii/igim
• = r g ( l  + acosooa.t -  apcos(cogt -  ©p) + aptogC ^gSin(a)^t -  ©p)) ,
( 7 .9 )
To c a l c u l a t e  t h e  anode c u r r e n t  th e  anode v o l t a g e  must f i r s t  
h e  fo u n d .  I t  was shown i n  S e c t i o n  3 t h a t  th e  anode v o l t a g e  o f  
fu n d a m en ta l  f r e q u e n c y  c o u ld  he  r e p r e s e n t e d  a s  t h e  sum o f  two  
com p on en ts ,  one, i n  p h a se  w i t h ,  and th e  o t h e r  i n  q u a d ra tu re  w i t h  
t h e  g r id  v o l t a g e .  I t  was f u r t h e r  shown i n  S e c t i o n  5 t h a t  th e  
q u a d ra tu r e  component h a s  a  n e g l i g i b l e  e f f e c t  on t h e  am p litu d e  
o f  th e  anode c u r r e n t .  I t  m a t y , t h e r e f o r e  be assumed t h a t  th e  
e f f e c t i v e  p a r t  o f  t h e  m od u la ted  anode v o l t a g e  i s  
-“V g p ( l  + a g c o s  (coA -  ©g) ) 0 0 8 0 ,0 1 where ag and ©g have  y e t  t o  
b e  d e te r m in e d .
I t  was shown in  S e c t i o n  3 t h a t  no ch an ge  o c c u r s  i n  th e  
a m p li tu d e  or p h ase  o f  th e  m o d u la t io n  a s  th e  v o l t a g e  wave p a s s e s  
th r o u g h  t h e  f e e d b a c k  netw ork  from  anode t o  g r i d , and th e  same 
i s  t r u e  f o r  i n t e r m e d ia t e  p o i n t s  o f  t h e  n e tw o r k . The m od u la ted  
v o l t a g e  b e tw e e n  th e  /  open) . t e r m in a ls  3 and 4 i s  t h e r e f o r e  
7 ^ ( 1  + a 2 c o 8 (œ^t -  © s ï ïo o s œ g t  
To d e te r m in e  the' s t a b i l i t y  o f  o s c i l l a t i o n  t h i s  v o l t a g e  i s  t o  
b e  combpared w i t h  t h e  v o l t a g e  b e tw een  5 and 4 p rod u ced  by th e  
s i g n a l  g e n e r a t o r ,  w h ic h ' i s  Vg ( l  + acoscD(^t)coscoot, One o f  th e  
c o n d i t i o n s  f o r  i n s t a b i l i t y  i s  t h a t  t h e  two m o d u la t io n s  s h o u ld  
h ave  t h e  same pha-se i . e .  ©g = 0 .  A n other  c o n d i t i o n  i s  t h a t  th e  
a m p l i f i c a t i o n  o f  th e  m o d u la t io n  sh o u ld  be g r e a t e r  th an  1 ,  i . e .  
a g / a  > 1 .  I t  w i l l  appear  l a t e r  than  t h e r e  , \oan be  o n ly  one  
v a lu e  o f  (x>^  f o r  w h ich  ©g = 0 .  C o n s e q u e n t ly ,  by E y q u i s t ' s  th e o r y  
t h e  two c o n d i t i o n s  above  a r e  s u f f i c i e n t  t o  d e te r m in e  th e  
s t a b i l i t y  or i n s t a b i l i t y  o f  th e  i o s c i l l a t i o n  a m p l i t u d e .
hThe anode c u r r e n t  i s
^atn “ A  " a^ean/p- “ A a )  , "
P u t t i n g  Vggni = -V g p ( 1 + agcoscjùç[t)cosoûgt . ( s i n c e  0g = O) . 
s u b s t i t u t i n g  f o r  Vgjjj from  ( 7 .1 )  and (7,.S) and ex p an d in g  by  
T a y l o r ' s  th eorem  g i v e s
Tam -  ^ a ( ( ^ g i  " A i A . ) c o s c o g t  + Vg -  V g g ) -  ^Tgm
+ ( (a V g i  -  a2Vap/u)oo8m atoo8W gt + apVgCos (coj t^ -  ©p) )
X  l i b g ( ( V g 2  -  V a p A ) c o s c O g t  +  V g  -  V g g )" ^
L e t 1-2-bg ( (Vg^ , -  V gp//l)C 0SÜ )gt + Vg -  V gg)V  
= Gg + 2Gpcos(Dot/+ SGgcosScjûgt + . .
On s u b s t i t u t i n g  f o r  Igpai from  ( 7 .8 )  th e  m o d u la te d  a m p litu d e  o f  
t h e  anode c u r r e n t  o f  fu n d a m en ta l  f r e q u e n c y  can be e x p r e s s e d  a s
A i m  = l a l  + ( A  + % ) (9'Vgp -  a 2 VgpA)coscocit  +■ 2apGpVgCos (cd^ “ ©l)
-  k a p ( V g p /r g ) ( c o s /m a t  -  ©p) -  o^jj^C^gSin(co^ -  ©p) )
P u t t i n g  Vg^ = -V g ^ R p A î .^^idATgp = - f a i %
I aim = l a i  (T “ (^o + G^) (aRij + a ^ R jA )
-  ap(2GpRpVg/Vg^ -  k R .p /rg )cos (cD t^ -  ©p)
- kap (Ry/rg)cjo<^C g^Sin(cDA “ ® l) )  (7.10)
The c o e f f i c i e n t s  Gg e t c  a r e  g i v e n  by th e  f o l l o w i n g  e x p r e s s i o n s
Gg + Gg = (3ba/7r)X (Vgp ( 1 + Rp/uRp.)cos0 + Vg -  V^g) ^^cos^Od©
Ao
rT'- ' _ L
Gp = (3 b g /2 7 r ) \  ( V g ^ d  + -R p /uR p) + V g -  Vgg)%C08©d©
>*0
.From t h e  i n t e g r a l -  e v a lu a t e d  in  t h e  A ppendix  th e  f o l l o w i n g  
e x p r e s s i o n s  a r e  o b t a in e d .
When V g ^ d  + Rp/uR^) ■< Vg -  Vgg i . e .  (Vg^/Vg l )  >  1/ÏC
■Go + Gg = l i b a U g  -  Voa)'fr(l -  3 /3 S k 3 ( 1  -  V oa /V g)2  -  7
g'i = -(3lDa/8K)Tg(Vg -  V & a ) - i ( l  + 3 /3 2 k 2 ( 1  -  + . . ) j
m e n  ' (Vga/Vg -• l )  <  l /K
Gg + Gs = l A a ( - A A R ) ' f e ( i  -  7H/15 + 19H ^/256 + 6511^/8192 . . )
G-, = l i b .  ( -V „ /S K )H (l  -  3H/16 -  5H^/256 -  3511^/8192 . , )
' ^ ,(7 .12 )
where H i s  g i v e n  b y - ( 5 .8 )  ■
E x p r e s s io n  ( 7 .1 0 )  f o r  t h e  anode c u r r e n t  was d e r iv e d  from
a c o n s i d e r a t i o n  o f  t h e  r e l a t i o n s  b e tw een  t h e  c u r r e n t s  and v o l t ­
a g e s  in  th e  a m p l i f i e r ,  bu t  t h e s e  c u r r e n t s  and v o l t a g e s  must a l s o  
s a t i s f y  c e r t a i n  r e l a t i o n s  d e ter m in ed  by th e  p r o p e r t i e s  o f t h e  
f e e d b a c k  n e tw o r k .  Some o f  t h e s e  p r o p e r t i e s  w ere exam ined in  
■ Section  3 .  E x p r e s s io n '  ( 3 ,1 3 )  shows t h a t  th e  a m p l i tu d e  o f  th e  
anode c u r r e n t  o f  fu n d a m e n ta l  fr e q u e n c y  a s s o c i a t e d  w i t h  th e  anode  
v o l t a g e  -Vgp (1 + agCos(jû(3^ t)costügt i s
(V g p /R p ) ( l  ,+ agcosoo^t -  Sa2<^d«dAo)®Tnco^t)
The d e r i v a t i o n  o f  t h i s  e x p r e s s i o n , ■ h o w e v e r , was b a s e d  on 
t h e  a s s u m p tio n  t h a t  Rp i s  c o n s t a n t ,  but s i n c e  t h e  g r i d  in p u t  
r e s i s t a n c e  i s  m odulated, t h e  impedance w h ic h  was c o n n e c te d  b e tw een  
3 and 4 must a l s o  be  m o d u la te d ,  and h en ce  Rp i s  m o d u la te d .
From ( 3 . 1 0 )  and ( 7 .9 )  t h e  m odulated  v a lu e  o f  Rp i s  
^Im -  Rp(T + (R g/(R g + r g )  ) (acosco^t -  apCos(tü<pt -  ©p)
+ apcO(pG^gSin(cO(pt -  ©p) ) )
I t  w i l l  be  r e c a l l e d  t h a t  Rg i s  t h e  r e s i s t i v e  component o f  t h e  
netw ork  o u tp u t  impedance w i t h  t h e  power s u p p l i e s  t o  th e  v a l v e  
d i s c o n n e c t e d .  S u b s t i t u t i n g  Rp^ ^^  f o r  Rp^  i n  t h e  above  e x p r e s s i o n  
for . th e  a m p li tu d e  o f  th e  fu n d a m en ta l  anode c u r r e n t  g i v e s  
A i m  = A p ( T  + a2C0SCDA “ 2a2^ ’ (to<p/cûg)sincücLt
-  (Rg/(R g + r g )  ) (acosco^jt -  a p c o s (œ ^ t  -  ©p)
+ apCD^C^gSin(cDA " 9p) ) )
The t r i g o n o m e t r i c a l  term s i n  t h i s  and i n  ( 7 .1 0 )  can be  
e x p r e s s e d  in . term s . o f  coscjocLt; and sincO(pt. % e n  . t h i s  i s  done th e  
c o e f f i c i e n t s  o f  coscdA  and sinco^t in  th e  two e x p r e s s i o n s  can  
b e  e q u a t e d .  E q u a t in g  th e  c o e f f i c i e n t s  o f  cosm^pt and s u b s t i t u t i n g  
f o r  ap- a c c o r d in g  t o  ( 7 .5 )  and f o r  œ ^ G ^g a c c o r d in g  t o  ( 7 .7 )  g i v e s
( a 2 / a ) ( l  + (Gg + G2)Rp/u) - = R g /(R g  + r g )  -  (Gg + G2)Rp 
-  (R g/ (Rg + r g )  -  kR p /rg  + 2GpR^Vg/Vgp) cos^©p  
- S ( R g / ( H g  +  rg), -  k R p /rg )s in ^ © p  
E q u a t in g  c o e f f i c i e n t s  o f  sinœ^pt and s u b s t i t u t i n g  f o r
a s / a  = (R g/2^'sX g)(2G pRpV g/V gp -  (S -  l )  (R g/(R g + r g )  -  k R p/rg )  )
X COS^©p
S o l v i n g  t h e s e  two e q u a t io n s  f o r  cos^Qp and a s / a
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cos^Gp (2GpRpVg/Vg^ -  (S -  1 ) (R q/ ( R o + r g )  -  l<Rp/rg) )
X (1 + (1 + (Gg + G s)R p A )R g /2 q '8 X g )
= Rq/ ( R q + ^g) " (Gq + Gg)Rp -  S (R g /(R g  + r g )  -  kRp,/rg) ( 7 .1 3 )
and
( a g /a )  (1 + .(Gg + G s)R p A  + s q ' s X / R g )
= Rq/ ( R q + ? g )  " (Gp + Gs)Rp -  8 (Rg/(R g + r g )  -  k R p /rg )  ( 7 .1 4 )
From ( 7 . 7 )  co p^/oig ■ =  ( S X g / R g )  ( c o s - 2 e p  _  p ) i
T h is  e q u a t io n  g iv e s ,  t h e  m o d u la t io n  f r e q u e n c y  a t  w h ich  th e  
p h a se  s h i f t  o f  t h e  m o d u la t io n  i s ^ e r o .  I f  t h e  v a l u e  o f  cos^0p  
g i v e n  hy ( 7 .1 3 )  i s  g r e a t e r  th a n  1 or l e s s  th a n  0 no r e a l  v a lu e  
o f  co^  e x i s t s  and t h e  o s c i l l a t i o n  a m p li tu d e  i s  s t a b l e . I t  i s  
c l e a r  th a n  can h ave  o n ly  one r e a l  v a l u e  s i n c e  p o s i t i v e  and  
n e g a t i v e  f r e q u e n c i e s  a r e  p h y s i c a l l y  i n d i s t i n g u i s h a b l e .  U s in g  
e x p r e s s i o n  ( 7 .1 3 )  f o r  cos^Gp t h e  c r i t e r i o n  f o r  a  r e a l  v a lu e  o f  
can  be  w r i t t e n  a s
>  "1
(1 + (Go + G2)R]-/;u)Rg/2Ci'SXg >
-(Go + G s)E i - (2Q i% V g/V g i -  kR ^/rg)  
igG iH iV gA gj, -  (S -  1 )'(h'o/ ( B o + r g )  KEj/r'g)'
( 7 .1 5 )
The se c o n d  r e q u ir e m e n t  f o r  i n s t a b i l i t y  i s  t h a t  th e  
a m p l i f i c a t i o n  a g / a  s h o u ld  be  g r e a t e r  t l ia n  l .  From ( 7 .1 4 )  t h i s  
re q u ir e m e n t  can be e x p r e s s e d  i n  t h e  form
S^ 'sX g /R g  <  -  r g / ( E o  + r g )  -  (Gq + Gg) (RT + R j ^ )
-  S (E o /(R o  + r g )  -  KR.j,/rg) ( 7 .1 6 )
Both ( 7 .1 5 )  and ( 7 .1 6 )  must be s a t i s f i e d  b e f o r e  i n s t a b i l i t y
can  o c c u r .  H owever, i t  can  be shown t h a t  i f  ( 7 .1 6 )  i s  s a t i s f i e d
t h e  l e f t  hand p a r t  o f  ( 7 .1 5 )  i s  a u t o m a t i c a l l y  s a t i s f i e d ,  and i f  
t h e  r i g h t  hand p a r t  o f  ( 7 .1 5 )  i s  no t  s a t i s f i e d  th e n  th e  r i g h t  
hand s i d e  o f  ( 7 .1 6 )  i s  n e g a t i v e  and so  ( 7 .1 6 )  c a n n o t  be  s a t i s f i e d  
I t  f o l l o w s  t h a t  s t a b i l i t y  and i n s t a b i l i t y  a r e  d e ter m in ed  e n t i r e l y  
by ( 7 . 1 6 ) .
I t  i s  c l e a r  t h a t  t h e  ^;most im p ortan t  f a c t o r  i s  n o t  t h e  
t im e  c o n s t a n t  RgCg b u t  t h e  q u a n t i t y  *SXg/Rg = 2^ *bgtan/g/vcogGg  
I n s t a b i l i t y  may b e  s to p p e d  e i t h e r  by r e d u c ^ in g  Cg or by
or by i n c r e a s i n g  i n  t h e  same r a t i o ,  a l l  o t h e r  p a r a m ete r s
r e m a in in g  c o n s t a n t .  R e d u c in g  t h e  g r id  r e s i s t o r  Rg h as  t h e  e f f e c t
o f  i n c r e a s i n g  ta n 0 g  and th u s  im p rov in g  s t a b i l i t y ,  b u t  as  can
b e  s e e n  from  F i g .  6 ,  th e  r a t e  o f  change o f  tan/ w i t h  R„ i so g
s m a l l  so  t h a t  a g r e a t e r  p r o p o r t io n a l  change  i n  Rg would be  
r e q u i r e d . .  The fo rm u la e  a l s o  show t h a t  i f  t h e  fr e q u e n c y  o f  an 
o s c i l l a t o r  i s  v a r i e d  over  a w ide  range  i n s t a b i l i t y  i s  more l i k e l y  
t o  occu r  a t  t h e  h ig h e r  f r e q u e n c i e s  -  a f a c t  a l r e a d y  w e l l  known 
from  e x p e r im e n t .  T h is , t e n d e n c y  i s  o f f s e t  t o  some e x t e n t  by t h e  
f a c t  t h a t  Q, u s u a l l y  i n c r e a s e s  w i t h  f r e q u e n c y .
I t  i s  a l s o  c l e a r  t h a t  no m a tte r  how l a r g e  C ^ g  may be t h e  
o s c i l l a t i o n  a m p li tu d e  i s  is t a b l e  i f  t h e  r ig h t - h a n d  s i d e  o f  ( 7 .1 6 )  
i s  n e g a t i v e .  But i f  t h e  t im e  c o n s t a n t  i s  i n f i n i t e l y  l a r g e  no 
change  can t a k e  p l a c e  i n  t h e  g r i d - b i a s  v o l t a g e ,  and so  t h e  g r id  
r e s i s t o r  Rp. c o u ld  be r e p la c e d  by a  s o u r c e  o f  f i x e d  p o t e n t i a l  
o f  v a lu e  V g . I t  i s  som etim es  c la im e d  t h a t  s t a b l e  o p e r a t i o n  o f  
o s c i l l a t o r s  i s  n o t  p o s s i b l e  w i t h  a  f i x e d  g r i d - b i a s  v o l t a g e ,  bu t  
i t  i s  c l e a r  from the a b ove  t h a t  t h i s  s ta t e m e n t  i s  n o t  g e n e r a l l y  
t r u e .
The c r i t e r i a  f o r  s t a b i l i t y  w h ich  have b een  d e v e lo p e d  h e r e  
a r e  b a s e d  on t h e  a s s u m p tio n  t h a t  i f  a  s m a l l  m o d u la t io n  o f  th e  
a m p li tu d e  t e n d s  t o  d i e  o u t , th e  a m p litu d e  i s  s t a b l e  under a l l  
c o n d i t i o n s .  I t  i s  c o n c e i v a b l e  * how ever , t h a t  t h e  a m p l i tu d e  may 
b e  s t a b l e  w i t h  r e s p e c t  t o  sma.ll d i s t u r b a n c e s  b u t  may become  
u n s t a b l e  when l a r g e  d i s t u r b a n c e s  s u c h  a s  t h e  s w i t c h i n g  o f  th e  
H .T . s u p p ly  v o l t a g e ,  t a k e s  p l a c e .  E x p e r im e n ta l  e v id e n c e  on 
t h i s  p o i n t  i s  i n c o n c l u s i v e  but a p p ea rs  t o  i n d i c a t e  t h a t  any  
s u c h  e f f e c t  d o e s  n o t  make a g r e a t  d i f f e r e n c e  t o  t h e  c r i t i c a l  
v a l u e s  o f  Xg .
As an example- o f  a  s t a b i l i t y  c a l c u l a t i o n  t h e  o s c i l l a t o r ,  
t h e  c o n s t a n t s  o f  w h ic h  a r e  g iv e n  i n  S e c t i o n  6 ,  w i l l  be  exam in ed .  
I t  i s  r e q u ir e d  t o  f i n d  t h e  maximum v a l u e  o f  R g /X g 'd o n s i s t ^ e n t  
w i t h  s t a b l e  o p e r a t i o n  when t h e  dynamic r e s i s t a n c e  o f  t h e  a n t i -  
r e s o n a n t / b y  i t s e l f  i s  lO K.O.. The Q ,-fac tor  o f  th e  c i r c u i t  by
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i t s e l f  i s  1 0 .
From t h e  p erform an cè  f i g u r e s  worked out  i n  S e c t i o n  6 
Vg^ = 2 4 . 3  V , Vg = - 2 1 . 4  V , K = 0 . 9 8 ,  = 9 . 5 8  K i l , r g  = 5 8 .2  K./.
Rgi = - 4 .7 9  Kf> .
From F i g .  6 ,  S = 1 1 . 5 ,  from  ( 7 .1 2 )  and ( 5 . 8 ) ,
Gq + Gg = 0 .0 0 1  mho, and G]^  = 0 .0 0 0 5 5  mho
The g r i d  in p u t  r e s i s t a n c e  red u ced  t h e  Q - f a c t o r  o f  th e  
n etw o erk  t o  t h e  v a l u e  10 x  9 . 5 8 / 1 0  = 9 . 5 8 . .  S in c e  t h e . r a t i o  o f  
t h e  m utu a l in d u c ta n c e  b e tw een  c o i l s  t o  th e  in d u c t a n c e  o f  th e  
anode c o i l  i s  0 . 5 ,  th e  o u tp u t  r e s i s t a n c e  Rg i s  10 x  0 .5 ^ =  2 . 5  E J l  
S u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  ( 7 .1 5 )  g i v e s
0 .0 0 6 7 R g /X g  > 0 . 0 1 6  >  - 1  w h ic h  i s  s a t i s f i e d  i f  Rg/Xg >  2 . 4  
S i m i l a r l y  ( 7 .1 6 )  i s  s a t i s f i e d  i f  Rg/Xg >  1 1 4 .  The o s c i l l a t i o n  
a m p li tu d e  i s  t h e r e f o r e  s t a b l e  i f  Rg/Xg c  1 1 4 .  In t h i s  p a r t ­
i c u l a r  exam ple  t h e r e  i s  n o t  a  l a r g e  m argin  b e tw een  t h e  v a l u e  o f  
Rg/Xg w h ic h  i s  s m a l l  enough t o  s a t i s f y  t h e  s t a b i l i t y  re q u ire m en t  
and t h e  v a l u e  w h ich  i s  l a r g e  enough t o  g i v e  a  n e g l i g i b l e ' e r r o r  
i n  th e  fo rm u la e  f o r  t h e  g r i d - b i a s  v o l t a g e  and t h e  g r i d - i n p u t  
r e i s i s t a n c e .  ( F i g .  4)
8 .  O s c i l l a t i o n  h y s t e r e s i s .
T here a r e  two t y p e s  o f  o s e ' i l l a t i o  n h y s t e r e s i s  w h ich  < may 
o ccu r  i n  a s e l f - b i a s s e d  o s c i l l a t o r .  The f i r s t  and more f a m i l i a r  
t y p e  i s  a s s o c i a t e d  w i t h  s m a l l  o s c i l l a t i o n  a m p l i t u d e s  and w i t h  
v a l u e s  o f  c o u p l in g  b e tw e e n  anode and g r i d  c i r c u i t s  j u s t  s u f f ­
i c i e n t  t o  s t a r t  or m a in t a in  o s c i l l a t i o n .  The se c o n d  ty p e  i s  
p e c u l i a r  t o  l a r g e  a m p li tu d e s  and i s  r a r e l y  e n c o u n te r e d  i n  
p r a c t i c a l  o s c i l l a t o r s .  I t  w i l l  be d i s c u s s e d  a t  t h e  end o f  th e  
S e c t i o n .
I f  the. c o u p l in g  ( e . g .  m utu a l in d u c t a n c e )  .between anode  
and g r i d  c i r c u i t s  i s  i n c r e a s e d  from  a s m a l l  v a l u e ,  a  p o i n t  i s  
r e a c h e d  a t  w h ic h  o s c i l l a t i o n  b e g in s  s p o n t a n e o u s l y . I t  m igh t  be  
e x p e c te d  t h a t  when t h e  c o u p l in g  i s  j u s t  g r e a t e r  th a n  t h i s  c r i t ­
i c a l  v a lu e  t h e  o s c i l l a t i o n  a m p li tu d e  w ou ld  be  v e r y  s m a l l ,  and  
t h a t  t h e  o s c i l l a t i o n  w ould  c e a s e  when t h e  c o u p l in g  i s  r e d u ced  
b e lo w  t h i s  v a l u e .
S o m etim es ,  h o w ev e r ,  i t  i s  found  t h a t  when t h e  c o u p l in g  A  
in c r e a s e d  beyond t h e  o r i S i c a l  v a l u e  th e  o s c i l l a t i o n  s t a r t s  , 
s u d d e n ly  .w i t h  an a m p li tu d e  o f  p e r h a p s’ s e v e r a l  v o l t s .  I f  t h e  
c o u p l in g  i s  th e n  red u c e d  t h e  o s c i l l a t i o n  p e r s i s t s  down t o  a  
s e c o n d  c r i t i c a l  v a lu e  o f  c o u p l in g  l e s s  th a n  t h a t  r e q u i r e d  t o  
i n i t i a t e  o s c i l l a t i o n ,  and a t  t h i s  p o i n t  t h e  o s c i l l a t h  n ,  s t i l l  
p erhaps w i t h  a  c o m p a r a t iv e ly  l a r g e  a m p l i t u d e ,  c e a s e s  a b r u p t l y .  - 
S i m i l a r  b e h a v io u r  may r e s u l t  i f  th e  c o u p l in g  i s  f i x e d  and some 
o th e r  p a r a m e te r ,  s u c h  a s  t h e  H .T . v o l t a g e ,  i s  v a r i e d .
The e f f e c t  o b v i o u s l y  i n d i c a t e s  a  form  o f  a m p litu d e  i n s t a b ­
i l i t y  a f f e c t i n g  a l l  a m p l i t u d e s  b e low  a  c e r t a i n  v a l u e . The 
i n s t a b i l i t y  i n  t h i s  c a s e  i s  o f  q u i t e  a  d i f f e r e n t  c h a r a c t e r  from  
t h a t  s t u d d i e d  i n  the p r e v io u s  S e c t i o n .  The s o l e  e f f e c t  o f  th e  
t im e  c o n s t a n t  and th e  Q ,-faotor  i s  now t o  l i m i t  th e  sp e e d  w i t h  
w h ic h  t h e  o s c i l l a t i o n  a m p li tu d e  p a s s e s  from  z e r o  th r o u g h  th e  
u n s t a b l e  v a l u e s  t o  i t s  f i n a l  s t a b l e  c o n d i t i o n .  I t  w i l l  be shown 
bhat t h e  e f f e c t - i s  c a u se d  by th e  v a r i a t i o n  o f  t h e  g r i d - i n p u t  
r e s i s t a n c e  w i t h  o s c i l l a t i o n  a m p l i t u d e .  At s m a l l  a m p l i tu d e s  t h e
Mr e s i s t a n c e  may be o n ly  a f r a c t i o n  o f  i t s  v a l u e  a t  l a r g e  a m p l i t ­
u d e s .  C o n se q u e n t ly  t h e  e f f e c t  i s  m ost pronoun ced  i n  t h o s e  
o s c i l l a t o r s  w here t h e  g r i d - i n p u t  r e s i s t a n c e  c o n t r i b u t e s  l a r g e l y  
t o  th e  t o t a l  damping in  th e  f e e d b a c k  n e t w o r k .
The h y s t e r e s i s  e f f e c t  may be e x p l a in e d  a s  f o l l o w s .  O s c i l l ­
a t i o n  b e g i n s  s p o n t a n e o u s l y , w i t h  a n - i n i t i a l l y  s m a l l  a m p l i tu d e ,  
when t h e  c o u p l in g  i s  r a i s e d  t o  a v a lu e  s u c h  t h a t  th e  t o t a l  
a m p l i f i c a t i o n  r o u n d ja m p li f ie f  and f e e d b a c k  netw ork  i s  1 .  The 
o s c i l l a t i o n  c a u s e s  t h e  g r i d - b i a s  v \ o l t a g e  t o  become s l i g h t l y  
more n e g a t i v e .a n d  th u s  d e c r e a s e s  th e  a m p l i f i c a t i o n  o f  th e  v a l v e ,  
b u t  a t  th e  same t im e  t h e  g r i d - i n p u t  r e s i s b a n c e  i s  in c r e a s e d  so  
t h a t  th e  a t t e n u a t i o n  in  t h e  fe e d b a c k  netw ork  i s  r e d u c e d .  I f  
t h e  t o t a l  a m p l i f i c a t i o n  in c r e a s e s \v / i th  i n c r e a s i n g  o s c i l l a t i o n  
a m p li tu d e  a s t a t e  o f  i n s t a b i l i t y  e x i s t s ,  and th e  a m p li tu d e  
i n c r e a s e s  and c o n t in u e s  t o  i n c r e a s e  u n t i l  a s t a b l e  p o s i t i o n  i s  
r e a c h e d  a t  w h ich  any  f u r t h e r , i n c r e a s e  in  a m p li tu d e  would c a u se  
t h e  "'.total a m p l i f i c a t i o n  t o  become l e s s  th a n  1 .  I t  i s  a l s o  
.ob v iou s  t h a t  t h e  v a l u e  o f  c o u p l in g  r e q u ir e d  t o  m a in ta in  an 
o s c i l l a t i o n ,  once s t a r t e d ,  p t  an a m p li tu d e  c o r r e s p o n d in g  t o  
a h i g h  v a l u e  o f  g r i d - i n p u t  r e s i s t a n c e  may be l e s s  th a n  t h a t  
r e q u ir e d  to .  i n i t i a t e  o s c i l l a t i o n .
To i n v e s t i g a t e  th e  e f f e c t  and t o  f i n d  t h e  c r i t i c a l  v a l u e s  
o f  c o u p l in g  and o s c i l l a t i o n  a m p li tu d e  th e  o p e r a t io n  o f  th e  
v a l v e  w i t h  s m a l l - v a l u e s  o f  g r i d  v o l t a g e  must be exam in ed . In  • 
S e c t i o n  4 i t  was assumed thha-t - t h e  r e l a t i o n  t h a t  t h e  r e l a t i o n  
b etw een  g r id  c u r r e n t  and g r id  v o l t a g e  i s  a l i n e a r  o n e .  T h is  
a p p r o x im a t io n  i s  j u s t i f i e d  when m ost o f  t h e  g r i d  c u r r e n t  f lo w s  
when t h e  g r id  v o l t a g e  i s  p o s i t i v e , b u t  may be s e r i o u s l y  in  
e r r o r  f o r  n e g a t i v e  g r i d  v o l t a g e s .
When t%ie g r id  v o l t a g e  i s  more n e g a t i v e  th an  a b o u t  0 . 3  V 
th e  r e l a t i o n  b e tw e e n  g r id  c u r r e n t  and v o l t a g e  i s  a p p r o x im a te ly  
e x p o n e n t i a l
i g  = I g e x p (v g /V g )  , . . . ( 8 . 1 )
Ig and Vg b e i n g  c o n s t a n t s  o f  t h e  v a l v e .  Vg depends m a in ly  on
* t o
t h e  c a th o d e  t e m p e r a t u r e ,  a n d A ^  o^A ® "Abated cathodes^  o p e r a te d  7 
a t  normal / r a t i n g  i s  u s u a l l y  hetween;^^^0 1 a,nd 0 ,1 4  V. I  . d e p e n d s .  :7 
a l s o  on t h e  c a th o d e  A m p e r a tu r e .  arid; the^ y^ ^^  . .
/ /  : . I t  w i l l  he assumed a s  in  S e c t i o n  4 t h à t /  d 'on stan t  . - /
GpRg i s  s o  l a r g e  t h a t  t h e  v o ^ l b a g e .a c r o s s  and R /  due t o  th e  
f l o w  o f  g r i d  c u r r e n t  i s  s u b s t a n t i a l l y  c o n s t a n t .; Then .; / . /  /
Vg = Vg^costOgt ■+ /Vg*/ S u b s t i t u t i n g / t h i s  i n t o  { .8 .1 )  bri/ th e '  assu ia-  / 
p t i o n  t h a t  Vg i s  a lw a y s  n e g a t i v e ,  g i v e s  f o r  t h e  g r i d  c u r r e n t  
; ig .  Ç T o e x p  (V g /%  ). (Bo - ' ; - / :  ' /  : :
/ / / : /  ■;■' /  ■ : ■' ■ ■ :% / :;/.;: 
i n . Whi ch  Bn : e t c  . ar e ' t h e  m o d if  i e d / B é s s e l  c o e f f i c i  en t  s o f  th e  
f i r s t  k in d  ( u s u a l l y  deriot ed b y  7% e t c  ) '■ //■' : ■ /  ,. ;' ,.: / /
The Mean g r i d  c u r r e n t  / is^/':,! ' -/ /  /: ' i .  /
-  - v y k g  ■ . . ( 8 . 2 )
The a m p li tu d e  o f  t h e  component q f  f u n d a m e n ta l / f r e q u e n c y  i s
Hence - t h e  g r i d - i n p u t  r e s i s t a r io e :  a t  furidamerital f r e q u e n c y  i s  ; ,
? g  = % ] h g i
.For ariy assum ed / v a lu e  o f  A . ,  ; (8'.S ): can  be  s o lv e d '  g r a p h i c ­
a l l y  t o  f i n d  ./. ; T h is  i s  i r o s t /o o r iy e n ie n t iy  dorie by ; p l o t t i r i  ; ; ' 
th e .  c u r v e  y  = x  e x p x .  Then Vg ,= -xVg^ ^^  ^w (R gig /V g )Bg (Vg^^/Vg)
r g  can th e n  b e  c a l c u l a t e d  from  ( 8 .3 )  . For s m a l l  v a l u e s  o f  A l A o  
t h e  f o l l o w i n g  a p p r o x im a t io n s  a r e  v a l i d  ; /  /
■ ; /  / /
... Let : V i  he- t h e /ÿaiide/.pf/^ Vg^  ^A  an^^/ A:^ ,/■' A .; //
Vg. = Vg. + dVg' /  i f  V g l  i s ;  s m h l l  / i t :  f o l l o w s  from  ( 8 . 2 )  and t h e  /  y  
a p p ro x iH ia t io n s  f o r  t h e  B e s s e l  b o e i f i o i e n t s  t h a t  /  ; - y ; . / ,
In  t h e  s A ®  I S^Ly. ( 8 . 3 )  /becomoe
iny.whioii  h p  y i - ! / / y ^ o W ( i \ - A ° : )  :  -
/: Over t h e  rarige./ o f  v a l u e s  o f  I g ,  Vg and Rg u s u a l l y  fou n d  i n  /
p r a c t i c e  t h e  v a lu e  o f  Vg/Vg l i e s  b e tw een  - 2 . 5  and - 6 , 5 .  Thus 
t h e  g r i d - i n p u t  r e s i s t a n c e  f o r  v e r y  s m a l l  o s c i l l a t i o n  a m p li tu d e s  
may be much l e s s  th a n  f o r  l a r g e  a m p li tu d e s  a t  w h ich  i t  i s  
a p p r o x im a t e ly  -ÿtgVg^^/Vg.
The e f f e c t i v e  a m p l i f i c a t i o n  round t h e  o s c i l l a t o r  c i r c u i t  
a t  th e  o s c i l l a t i o n  f r e q u e n c y  may be d e f in e d  i n  the  f o l l o w i n g  
w ay. Suppose  t h t a t  th e  n etw ork  i s  i n t e r r u p t e d  betw een  3 and 5 
( F ig .  l ) , and t h a t  a  g e n e r a t o r  o f  z e r o  im pedance h a v in g  a term ­
i n a l  v o l t a g e  VgcoscDgt i s  c o n n e c te d  b e tw een  5 and 4 .  B etw een  3 
and 4 i s .  .co n n ec ted  an impedor o f  v a lu e  e q u a l  t o  t h e  im pedance  
m easured  betw een  5, and 4 l o o k in g  tow ards t h e  g r i d . Let t h e  
a m p li tu d e  o f  t h e  g r i d  v o l t a g e  o f  . o s c i l l a t i o n  f r e q u e n c y  be Vg .^ 
and l e t  t h e  anode c u r r e n t  have a  fu n d a m en ta l  component o f  
a m p li tu d e  l a i *  T h is  p r o d u c e s  a v o l t a g e  o f  a m p li tu d e  b etw een  
3. and 4 s u c h  t h a t  Vgg = - Ig iR ÿ V g /V g ^ . The a m p l i f i c a t i o n  i s  
t h e r e f o r e  A = V^g/Vg = - l a l R f A g l
In  t h e  s t e a d y  s t a t e  A = 1 ,  and f o r  any p a r t i c u l a r  a m p li tu d e  
t o  be  s t a b l e  A must i n c r e a s e  a s  V~, ' d e c r e a s e s  and d e c r e a s e  a s' ' G_L
Vg^ i n c r e a s e s .  S in c e  Vg-j^  i s  assumed t o  be s m a l l  e x p r e s s i o n  
( 5 . 2 )  may b e  u s e d  t o  r e p r e s e n t  t h e  anode c u r r e n t .  T h is  l e a d s  t o  
A = - l t b a ( R ï .  + R i/y i)  (Vg -  V e a ) t
X (1 -  v | | ( l  + ,R i//jET)V32.(Vg -  V oa)2) . .+ IcRj/rg ( 8 .6 )
Let Rrj and, Rj- be t h e .  v a l u e s  o f  R^ and Rj- when Vg^ = 0 
and o s c i l l a t i o n  i s  j u s t  a b ou t  t o  b e g i n .  As t h e  o s c i l l a t i o n  
a m p li tu d e  i n c r e a s e s  Rqi and R j a l s o  change b e c a u s e  r g  i n c r e a s e s  
a c c o r d in g  t o  ( 8 . 5 ) .  The e f f e c t  o f  ch an ges  i n  r g  on t h e  v a l u e s  
o f  Rrp and Rq was exam ined i n  S e c t i o n  3 .  U s in g  fo rm u la e  ( 3 .9 )  
and ( 3 .1 0 )  and e x p r e s s i o n  ( 8 . 5 ) ,  th e  a m p l i f i c a t i o n  can be  
w r i t t e n  a s
A  =  1  +  V ^ i ( ( l  -  K a j / r | )  (HR o/ ( K o +  r g )  +  ( v y Y o ) ® / 8 ( l - V ^ V o ) { V g - V o ^
-  (1 +  E j / ; i R j ) V 3 2 ( V g  -
-  hl(R.^/ (Rg + Tg) )
S m a ll  a m p l i t u d e s  w i l l  be  u n s t a b l e  i f  A i n c r e a s e s  w i t h  Vg^
o
i . e  i f  t h e  c o e f f i c i e n t  o f  Vg^ i s  p o s i t i v e .  On s u b s t i t u t i n g  f o r
h  and r e a r r a n g in g  th e  t e r m s , t h i s  c r i t e r i o n  f o r  t h e  e x i s t e n c e  
o f  h y s t e r e s i s  becom es
V ^ ( V g  -  Voa) -  (Ho' + k r p y  -  T ^ ^ ) )  {1 + Y ' y ^ ) / { R ^  + r p
, >  V § (1  + -  V g /V g ) /4 (T g  -  . . . • ( 8 . 7 )
, The c r i t i c a l  v a l u e s  o f  and R^ a r e  a l s o  r e l a t e d  by
(8*6) w i t h  A = 1 and Vg^ = 0 .  Thus
■ 1 = - l - ÿ b a ( iq  + R i A i ) ( V > V o a ) *  + k R ^ r g  . . ( 8 . 8 )
\Vhen h y s t e r e s i s  e x i s t s  t h e  i n i t i a l  a m p l i t u d e ,  i f  i t  i s  o f  
th e  o rd er  o f  a f ew  v o l t s ,  may b e  c a l c u l a t e d  by t h e  m ethods  
d e s c r i b e d  i n  S e c t io n '  6 .  The minimum s t a b l e  a m p li tu d e  i s  d i f f ­
i c u l t  t o  c a l c u l \ a t e  b u t  i t  c o u ld  be fo u n d , ,  i f  r e q u i r e d ,  by  
g r a p h i c a l  m ethods . In  exam ples  where t h e  a m p l i tu d e  i s  n e i t h e r  
l a r g e  nor s m a l l  t h e r e  may be d i f f i c u l t y  i n  d e c i d i n g  w h eth er  
fo rm u la e  (4*6) and ( 4 .8 )  or fo rm u la e  ( 8 .2 )  and ( 8 .3 )  s h o u ld  be  
u s e d  t o  c a l c u l a t e  t h e  g r i d - b i a s  v o l t a g e  and t h e  g r i d - i n p u t  
r e s i s t a n c e *  I f  t h e s e  q u a n t i t i e s  a r e  c a l c u l a t e d  from b o th  s e t s  
o f  fo rm u la e  i t  w i l l  u s u a l l y  be fo u n d  t h a t  the^"® i s  a ra n g e  o f  
v a l u e  o f-V g^  over  w h ic h  t h e  two s e t s  g i v e  s u b s t a n t i a l l y  t h e  
same r e s u l t s ,  and i t  i s  t h e n  o b v io u s  which, s e t  s h o u ld  be  u s e d  
f o r  any p a r t i c u l a r  v a l u e  o f  V g^* T h is  t y p e  o f  h y s t e r e s i s  e f f e c t  
h a s  a l s o  b e e n  s t u d i e d  e x p e r im e n t a l ly  by Z ep ler^
Example ; The f e e d b a c k  netw ork  o f  an  o s c i l l a t o r  c o n s i s t s  
o f  an a n t i - r e s o / n a n t  c i r c u i t  h a v in g  a  dynamic r e s i s t a n c e  o f  
lO ^ J l c o n n e c te d  b e tw e e n  3 and 4 w i t h  a  c o u p l in g  c o i l  c o n n e c te d  
b e tw e e n  1 and 2 .  Rg = l O ^ .d . The o s c i l l a t i o n  a m p li tu d e  i s  
a d j u s t e d  by  th e  m utu a l in d u c t a n c e  b e tw een  anode and g r id  c o i l s ,  
The v a l v e  c o n s t a n t s  a r e  bg = 0 .0 0 0 6 5  m hos, Vgg = - 0 . 1 3  V, , 
bg = 0 .0 0 0 5 6  mho/VV, Vgg = - 9 . 1  V, pi = 2 0 ,  Iq = 10"^' A,
Vg = 0 .1 4 3  V . I t  i s  r e q u i r e d  t o  f i n d  i f  a  h y s t e r e s i s  e f f e c t  
e x i s t s ,  and i f  so  th e  i n i t i a l  s t a b l e  o s c i l l a t i o n  am |> litu d e .  
w h ic h  i s  ob ted n ed  when t h e  m utual in d u c t a n c e  i s  i n c r e a s e d  i^bym 
z e r o .
U s in g  t h e  m ethod d e s c r i b e d  e a r l i e r ,  e q u a t io n  ( 8 . 2 )  can be  
s o l v e d  t o  f i n d - V l  = - 0 . 4 4  V. Then r „  = 3 2 .5  E f I . From ( 8 .8 )
Rrj -  - 4 1 0 i l , and.Rq/ÿoRqi = - 0 .0 0 0 8 4 .  On s u b s t i t u t i n g  t h e s e  
v a l u e s  i n t o  ( 8 .7 )  i t  i s  found  th a t  t h e  i n e q u a l i t y  i s  s a t i s f i e d ,  
and a h y s t e r e s i s  e f f e c t  t h e r e f o r e  e x i s t s . ;
From the, above  f i g u r e s  th e  r a t i o  o f  th e  m utu al in d u c ta n c e  
t o  t h e  in d u c t a n c e  o f  t h e  g r id  c o i l  i s  - 0 . 0 1 6 7  a t  th e  c r i t i c a l  
p o i n t  w here o s c i l l a t i o n  b e g i n s .  F o l lo w in g  t h e  m ethods o f  S e c t i o n  
6 th e  s t a b l e  o s c i l l a t i o n  a m p litu d e  c o r r e s p o n d in g  to  t h i s  v a lu e ,  
o f  c o u p l in g  i s  5 . 2 V
The s e c o n d  and l e s s  f a m i l ia .r  ty p e  o f  l i y s t e r e s i s  e f f e c t  i s  
p e c u l i a r  t o  l a r g e  o s c i l l a t i o n  a m p l i t u d e s ,  and t a k e s  t h e  form  
o f  a  jump from  one s t a b l e  a m p litu d e  t o  a n o t h e r .  The c r i t i c a l  
a m p li tu d e  a t  w h ic h  i n s t a b i l i t y  o c c u r s  can  be fou n d  a s  f o l l o w s .
For l a r g e  v a l u e s  o f  Vg^ t h e  a m p li tu d e  o f  t h e  anode c u r r e n t  
o f  fu n d a m e n ta l  f r e q u e n c y  i s  g i v e n  by ( 5 . 6 )  and th e  a m p l i f i c a t i o n  
ca n  b e  e x p r e s s e d  a s
A = -  + Rq/uRT)^/^ H ^ (l  -  H /8  t 5H ^/512) + kR ^/rg
I f  i n s t a b i l i t y  e x i s t s  dA/dVg^ must be p o s i t i v e .  I t  may be  
assum ed t h a t  when Vg^ i s  l a r g e  th e  q u a n t i t i e s  Rq, Rq, r g  and K 
a r e  s u b s t a n t i a l l y  in d e p e n d e n t  o f  V gq . On c a r r y i n g  out th e  
d i f f e r e n t i a t i o n ,  t h e  c o n d i t i o n  t h a t  dA/dVg^ s h o u ld  b e  p o s i t i v e  
becomes,
4 ( 1  -  K) >  5H(1 -  H /48  -  l lH ^ /1 5 5 6  + . . )
S u b s t i t u t i n g  f o r  H a c c o r d in g  t o  ( 5 .8 )  and r e v e r s i n g  t h e  s e r i e s  
V g g /V g 7 <  (1 -  K )/3K  + ' ( 1  -  K )^/27K  + . .  ( 8 , 9 )
As a l l  term s a r e  s m a l l  compared w i t h  t h e  f i r s t  t h i s  r e d u c e s  t o  
V g A o a  >  3 V ( 1  K) . . . . .
I t  i s  o b v io u s  from  t h i s  t h a t  i n s t a b i l i t y  can occu r  o n ly  i f  
K <  1 ,  s i n c e  n e g a t i v e  v a l u e s  o f  Vg/Vgg a r e  i n a d m i s s i b l e .
I t  can be  shown by d i f f e r e n t i a t i n g  ( 5 .7 )  t h a t  t h e  c o n d i t i o n  
f o r  dA/dVgq t o  be z e r o  i s  t h e  same a s  t h a t  f o r  d(Vg/Vga)/dH' t o  
b e  i n f i n i t e .  I f  th e  graphs o f  F i g .  5 w ere c o n t in u e d  upwards 
i t  w ould  be fou n d  t h a t  f o r  a l l  v a l u e s  o f  K l e s s  than  1 t h e  s lo p e  
would, u l t i m a t e l y  become i n f i n i t e  and t h e r e a f t e r  n e g a t i v e s  ■ T h is  
te n d e n c y  i s  m ost o b v io u s  i n  th e  graph f o r  K = 0 . 7 .  A l l  v a l u e s
44-
o f  Vg/Vgg g r e a t e r  th an  t h e  c r i t i c a l  v a l u e s  g i v e n  by ( 8 ,9 )  
c o r r e s p o n d  t o  u n s t a b l e . s t a t e s .
Once t h e  o s c i l l a t i o n  a m p li tu d e  h a s  p a s s e d  th e  c r i t i c a . l  
p o i n t  t h e r e  i s  n o t h in g  i n  the' t h e o r y  t o  p r e v e n t  i t  from  
i n c r e a s i n g  i n d e f i n i t e l y . The a m p l i t u d e . i s  th e n  l i m i t e d  by th e  
f a c t  t h a t  when th e  g r i d  v o l t a g e  i s  l a r g e  and th e  anode v o l t a g e  
s m a l l  t h e  - t h i ’e e - h a l v e s  law  i s  no lo n g e r  f o l l o w e d  and t h e  
d i v i s i o n  o f  c u r r e n t  b e tw een  t h e  e l e c t r o d e s  c h a n g es  i n  such  a  
way t h a t  t h e  anode r e c e i v e s  a r a p i d l y  d e c r e a s i n g  sh a r e  o f  th e  
t o t a l  c u r r e n t .  In  m ost o s c i l l a t o r s  in d e e d  t h i s  l i m i t a t i o n  t a k e s  
e f f e c t  b e f o r e  t h e  a m p li tu d e  r e a c h e s  th e  c r i t i c a l  u n s t a b l e  v a l u e .  
I n s t a b i l i t y  o f . t h i s  ty p e  h a s  i n  fa c t -  been  o b s e r v e d  o n ly  under  
somewhat a r t i f i c i a l  c o n d i t i o n s .
Vfhen E i s ,  g r e a t e r  th a n  1 i t  f o l l o w s  from  ( 5 . 7 )  and ( 5 .8 )  
th a t ,  a s  IT i n c r e a s e s  Vg/Vgg i s  a s y m p to t ic  t o  t h e  v a lu e  K /(E  -  l )
R e f e r e n c e s .
(1) Terman, F .1 - .  : "Radio E n g in e e r in g "  2 n d . E d . ,  p .  3 5 0 ,
('Me Gr aw H i l l  .Book C o . ,  Hew Y ork , 1937)
(2) M ariq u e , J . :  "Hotes on t h e  t h e o r y  o f  d io d e  r e c t i f i c a t i o n , "
W i r e l e s s  E n g r . 1 2 ,  p . 1 7 ,  1 9 3 5 .
(3) H y q u i s t ,  H . ; " R e g e n e r a t io n  t h e o r y ,"  B e l l  S y s t .  T e c h .  J . ,  11 ,
p . 1 2 6 ,  1 9 3 2 .
(4 )  E d so n , W .A .: " I n t e r m i t t e n t  b e h a v io u r  i n  o s c i l l a t o r s , "
B e l l  S y s t .  T e c h .  J . ,  2 4 ,  p . l ,  1 9 4 5 .
(5) Z e p le r ,  E . S . :  " O s c i l l a t i o n  h y s t e r e s i s  i n  g r i d  d e t e c t o r s , "
W i r e l e s s  E n g r . ,  2 3 ,  p . 2 2 2 ,  1 9 4 6 .
4 6
A p p e n d ix .
fTT
C o n s i d e r •t h e  i n t e g r a l  I  = \ (acos© + b) oos^0d© i n  w h ic h
J o
a  and n a re  p o s i t i v e  and m i s . a  p o s i t i v e ■i n t e g e r  or 0 .  The 
in t e g r a n d  i s  t o  he ta k e n  a s  z e r o  when acos©  + h i s  n e g a t i v e .
Two c a s e s  a r i s e  d e p e n d in g  on w h eth er  a  > h or a  < h .
I f  a <  h th e  in t e g r a n d  e x i s t s  f o r , a l l  v a l u e s  o f  © and
pTT ■ ■ '
I  =  ( l  +  ( a / b ) c o s © )  co 5 ™ ed @
Jo
= (cos^© + ( n a /h ) c o s ^ ’^ 1© + (a ^ /'b ^ )(n (n  -  l ) / 2 !  ) c o s ^ ^ ©  I )d©
40 , /
I f  m i s  even
I = 2 h ^ r  ( c o s ^  + (a^ /b ^ )  (n (n  -  l ) / 2 ! ) c o s ^ ^ ©  + , . ) d©
Jo
= bi^v‘§'p(-Hn + l ) )  n (n  “ l )  (m + l ) a ^
   —  ( 1 +     - '• " —  ^ + , » )
. (|-m) 1 2 ! (m + 2)b^
I f  m i s  odd
I = 2b^ l ( ( n a / b ) c o s “ '‘^ J-0 + ( n ( n  -  l )  (n -  2 )a ^ /b ^ 3 !  ) c o s ”’'J'^ © A)d©
Jo , > \
~ nab^^’‘ T^r"3["(-|-(m + 2 ) )  (n -  l ) ( n  -  2 ) ( m + 2 ) a 2
(1 +    + . . )
(-Hm + 1 ) ) !  3! (m + 3)b^
I f  a  > b
I ‘ = f  (acos©  + b)^oos™©d© . where cosj?> = - b / a  
Jo
Then I = 2 ^ a ^ J  (sin^-|-f> -  s in^-|© )^cos^0d©
Let X = s  in^-g0/s  in^ -%- ^  . Then
I  = 2 ^ a ^ s i n ^ \  ( l  -  x ) ^ x ” 3’( l  -  2 x s in ^ -^ p )^ ( l  -  xsin^-|-j9)” ^dx
Jo
-  2 ’^ ansinSn+l^i^ f  (1 -  x ) ^ ( x - i  - (2m  -  -^)x'2 8in2-^j%
Jo .
’ ■ ' 4- x^/^(2m ^ -  3m + 3 / s )  sin"*-|-^
-  x ^ /S (4 m ^ /3  -  5m  ^ + 5 3 n / l 2  -  5 /1 6  ) sin®
But t h e  i n t e g r a l  ^ x P ( l  -  x ) ^  dx d e f i n e s  t h e  B e ta  f u n c t i o n
B ( p+ 1 ,  n + l)  w h ic h  can be  e x p r e s s e d  i n  term s o f  Gamma f u n c t i o n s  
a s  r*(p + l )  I" (n + l )  / j“ (p + n + 2)  S u b s t i t u t i n g  t h i s  in
t h e  above  i n t e g r a l  g i v e s  ' '
„ .  + l )  (4m -  1)
I  = 2^v3'a" ein^^J'J-g-5 -------------  (1 -  — — — sin ^ -^ 8
f i n  + l i )  S (2n  +3) *
3(16mS -  24m + 3 )
+  s in 4 -^ 6  -
8 (2 n  + 3 ) (2n + 5)  ‘ '
5 (64m® -  240m^ 4- 212m -  15)
- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ sin®-i-
1 6 (2 n  + 3 ) (2n + 5 ) (2n + 7)
-g ^> + . . )
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Siimniary,
A com i)reh en sive  t h e o r y  o f  s t a b i l i t y  i s  d e v e lo p e d  w h ich , 
i s  a p p l i c a b le  t o  a  l a r g e  c l a s s  o f  harm onic o s c i l l a t o r s .  The 
paper i s  co n c e rn ed  m a in ly  w ith  th e  4 - t e r m in a l  r e g e n e r a t iv e  
ty p e  o f  o s c i l l a t o r  b u t th o  2 - t e r m in a l  n e g a t iv e - r e s i s t a n c e  
ty p e  i s  a l s o  c o n s id e r e d *  A l l  known form s o f  i n s t a b i l i t y  
ap p ear a s  s p e c i a l  c a s e s  o f  th e  g e n e r a l  th e o r y  and some new 
form s a r e  p r e d ic t e d .  S t a b i l i t y  i s  d e ter m in ed  by th e  r o o t s  o f  
a ' c h a r a c t e r i s t i c  e q u a t io n  and s t a b i l i t y  c r i t e r i a  a r e  o b ta in e d  
i n  th e  form  o f  i n e q u a l i t i e s  b etw een  t h e  p a ra m eters  o f  th e  
a m p l i f ie r  and fe e d b a c k  n e tw o r k . V/hen th e  fe e d b a c k  netw ork  i s  
syja im otrlca l w ith  r e s p e c t  t o  t h e  o s c i l l a t i o n  fr e q u e n c y  th e  
c h a r a c t e r i s t i c  e q u a t io n  can  be f a c t o r i s e d  t o  o b ta in  in d e p e n d e n t  
c r i t e r i a  f o r  fr e q u e n c y  and a m p litu d e  s t a b i l i t y .  H y s t o r e s i s  
e f f e c t s  and p e r io d ic  i n s t a b i l i t y  a r e  a n a ly s e d  in  d e t a i l .  In  
a d d i t io n  t o  t h e  g e n e r a l  t r e a t m e n t ^ s p e c i f ic  form s o f  th e  p a r a ­
m e te r s  a p p e a r in g  in  th e  s t a b i l i t y  c r i t e r i a  a r e  w orked out f o r  
a t h r e e - h a lv e s - la w  a m p l i f ie r  w ith  a  s e m i - l in e a r  or e x p o n e n t ia l  
g r id - c u r r e n t  c h a r a c t e r i s t i c ,  ( iu a n t i t a t iv e  e x p e r im e n ta l  
c o n f ir m a t io n  i s  p r o v id e d .
1 .  I n tr o d u c t io n *
T h is  i n v e s t i g a t i o n  c o n c e r n s  th e  d y n a m ica l s t a b i l i t y  o f  
f r e e  o s c i l l a t i o n s  in  g e n e r a to r s  p r o d u c in g  a  u e a r ly - s in u s o id a l  
v o l t a g e  w aveform  (harm onic o s c i l l a t o r s )  and i s  l im i t e d  t o  th o s e  
ty p e s  known a s  ‘’s e p a r a b l e o s c i l l a t o r s  w h ich  c o n s is t * -o f  a  non­
l i n e a r  a m p l i f i e r  or r e s i s t a n c e  whoso b e h a v io u r  i s  in d e p e n d e n t ' 
o f  t im e ,a n d  a' p a s s iv e  l i n e a r  im pedance n e tw o r k . Under c e r t a in  
c o n d i t io n s  t h e  fr e q u e n c y  or a m p litu d e  o f  o s c i l l a t i o n  may becom e  
u n s t a b le  and change t o  a  now -value or v a r y  o v er  a  ran ge  o f  
v a l u e s .  The o b j e c t  o f  t h i s  in q u ir y  i s  t o  e lu c i d a t e  t h e s e  
c o n d i t io n s  in  t h e i r  m ost g e n e r a l  form .
Over t h e  p a s t  35 y e a r s  th e  s u b j e c t  h a s  a t t r a c t e d  much 
a t t e n t i o n .  liJarly work on d is c o n t in u o u s  a m p litu d e  ch a n g es was 
c a r r ie d  o u t by A p p le to n  &van dor P ol^  and by G reaves^  Van dor  
P o l a l s o  s t u d ie d  a  form  o f  d is c o n t in u o u s  fr e q u e n c y  i n s t a b i l i t y ®  
A ccou n ts o f  l a t e r  work a r e  g iv e n  in  r e c e n t  p u b l i c a t io n s ^ ” ®
A l l  th e  e a r ly  woi'k^ and m ost o f  t h e  l a t e r ,  d e a l t  w ith  
s im p le  t y p e s  o f  c ir c u its ^ .a n d  i t  was u s u a l ly  assum ed t h a t  th e  
b eh a v io u r  o f  t h e  a m p l i f ie r  or n o n - l in e a r  r e s i s t a n c e  c o u ld  b e  
r e p r e s e n t e d  by a  few  term s o f  a  power s e r i e s .  I t  was a l s o  
su p p o sed  t h a t  t h e  w o rk in g  p o in t  o f  t h e ,a m p l i f i e r  was in d ep en d ­
e n t  o f  o s c i l l a t i o n  a m p litu d e  i . e .  th e  n o n - o s c i l l a t o r y  p a r t  o f  
t h e  v o l t a g e  wave was o f  f i x e d  a m p litu d e -
In  hiodern o s c i l l a t o r s  t h e  a m p l i f ie r  c h a r a c t e r i s t i c  can  
se ld om  be r e p r e s e n t e d  by a  lo w -d e g r e e  p o ly n o m ia l .  M oreover  
g r id - l e a k  b i a s  or some o th e r  form  o f  a m p litu d e  c o n t r o l  i s  
in v a r ia b ly  u s e d .  . T h is  c a u s e s  th e  a m p l i f ie r  w o rk in g  p o in t  t o  
v a r y  w it h  o s c i l l a t i o n  a m p litu d e  and may a l s o  g i v e  r i s e  t o  a  
p e r io d ic  i n s t a b i l i t y  so jn etim es known a s  " sq u egg in g"  .
Van B looten ® '^ ®  exam ined t h i s  ty p e  o f  i n s t a b i l i t y  by  
s e t t i n g  up a  se co n d  o r d er  d i f f e r e n t i a l  e q u a t io n  f o r  th e
o s c i l l a t i o n  a m p litu d e , s t a b i l i t y  b e in g  d e ter m in ed  by t h e  r o o t s  
a u x i l i a r y
o f  th e^ y^ eq u ation . A s im p le  form  o f  c i r c u i t  and v a lv e  c h a r a c t ­
e r i s t i c  was a ssu m ed .
A d i f f e r e p t  a p p f oaoh was' p r o p o sed  by Jidson-^’^  'who s u ^ e s t e d  
t lm t  t W  M yqulsl c r i t e r i o n  c o u ld  b e  a p p l ie d :  t o  d e ter m in e  t h e  ., 
s t a b i l i t y  o f  o s c i l l a t i o n  am plitude:^b ch a n g es
: 1  n ; ;^ g n it u d e .;âi^d?.ÿiase:^e;^  _by-ya -^small^ ^^  ^ m od u l-
a t ib n , o f  t h e  a m p litu d e  when t r a n s m it t e d  tîir o ü g h  th e  /a m p l i f i e r  / /  
,-and f  cedback: n e tw o r k . , f /h ,  / ./? ' //-/. /%: /,v : "
T n ese  two m ethods a r e  l im i t e d  t o  e s c i l l a t o r s  h a v in g  f e e d -  
b ack/ n etw ork s ; w it h  a  - r e sp o n se . :ehar:aa : sy im n e tr io a l ab out
: t h e  o sc  i l l a t  i  on  f  r  eq n eh cy  e . g . : a  highT(^ a n t i r  e sp n a n t c i r c u i t .
In.: a s y im e t r ie a l :  ne+works urip litu d e ' phahges.; a re /a cco m p a n ied : b y . 
fr e q u e n c y  change s  w h ich  t h e  m ethods a r e  u n a b le  t o / t a k e  in t o  
/a c c o u n t i : . O the s u g g e s t  io n  i#/'\spme//o,f : w h ich  a r e  c o n s id e r e d / l a t  er  
h ave  b e e n  put fo r w a r d . :TAn acc/ount o f  t h e s e  can  be fou n d  in  .? 
Eds o n 's  b o o k , '' . / /
/ In  t h e i r  d i f f e r e n t  w a y s / a l l  th e  u e b h b d s /sp , f a r  p ro p o se d  ; :
a r e  r e s t r i c t e d  in  s c o p e ,/  and th é  d i v e r s i t y  p f  tr e a tm e n t  o b sc u r e s  
t h e , / f  u n d a tie n ta l u n i t y  : o f  a l l  f  o f  m<, o f  i n s t a b i  l i t y ./; The p i e c e ­
m ea l/ t r e a tm e n t  a l s  s u g g b s t s  / th a t  tlxe i e may e x i s t  / ty p e s  o f  / 
i n s t a b i l i t y  h i t h e r t o  o v e r lo o k e d . A new and m ore g e n e r a l  t h e o r y  
seem s d e s i r a b l e  w h ioh / w ou ld  : incl^^ o f
i h s t a b i ]  i t y  a s  s p e c i a l  c a s e s  /and b e  a p p l i c a b le  t o  any k m u  o f  . : 
n e tw o ik  or a m p l i f i e r  « I t / s h o u l d  a l s o  b e / p o s s i b l e  to , o b ta in  
n u m e r ic a l r e s u i t s  f  or / p r a c t i c a l  b s c i l l a t o r s /W i t h o u t  h a v in g  t o  
make: v i o l e n t  a ssu m p tio n s  ah d / d r a s t i c  a p p r b x iiiia tio n  T h is  Would
a l lo w  a  t h e o r e t i c a l  a n d /e x p e r im e n ta l  ch.ebk t o  b e  made bn th e  
: /v a l id i t y /  o f  any / p r oposed: /sta b i/lity ^  / / f //■
2* L i s t  o f  sy m b o ls .
A (p) -  A n p litu d e  s t a b i l i t y  f u n c t i o n .  S e e  ( 0 .2 )
y>B, bg = C o n sta n ts  o f  th e  v a l v e .  S ee  ( 4 .1 9 )  and (4 .2 1 )
I)(p ) = S t a b i l i t y  f u n c t io n  f o r  th e  o s c i l l a t o r .  S ee  (6 .4 ) ,
p (p )  a  fr e q u e n c y  s t a b i l i t y , f u n c t i o n .  S ee  (0*2)
Gvj î= F o u r ie r  c o e f f i c i e n t s  o f  th e  g r id -a n o d e
t r a n s c o n d u c ta n c e . S e c  (5 .1 0 )
'n
IÏ = 1 -  It +
i^  i g  -  Anode and g r id  c u r r e n t s .
J-al “ Anode and g r id ' c u r r e n ts  o f  fvm daiiienta l f r e q u e n c y .
^ad c^«a ' P e r tu r b â t  io n s  o f  tiiiodç and g r id  our r e n t  s .  
k -  F r a c t io n  o f  t o t a l  c u r r e n t  r e a c h in g  th e  a n o d e .
K . = -T ryV gj_jl + Z i/p Z ÿj .
IT = Parm iietoi; o f  th o  s te a d y  s 'ta te*  S ee  ( 4 .1 3 )  and (4 .1 4 )
p = a  4 com p lex  fr e q u e n c y .
Ih, Rrf Anode and g r id  c i r c u i t  B .C . r e s i s t a n c e s ;
r^  -  G rid in p u t  r e s i s t a n c e  a t  fu n d a m en ta l fr e q u e n c y .
= F o u r ie r  c o e f f i c i e n t s  o f  th e  g r id  in p u t  c o n d u c ta n c e .
S ee  ( 5 .1 )
Uyj - .C o m p le x  a m p litu d e s  o f  t r a n s i e n t  g r id  v o l t a g e
com p on en ts. S ee  ( 5 .2 )  .
■^0 , '(inode v o lb a g e ,  anode v o l t a g e  o f  fr e q u e n c y  c.Oq.
V„ -  Ampli'fcude o f  e q u iv a le n t  g r id  v o l t a g e  o f  fr e q u e n c y  con*
• S ee  ( 4 .5 )
Vg Yp- -  G rid v o l t a g e ,  moan g r id  v o l t a g e .
Y r i  ~ G rid v o l t a g e  and a m p litu d e  o f  g r id  v o l t a g e  a t
■■ fr e q u e n c y  oxq.
‘'’"ad "Vgd -  P e r tu r b a t io n s  o f  anode and g r id  v o l t a g e s .
Yq£>_ Vçjg -  G rid  v o l t a g e s  ■ r e q u ir e d  t o  c u t  o f f  anode and g r id
c u r r e n t s .
r  = .
Zq -  P-i+jTIj  ^ e t c .  O p o n -c ir c u it  in p u t ,  o u tp u t and t r a n s f e r  
im p ed an ces o f  th e  fe e d b a c k  n etw ork  a t , fr e q u e n c y  coq
Z'l Zq Zqt -  M o d ifie d  v a lu e s  o f  2j[ e t c .  S e e  ( 4 . 1 l )
Zt Zj Z l  = 2 i ( p  + jtoo) 2 ^ (p ) 2^ (p  -  j£Co) e t c
-  (2fji + Z -j - /^ ) /( l  -  k % ,/rg )
9 = P h ase  a n g le  b e tw een  anode c u r r e n t  and g r id  v o l t a g e .
jfi ■- A a p l i f i c a t i b n  f a c t o r  o f  th e  v a l v e .
coq -  O s c i l l a t i o n  fr e q u e n c y . (F undam ental)
3 .  M ethod o f  s o l u t i o n .
The m ethod c o n s i s t s  i n  ex a m in in g  t h e  s t a b i l i t y  o f  th e  
p o s s ib l e  s te a d y  - s t a t e s  o f  th e  os o i  H o t  o r .  By a  ’’p o s s ib l e  
s te a d y  s t a t e "  i s  m eant a  c o n d i t io n  in  w h ich  th e  sy s te m  i s  in  
e q u il ib r iu m  w ith  o, p e r io d ic  wave o f  c o n s ta n t  a m p litu d e  and  
f r e q u e n c y . S t a b i l i t y  i s  d e ter m in ed  by th e  n a tu r e  o f  th e  d i s t ­
u rbance p rod u ced  when a. p o s s ib l e  s te a d y  s t a t e  i s  m o m en ta r ily  
p e r tu r b e d  by a s m a ll  e x t e r n a l  f o r c e ,  e q u i l ib r iu m  b e in g  s t a b le  
i f  th é  a m p litu d e  o f  th e  d is tu r b a n c e  d e c r e a s e s  w it h  t im e .  I f  
e q u i l ib r iu m  i s  s t a b l e  t h e  p o s s ib l e  s te a d y  s t a t e  may be an a c t u a l  
s te a d y  s t a t e  b u t i f  e q u i l ib r iu m  i s  u n s t a b le  th e  p o s s ib l e  s te a d y  
s t a t e  ca n n o t b e  r e a l i s e d  p h y s i c a l l y .
When t h e  d is tu r b a n c e  i s  s m a ll  t h e - o s c i l l a t o r  b eh a v es  
tow ard s i t  l i k e  a  l i n e a r  netw ork  w it h  t im e -v a r y in g  p a r a m e te r s ,  
how th e  t r a n s i e n t s  i n  any  l in e a r , sy s te m  o à n -b é  r e p r e s e n te d  a s  
t h e  sum o f  a  number o f  in d e p en d en t norm al m odes and t o  f in d  th e  
form  o f  t h e s e  m odes in  an o s c i l l a t o r  i t  i s  s u f f i c i e n t  t o  con ­
s id e r  t h e  s im p le s t  ex a m p le .
S up pose t h a t  t h e  o s c i l l a t o r  c o n s i s t s  o f  a  2 - te r m in a l  
l in e a r  p a s s iv e  n etw ork  h a v in g  an a d m itta n c e  Y(D) j {Xi=d/dt)^ 
c o n n e c te d  a c r o s s  a  s u i t a b l o  n o n - l in e a r  r e s i s t a n c e  e le m e n t .
L et fjoq be t h e  fr e q u e n c y  o f  s te a d y  o s c i l l a t i o n .  I f  a  s m a ll  
d is tu r b a n c e  i s  added t o  t h e  s te a d y  s t a t e  v o l t a g e  t h e n ,  s o  
f a r  a s  v^ i s  c o n c e r n e d , th e  n o n - l in e a r  r o s i s t a n c e  b e h a v e s  l i k e  
a  l i n e a r  r e s i s t a n c e  w i t h  a  c o n d u cta n ce  g  v a r y in g  p e r i o d i c a l l y  
a t  th e  o s c i l l a t i o n  f r e q u e n c y . Thus
g = 21 * (3*1)
o
The c u r r e n ts  p rod u ced  by v^ in  t h e  l in e a r  n etw ork  and 
n o n - l in e a r  r e s i s t a n c e  m ust b e  e q u a l and o p p o s i t e ,  i . e .
Y(]D)vj  ^ = -gVd. , . • • ( o .2 )
In  a  l i n e a r  n etw ork  w it h  c o n s ta n t  p a r a m ete r s  th e  g e n e r a l  
t r a n s i e n t  i s  th e  sum o f  a  number o f  e le m e n ta r y  w aves o f  t h e  
form  e x p .a t c o s  (o)(xt -I- © ). I t  i s  c l e a r  t h a t  t h e  e le m e n ta r y  
t r a n s i e n t  in  an  o s c i l l a t o r  m ust be d i f f e r e n t  from  t h i s ,  f o r  
a lth o u g h  th e  c u r r e n t  in  t h e  l in e a r  n etw ork  w ould  be o f  th e
same form  t h e  c u r r en t, i n  th e  n o n - l in e a r  r e s i s t a n c e  w ou ld  b e  th e  
sum o f  an  i n f  iX[ni t  e  numb or o f  w aves o f  d i f f e r e n t  f r e q u e h o ie s .  :/ 
I n s p e c t io n  o f  é q u a t io n  ( 3 .2 )  s u g g e s t s  t h a t  a  p o s s i b l e  s o l u t i o n  
w o u ld 'b e  /'I:-: : '
: v : ; : ( 3 - ,3 ) ;  ^  .
'The c u r r e n ts . i n  b o th  l i n e a r  and n b h - l in e a r  b rà h c h e s  w ould  th e n  
h a v e  CO ü p on en ts o f  a,l 1 th e  f r e q u e n c ie s  ncog and by c h o b s in g  /  
s u i t a b l o  v a lu t  s  ; f o r  'th é  /p aram ei'e fsy /th ésé ' c u r r e n ts  c o u ld  bo made 
e q u a l and o p p o s ite , .  '/
t h e / a x i a ly t i c a l  p o in t;  ,o f  v ie w , Y (B) i s  a  r a t i o n a l  
f u n c t io n  o f  I) and so  ( 3 .2 )  i s  U l i n e a r , d i f f e r e n t i a l ; é q u a t io n  
w ith  p e r io d ic  c o e f f i o i e n t s t  F lo q u é t I s  th e o r y  o f  su c h  e q u a t io n s '’-  ^
shdUs; t h a t  th e  s o l u t i o n s  /a r e  ; o f  th é  form  { 3 . 3 ) .  S o lu t io n s  in ; / 
W hich ntjû^  IS r e p la c e d , by nW b A i / ? /k la n d  m b e in g  i n t e g e r s , are?  
a l s o  t h e o r e t i c a l l y  -p o s s ib le , b u t  i t  can  be -shown t h a t  ' th e s e ,  
■ req u ire  vexaCt / r e l a t i o n s  b e tw e e n  t h e  p o e f f i c l e n t s ; g ^  and m u st// / 
t h e r e f o r e  be e x c lu d e d  .on p h y s i c a l  grounds .
, i s . 3 ) r e p r L s e n t s : t h e  te r m in a l  y p l t a g e / f o r ;  One; t r a n s ie n t  
norm al mode b u t e q u a t io n  ( 3 .$ )  c a n /u  b e  S a t i s f i c u  f o r
more th a n  one v a lu e  o f  a  and/cod ’ The; g e n e r a l  d is tu r b a n c e  can'./: 
t h e r e f o r e  /b e  r e p r  a s  t h e  swîi o f  a  s e t  o f  /norhiai-m odc /
v o l t a g e s  e a c h  s im i ia r ;  t o  (,à;;3) . In  th e  m ore c o n v e n ie n t  com p lex  
n b ta tio n i( ,3 .3 .)';b eco m es^  ."^-'>..:./|5l/ /;?■ ■
w here p ^ /a . /and t h e  c o e f f i c i e n t s  %p a r e / com plex  numbers,.
Thé a c t u a l : v o lt a g é  i s / t h e  r e a l  p a r t o f  t h i s  e x p r e s s io n  
W ith  /ea c h  norm al mode, i s  a s s o c ia t e d ,  a  c h a r a c t e r i s t i c  com p lex
fr e q u e n c y  p , and / ;bhe ; or i t  or  i  on f o i  ►. ta b  i  l i  t y  i s  t h e r e f o r e  t h a t
/ a l l  p o s s i b l e  v a lu e s  ,of / p sh o u ld  h ave n e g a t iv e ,  r e a l  p a r t s  s in c e
. M .  . . . . . .  t « t
: -Y '- -B y :  w ritih g^ ;n ,A t-m -f or/'n  ;inv.- ( 3 .4 )  ; i t  is ;;;se e n /,th a t^  i f
, a  /G o lu tio n  th e n  so. / i s  - p /+ jmcoq, m b e in g  a n y  i n t e g e r . The
/ im a g in a ry / pa%;t O f,p / m ay,./bhereforè be r e s t r i c t e d  t o  th é  range.
/-itOq X <0 d /4 Jü)q A ls o ,  b y /w r i t in g  - n .f o r .n / -  - i t  f o l l o w s  t l ia t  i f
p i s , a  s o l u t i o n  th e n  s o  ; iS: pi'- (com p lex  c o n ju g a te ) , /
; To c a l c u l u t e  /p i h e  c u r r e n ts  o f  l i k e  / f r e q u e n c ie s  in  th e
netw ork  a n d /n o n - l in e a r  r o s i s t i n c e  a r e  e q u a te d . A t;a n y  .
p a r t ic u l a r  (com p lex ) fr e q u e n c y  p 4- j t h e  c u r r e n t  in  th e  
l i n e a r  n etw ork  i s  o f  (com p lex ) a m p litu d e  Y^U(^Y(p + jq cog), b u t  
t h e  c u r r e n t  i n  th e  n o n - l in e a r  r o s i s t a n c e  d epends on a l l  th e  
v a lu e s  o f  V^u^. Thus an i n f i n i t e  s e t  o f  l i n e a r  s im u lta n e o u s  
e q u a t io n s  f o r  t h e  unknowns u^ i s  o b t a in e d ,  th e  c o e f f i c i e n t s  o f  
Uj.j b e in g  f u n c t io n s  o f  p and th e  (q u a n t it ie s  and o c c u r in g
in  ( 3 # l )  When t h e s e  e q u a t io n s  a r e  w r i t t e n  i n  c a n o n ic a l  form  
th e  c o n d i t io n  f o r  c o m p a tib i l i ty ^ ®  i s  t h a t  tj^e i n f i n i t e  d e t e r ­
m in an t form ed by t h e  c o e f f i c i e n t s  sh o u ld  v a n is h .  T h is  g iv e s  
a  d c t e m i n e n t a l  e q u a t io n  from  w h ic h  th o ’ v a lu e s  o f  p c o u ld  in  
p r i n c i p l e  b e  c a l c u l a t e d .  T h is  e q u a t io n  i s  a  m ore g e n e r a l  form
(L/ 1 7 '
o f  H i l l ’s  d e t e r m in p n t a l ,e q u a t io n  H ow ever, t o  make th e  c a l c u l ­
a t io n  p r a c t i c a b l e  th e  e q u a t io n  m ust be s i m p l i f i e d .  '
In  many o s c i l l a t o r s  th e  s t e a d y - s t a t e  v o l t a g e  i o  n e a r ly  
s in u s o id a l  b e c a u s e  th e  nctwoz'k im pedance a t  ■ th e  harm onic  
f r e q u e n c ie s  i s  v e r y  s m a l l . In  c a l c u l a t in g  t h e  t r a n s i e n t  
b e h a v io u r  i t  sh o u ld  t h e r e f o r e  b e  p e r m is s ib le  t o  n e g l e c t  a l l  
term s a s s o c i a t e d  w ith  liarraonic f r e q u e n c ie s *  T h is  m eans t h a t
th e  e x p r e s s io n  f o r  v l  can  be' r e s t r i c t e d  t o  tl'iree  term s
L
u ^ e x p ( p  T jn c u o )t  .. . ( 3 . 5 )
O nly th o  f i r s t  t h r e e  term s in  th e  F o u r ie r  s e r i e s  f o r  g  need  
th e n  b e  ta k e n  in t o  a c c o u n t  and th e  i n f i n i t e  d e te r m in a n t i s  
r e d u c e d  t o  i t s  t h r e e  c e n t r a l  row s sind co lu m n s. (A s im i la r  
a p p rox iîïia .tion  was u se d  by H i l l )
When ( 3 .5 )  i s  a d o p ted  th e  p r e v io u s ly '-n o te d  r e s t r i c t i o n  
on t h e  r a n g e  o f  'becom es o b l ig a t o r y  in  o r d er  t o  c o n f in e  th e  
t r a n s i e n t  f r e q u e n c ie s  t o  th e  a p p r o p r ia te  ran ge*
For r o g o n e r a t iv c  o s c i l l a t o r s  o f  th o  ty p e  shown on F i g . l  
(w hich  a r e  t h e  m ain s u b j e c t  o f  'bhe p a p er ) th o  p r o c e d u r e  i s  
s im i la r  b u t bhe a lg e b r a  i s  n a t u r a l ly  more c o m p lic a te d . The 
a m p l i f ie r  h a s  i n p u t , o u tp u tja n d  t r a n s f e r  c o n d u c ta n c e s  oach  o f  
th e  form  ( S . l )  and t h r e e  f u n c t io n s  a r e  n eed ed  t o  s p e c i f y  th e  
p erform an ce  o f  th o  fe e d b a c k  netw ork  n a m ely , t h e  o p e n - c ir c u i t  
in p u t  im pedance b e tw een  te r m in a ls  1 and 3 ,  th e  o p e n - c ir c u i t  
ou tp u t im pedance Zq b e tw een  2 and 3 ,  and th e  o p e n - c ir c u i t
t r a n s f e r  im pedance b e tw een  1 ,3  and 2 , 3 ,
B o th  anode and g r i d ’ t r a n s ie n t  v o l t a g e s  a r e  o f, th e  fo r m , 
(3*3}j and s in c e  t h e  in p u t  and o u tp u t c u r r e n ts  and v o l t a g e s  o f  
tlxo a m p l i f i e r  a r e  r e la t e d  th rou gh  th e  n o tw o r’-: im p e d a n c e s ,a l l  
c u r r e n ts  and v o l t a g e s  can  be e x p r e s s e d  in  te:a:is o f  a  s i n g l e  
q u a n t i ty  -  t h e  a m p l i f i e r  in p u t  (g r id )  v o l t a g p .  ,
s i m p l i c i t y  th e  power sunplioFj and th o  g r id - b i a s  
a rran gem en t a r c  n o t show n ,and  a  b r io d o  i s  d e p ic te d  a lth o u g h  
t h e  a n a l y s i s  a p p l i e s  e q u a l ly  t o  t e t r o d e s  a,nd p e n t o d e s .  The 
v a lu e s  o f  and f o r  ] ) .C . a r c  ta k e n  a,s and and t h e s e  
w i l l  u s u a l ly  he equo.1 t o  th e  H . ï .  d e c o u p lin g  r e s i s t a n c e  and th e  
g r id - l e a k  r e s i s t a n c e . Zj. in  z e r o  f o r  I . e .  th e r e  i s  no p a th
f o r  P .O . b e tw e e n  th e  anode and g r id  e x c e p t  v i a  t h e  ca.thode t e r ­
m in a l . '
B e fo r e  s t a b i l i t y  can  h e  i n v e s t i g a t e d  t h e  p o s s i b l e  s te a d y  
s t a t e s  o f  t h e  o s c i l l a t o r  must ho c a lc u la t e d *
4 .  .A m plitude and fr e q u e n c y  i n  th e  s t e a d y  s t a t e .
The m ethod u se d  h e r e  in  an e x t e n s io n  o f  a. p r e v io u s  a n a ly s is ^ ^  
and t h e  g e n e r a l  p r o c e d u r e  -  3o.iaetim cs known a s  th e  m ethod o f  
e q u iv a le n t  l in e a r i s a , t i )  n -  i s  t o  c o n s id e r  o n ly  th e  c o n s ta n t  and  
fuvidamontcvl fr e q u e n c y  com ponents o f  th e  c u r r e n ts  and v o l t a g e s . 
Vdaen? aq in  u s u a l ,  th e  a m p l i f ie r  in j)u t v o l t a g e  i s  n e a r ly  s in u s ­
o i d a l  bhe m ethod y i e l d s  a  good a p p r o x im a tio n  ev en  vdien t h e , 
c u r r e n ts  a r e  vaax’k c d ly  n o n - s in u s o id a i
The g r id -c a t î io d c  v o l t a g e  i s  f i r s t  c o n s id e r e d .  L et t h i s  h e  
Vg V g^cosfâgt -I' Yg , . . r ( 4 . l )
Vg i s  th e  g r id - b i a s  v o l t a g e  w h ich  may ho d e r iv e d  e i t h e r  from  
a  f i x e d  s o u r c e  o f  e .m . f .  or from  th e  f lo w  o f  g r id  ourrenb  
th ro u g h  th e  g r id - l e a k  r o s i s t a n c e  R g. The se c o n d  arrangc^p.ent 
i s  exom ined f i r s t ,  ■ Xf t h e  anode v o l t a g e  i s  n o t  to o  sm a ll  or  
d o e s  n o t  v a r y  t o o  g r e a t ly ,  th o  g r id  c u r r e n t  i s  w e l l  ap p rox im ated  
by a  s in g le - v a lu e d  f u n c t io n  o f  v^ o n ly .
i g  “  o ( T g ) .
Wheno v^ > i s  p e r io d ic  i^ ,. i s  a ,loo p e r i o d i c .  Thus 
i g  = I g  t  Ig^ coso)ot k e t c .
The c o n s ta n t  com ponent i g  f lo w s  th ro u g h  t o  p rod u ce  th e  b ia s  
v o l t a g e ,  i f  a l l  t h e  b i a s  i s  produced  in  t h i s  way F o u r ie r  
a n a l y s i s  g iv e s
Y g . = -Ig t ig  = -(R g /7 j) I e(Ygj^coox + Y^Jcbc ( 4 .3 )
For any g iv e n  v a lu e  o f  Yg^ t h i s  in  an  e q u a t io n  f o r  Y^ ,^ B in co
i g  h.ixs harm onic com p onents, th e  a ssu m p tio n  t h a t  Vg i s  s in u s o id a l
im p l ie s  t h a t  R^ i s  sh u n te d  by a  c a p a c it o r  o f  s u i t a b l e  s i z e .
Due t o  t h e  f lo w  o f  g r id  c u r r e n t  th o  a m p l i f ie r  h a s  an A .C .
in p u t r e s i s t a n c e  g iv e n  by  th e  r a t i o  o f  t h e  fu n d a m en ta l
0 bmponent o  o f  g r id  v o l t a g e  and c u r r e n t , Thus
■“ - g i g l  " ( S r g /v ) I  (Y g^cosx f  Y ^ )co sx d x  ( 4 .3 )
Jo ^
from  w h ich  r^  ma,y b e  d e te r m in e d . I f  th e  f u n c t io n  e (v g )  i s  su ch  
th a t  Yp. i s  p r o p o r t io n a l  t o  Yg^ th e n  r^  i s  c o n s ta n t  and co n ­
v e r s e l y .  bhen t h e  b i a s  v o l t a g e  i s  o b ta in e d  from  a  f i x e d  s o u r c e
and i s  s u f f i c i e n t  t o  p r e v e n t  th o  f lo w  o f  g r id  c u r r e n t ,  i' «  oO.
' '
Then t h e  f i x e d  b ia s  v o l t a g e  i s  i n s u f f i c i e n t  t o  s to p  g r id  c u r r e n t  
I’g i s  s t i l l  g iv e n  by (4 b u t - (4*2 ) i s  n o t  th o n  v a l id *
To c a l c u l a t e  th e  anode c u r r e n t  i^  ^ i t  i s  assum ed th a t  th e
c a th o d e  c u r r e n t  i^  i s  a  f u n c t io n  o f  v „  t  v .^ /)i, v„ b e in g  th e
a n o d e -c a th o d e  v o l t a g e  and ju a  c o n s ta n t*  For a  t r i o d e  ig  = ijj- - i g  
and f o r  m u lt ig r id  v a lv e s  1% i s  u s u a l ly  a  f a i r l y  c o n s ta n t  f r a c t i o n  
o f  t h i s  * Thus i n  a l l  c a s e s
i a  = -  k ig
w here f ( v )  i s  a  s in g le - v a lu e d  f u n c t io n  o f  v * For t r i o d e s  k ” 1
and f o r  many p e n to d e s  k % 0 .8 *  I t  i s  m ore c o n v e n ie n t  t o  w r i t e  
i a  = f ( v g  t  Yb,b/ F  “ '^cd) ~ ■ .(4 .4 )
w hore i s  th e  a l t e r n a t i n g  coïïiponent o f  and d ep en d s
on th e  mean anodo v o l t a g e .  I f  t h e  anode c i r c u i t  c o n t a in s  a  ■
d e c o u p lin g  r e s is ta n o e /Y ^ g  w i l l  v a ry  w it h  t h e  o s c i l l a t i o n
a m p litu d e . T h is  i s - d i s c u s s e d  in  .Appendix 3« M eanw hile Vga
o.ssumed to  b e  c o n s t a n t ..
The a l t e r n a t i n g  anodo v o l t a g e  i s  asmmiod .to  be n ia u s o id a l*
L et ' v^ 4' -  Yg ‘i- Y(scos((0 o t  «!• 0 ) . . ( 4 .5 )
Then 1^  ^ = f  (V^cos (o^^t 1  9 ) i- Y .^ -  Yg^) -  k l g  ( 4 .ô )
Lot K. .= ' and f  = F o u r ie r  a n a l y s i s  th e
couiponenb o f  o f  fu n d am on ta l frecjuenoy  i s
i a i  = gh(K ,Y )V gG os l  9) -kTgj^coscoQt/rg ( 4 .7 )
w here Y@gh(K,Y) = { 2 / i r ) i  f  (V goosx 4 Vg -  Y<3 a)cosxcbi; ( 4 .8 )
Jo
g i s  o/A a r b i t r a r y  p o s i t i v e  c o n s ta n t  h a v in g  th o  m easure o f  
c o n d u c ta n c e  w h ich , com b e  c h o se n  t o  g iv e  a  s u i t a b l e  s c o .le  f o r  
t h e  fu n c t  i o n , h  ( l( , f ) . '
Tho a c t u a l  c u r r e n ts  and v o l t a g e s  a r e  now r e p la c e d  by  
t h e i r  com p lex  a m p li t u d e s , th e  r e f e r e n c e  q u a n t i ty  b e in g  th e  
g r id  a l t e r n a t i n g  v o l t a g e . ,  U sin g  th e  some sym b ols a s  f o r  th e  
r e a l  v o l t a g e s  (4 * 7 ) becom es
J-al " (vg] + V ai/)u)gh(iC ,Y ) -  k v g ^ /r ^  ( 4 .9 )
Ifow in  t h e  im pedance netw ork  o f  F i g . l ' .  t h e  c u r r e n ts  and 
v o l t a g e s  a r e  c o n n e c te d  by th e  f o l lo w in g  r e l a t io n s ?
11 i
^ G 1 =  ^ S l A - g
^ u l “  " ’’ ■ g l / ^ t  -
■ I '
l g l ‘ =  - T g g l  4 % 6 / r g ) / Z t
" ^ a i '*■ ^ n ^ 6 1  " .; j g i y P z t , + Z j i / r g ) ;
^ ' i ^ o / ^ t  “ ^■b
Duppose th a t  blio network ,ià/M pdifled by;connecting a  . ■. •?• I;,. 
rosirjto'Aco r^- bob wo on ?. and 3 .//.The'/.now / nqtWorlc . obuld, bo : .repiaobd : / 
by a throc-clom ont network o lm ilar:.to the  o r ig in a l  b u t.w ith  ; 
modified valueu fo r  Dio GlGinonts'* / Denoting the  ilëw' elements . ; '
= z y r g )
zg  ■= z y ( i ; y : z y r g ) / ; : ^ , ; : ; ; ; ' ; ^ ; ; '■■■ '■■■ a v / :
ix io noted th a t Zq/Z\\i -  Z^/Z^ ; and i f  Z^ i ~ 0 bhen/ a lso  ?
z y z j  t  ;
li'roKi ( 4 .1 0 )  and (4 ,1 3 .)  = "%l/%T and v ^ l  = TgiZlc/Zj;
BiibsbituLing iheq/evlnto:
and f in a l ly  ouLfcing /r.:/;VV Yy■ y: .
%  = (Z3 4 Z s / ^ ) / { l  -  kZ .p/rg) ( 4 .1 2 )  ,
g i v e s  1 = -gli(i£,\r)Zjii
r/'/ÿyq/Thdo is  th e /eq u a tio n  defining: the steady s t a te .  W riting . 
%  '.= Eg f jXjjj  ^ and s im ila r ly  f o r  Zx .and Z<j,and-. equating; r e a l  ■ 
and imaginary parts:, o f. tho./Gqdation. giyoB : . i -- . ; .■ .. t.'./
\Ay io r e  ÎT -  = -gOt-z +-« i /> ) / '( l  " 'dlTAg)
 .......
or Xj, + % i/^ I- lc(RiXr - E,.Xi)/;«r„ = 0 (4 . 15) '
i f  : f  (yj i s  an: / in c r e a s l#  ::f unct ion, of v ihe/n, gh(l{,Y) is; always .. 
p o b itiy e  . ilOnoe :'E^ :\.ahd/)^ ^^  ^ alsqoET l’a it bç?hégatiye.',..
; i; ^ E q u a tio n  : g iyes the: %ïiplipuO  ^ and .(4,15 ) /the ;
fréqü ëhcy /of /; o be i l l a t  ion but th e  ■ e qua ti one / /ar ê not ; c oMpl e t  e ly  
independent , ^r^; w ill: u su a lly  vary more :oi less.:W ith the  .
6Gbi 1 I h t i  On 6  and: /I and k may alFo vaçy B Ï i% tly . ' / The:///
frequency of; o s c i l l â t i o n /w ill g en era lly  be .affected, by a l l
\<rt
t h e s e  c h a n g es  Y : For /th e  fre q iio n o y  t o  he in d o p eh d o n t o f  a m p litu d e
: Y/./ahd / o f  -
/Z l sh p u ld  .he / é h t i r e l ÿ  réG iB tivQ  a t  : th o  fr e q u e n c y  . I f  : t h lb
'V to p n d it io n  , ie /;sa tth fio 'd i (4 .1 1  ) thhdwb;;-iliat/ ■> /Xj-'.« 0 # ia tev er , • t
'-tho  viViue o f  r^  and; t h e  frequ.enoy?^ (4 ;  15 ) is : ( th e n  '
in d op on d ou t o f  n h  o.nd r _ .
1 : . ■; : In  s im p lo  o s c i l l a t o r s :  o n ly  ; one f r e q n ë n c y  io  poG B ihlo  h u t . ,
■ :w i th  morG o o m h lip tc ?  ^/hotworkh\two or mq.ré : v à lt te s of.'cùl' màyi:he-',. , t ;
■ ■ ..; :'f.piund 'to -  s h l i o f y  (4 .1 5 )  . T h ese  v a lu e ; i w i l t  h e  fr e q d e n c ié S  : o f  :
/ lotatQ S o n ly  i f  cor5'*Gspoi d i ng  v a lu e s  of, T  can  hé.-
. ..found t o  s o t  i s  ?y t h e  a m p litu d e  e q u a tio n  c .1<? ) .  /1 '  -
■ ' ■' ”. l l • Thé-'.vbar.m&étore  K o.nd 9. a r c  fou n d  a s  f o l l o w o . /  dVhen ë :ç p fè sse d
/ i n  com p lex  form  t h e  v o l t a g e  -VgCOS(to^t-.+. ■9) h a s  an'--.a n ^ l i t u d e .
: o o ia ix iim g ■ ( 4 .7 )  aad ( 4 .  J) i t  i s  s e e n  't h a t ,, Vv'-- :; ■ 4
; /  ,^ /ji a  :
. . ^  U  1 ( 4 . IV) , :
e x p -,19 .  (1 i Z # x4 ) / | l  4 J
/./ \Aien Z|. IS r e s i o . t i y o . 2  ^ m ust u l s o  h 6 r e s i s t i v e  .and t h e n
: , , ,  Y y l P l l f i ' v W d
" Ï 0  n h t  a in  - W orking f  oràm lac , p a i i c u la r  form s o f  t h e  f u n c t io n s  
e(V g) arid f ( v )  must ho s t u d i e d . The p r o c e s s  o f  s o l u t i o n  w i l l  
t h t r e  fo r e  h e  i l l u s t r a t e d  w ith  r e f e r e n c e  t o  t h o s e  form s w h ic h  ,,
0 0  oui & o s t p o f t e n  . i n ' t r a d b i o o .  D o ta l I s  o f  t h e  i c a lc u l a  t 'io n s /-a r e  . '
g i v e ,  i n  A p pend ix  1 .  ' : : /
/ ''"'-'I i t  / .id  / f  i r  s .t l  a'8Çi.med th a  b ’t h e  g r id  • -b ia s /v o l t a g e  i s  o b ta in e d
.by a  g r id r le a k  and c o n d e n se r  a r r a n g e m e n t. .W hen t h e  o s c i l l a t i o n  /
; .(t\/amp f a i r l y -  la r g e  g r id  c u r r e n t  t lo W ^ # ^  v^ y i s  .-'/a
p o s i t i v e V in d  i f  th e :  minimum anodo y o l t a g e / i s i w ^  above: th e
ma]fimum: v o I ta g e  f a i r  a p p r o x im a t ih n /t
“ 0 ,  v/hen T<, s; V(,g , |  ( 4 .1 9 )  , : ,
. - -;bg p,nd Y^g a re , m easu rab lo , o o n s t a n t s /. : Then ' ' ’ ■
, : = v ' ( i  -
' : ' ; . t  : :::: (  - -  ; ■ ' ■ i w . s o )
(3
'.Théoe:/ f ,a r e /,v a l i d ^ t : F i g . S / ;  ': ' 
■showsV,-Y|/tgx- and .fg /R g aé; fqn^ / t f . b ÿ i g .:. T hèse a r e  th e /
f a m i l i a r /■curveé f o r  t lio  ;diode/ r e c t i f i e r . ,  ^
'\'AiGn ''th L p ;A m p iifio i\:èp è#% b 8':tn :i^  -/
c o n d i t io n  t h e  oà th od e  c u r r e n t;  f  o l lo w s  -à t h r é e - h a lv e ç  : powert? : law  .
t (t ) = imcp y  0 , 1  :
fiwiLh -
:h'^ iL  a c o n sta n t, and 'T ç^  .ir) uiio grld ./yo3tagè'/reciu iz^ èd  >bo, red iice . / 
■tho anoOv- c u r r e n t / t o  s  e r f  o when, th é /a n o d e  v o ita g G  .ie /co n rb ta a it. '. 
The q u o n t i t y /g  - i'n ;/(''.? )  • i  S; ta k e n /.a B f  / l ' / .  / A / /  • ■ ’ .://.■',
q & i î . / ; : ;  ;//'■ ,/ t * ^ / - i î b à ( ■ :/■ (':•  - : : : q . s s )  .  ■
/F ig .5 '%howB/ a s  a  f u n c t io n  o f  ÏC and- ,T c a lc u la t e d ,  from  (4*8). '
: To f in d ; th é- a m p litu d e 'and fre q u en o y  o f  o s c i l l â t  io n  a p p r o x -  
■ im ate: y a  lu e  a- o f  . V ÿ w  ; and a r e  f  oûnd /fr o m  F ig  ; 2. by n e g l e c t in g
Y gg .//Z j, <Lrid-;Z :^ a re : t h e n  o a lc u la t e d  smd i s  found: by s o lv i n g  
(4 .1 5  ) , /  K/.dnd' /W: W  ,/be/\dvaluat ed: /ahd ' f  i n a l l y , Y / i s  r c a d f/' ■.
o f f  : froBi F ig .,3  r . A /-value f o r  Y„~ i s  t l iu s  o h ta in e d  f r o it  w h ich  
j^ogA^Sl be tound.,arjid b y /:r e p e a t in g  .th e; p r o c e d u r e  ta k in g  Ypg . 
i n t o  G o n s id e r a t io i l ,b a t t e r  a p p r o x im a tio n s  f o r  V„T and coq can  b e
• '■/..The;, r e s u l t s  w i l l  be d o r r e o t  o n ly  i f  /fchè/' e x p r e s s i o n s . f o r  - ; ■
; i.- anci. i ( ,  a r e  v a l id *  S l i g h t  d e p a r tu r e s  from  t h e  t h r e e - h a lv e s  
law  a t  lo w /C u r r e n ts" P r o d u ce  l i t t l e  e r r o r ,b u t  la r g e  d é v i â t i ) n s  
may o c c u r / i f  t h e  minimum anode v o l t a g e  a p p r o a c h e s  th e  "knee"  
in  a  p e n to d e  o r . i s  com parable/ w i t h  th e  mcncimum g r id  v o l t a g e  in
■ - 4 A a o v / / / / / / /
r e q u i r e  a  sm all v a lu e  of K .b u t good 
■ reg u la tio n  i s  b b ta in e d . when K /is  la rg e / l i e *  th e  change o f  
a in p litu d e  w ith  lo a d  i s  sm all*  Large v a lu e s  o f Rg and sm all 
v a lu e s  o f u  g iv e  la r g e  v a lu e s  o f K f S in ce  f  (v) » .0 when P 
i t  fo llo w s  t h a t  t  Vg -  0 f o r  o th e rw ise  th e  anode
c u r r e n t  wo^ild al^iFays be::3erO* r;Hence i f .  If;>/l th e  upper l im i t  
o f  Y i s  l )  when g r id  c u r r e n t  i s  n e g l ib ly  s m a l l . however
th e  ' th r o e - h a lv e n  w ou ld  a lm o st c e r t a i n l y  n o t  h e  f o l lo w e d  f o r  
t h e s e  e x t r e m e - v a lu e s . O ther fo o tu r o o  o f  t h e  grap h s a r e  d io -  
c u s s e d  in  l a t e r  S e c t io n s *
When th o  ,g r id “h ia s  v o l t a g e  i s  o b ta in e d  from  a  f i] :o d  cou roo  
and i s  l a r g e  enough t o  s to p  th e  f lo w  o f  g r id  c u r r e n t  F ig * 3 can  
a g a in  ho u se d  t o  f in d  * Y i s  now a  c o n s ta n t  » IT can  h e  e v a l ­
u a te d  a s  ‘b e fo r e  and th e  c o r r e s p o n d in g  v a lu e  o f  JC. r e a d  (;f f  from  
t h e  grap h s * Yg^ f  olXovys from  K *
I f  t h e  g r id - h i a s  v o l t a g e  i s  f i x e d  h u t i n s u f f i c i e n t  t o  s to p  
g r id  c u r r e n t  a  d i r e c t  ■ s o l u t i o n  (hy s u c c e s s i v e  apipro x im a t io n s )  
i s  la b o r l o u e , h u t i n d i r e c t  s o lu t i o n s  a ro  e a s i l y  o b ta in e d  hÿ 
o b s e r \‘in g  th e .t in  an  o sc  11] a t  or w ith  g x -ic l-lea k  "bias th o  s t - a d y  
s t a t e  i s  unchan ged  i f  th e  g r id  le a k  i s  r e p la c e d  by a. so u r c o  o f  
e*in»f« o u u a l t o
In  s tu d y in g  b e h a v io u r  a t ’ t h e  t h r e s h o ld  o f  o s c i l l a t i o n  th e  
v a lu e s  o f  Yg and xp,, f o r  v a n is h in g ly  rjriiall a m p litu d e s  ep’c r e q u ­
ir e d  . The g r id  c u r r e n t  o h a r a c t o r i s t i c  h a s  t h e  e x p o n e n t ia l  form
i g  = lo O x p (v g A o )  (4 .3 a )
whore and a r e  p o s i t i v e  c o n s ta n ts *  Then
I g  = -Kp.T(/Vg ( 4 .8 4 )
li' ig .4  allows - v y V g  a s  a f u n c t io n  of. EjjI q/V q
I t  i s  s e e n  t h a t  th e  v a lu e  o f  :c„ may b e  many t im e s  l e s s  
th a n  f o r  th e  s e m i - l in e a r  form  o f  c h a r a c t e r i s t i c .
I:,g5. ,;a T r a n s ie n t  ■ g r id /a n d  ànodè'/-'c u r r e n t  S . . ''
, y'/r/yxq# tii'e s t e a ^ é s t a t é '
g r id  v o l t  ago Tho: g r id ' curicont i s  /
-KTfjO.) = C,(Tj;) + T^yio ' (Tg)
The ch an ge ih  g r id  rm rrent ; produced' by ^v I s  içcdh='t ^^ i O ' (v^)' 
61^
. . . . . . . .  .... . . . .  .^., , .ed.-TTy - 6 d
e sn e d  .a s'/od 'oQ ## .'
F our 1 o f  o e r i o s / i h
■ o O -
: ' (  fJ  L^nP:^PjW6'k s
- - : p Q ' y
whore -  (lAr.) \  e • c o b x  + V^):cosnxdx ~ 6^  : (5*X)
F o llo w in g  : 8eo  b io n  3 Lhé y b r à n s ie n t  v o l t a g e  I s  / w r i t t e n  /a o
(5 .8 )■^ Kd “  V,iga,je;K;p:(p,-gjna>o)t-. V ■. : (X
Thu brans I c n t/h a o  an in f  in i t .d  nitifiher o f t(Tm s but. : on ly  th o e 0./: 
p u r r  on t 'i f /? :  -//. / ’ ' ,./' ' .
h a v in g , thox.sarae ',f re h l 'n io io 3 ‘ o,f3 'need- h q  .co n e id o f ed . ; Thus.
: ::? / :X ::/T ;:/.(sW ):
b e in g  com p lex  n w a b o rs. E q u a tin g  ( 5 .3 )  t o  t h e  term s o f  l i k e  
f r e g e n c i e s  in  th e  p r o d u ct Vg^jo’ Cvg) g i v e s  tln ree  eq u a tio n ^  / /Y 
corinecIm ng th e  v a lu e s  of Wjj and U n* T h ese  a r é  c o n v e n ie n t ly  
ex p r o n se d  in  m a tr ix ;  n o t â t  io n  - ■-' \
h " ®o hi,;'
p x :8 i S o ' i i ' ( 5 .4 )
y 'r l- A
) (4 .3 ) t h e f o l l o w i n g / r e l a t i o n s : a r e ;
ohtaine.d* ;. ■ \  - 3: '/"x' x 'h:h?T.. ■' .
'■ ■ ‘ ■ ;':x' . '  h - ^ ^ s ) v s : x\:::'X:X.,:X.■ .x
S i U g = - ( l  + S ,E p d V y d V ^ , ^  KW 5)
x '(i+ s0H „H So+ S2)-af= i’'(, = ( i + 8 o B : p ( i h g h s ) W ' ? ’8 i ) A g
The f i r s t  e x p re s s io n  i s  found by I n te g r a  k ing  (4 .3 )  by p a r t s  i/x . 
and th e ; second  and t h i r d  by d i f f e r e n t i a t i n g ; (4 .2 )  and (4 .3 )  
w ith  resp-^ot to  . /Theap e q u a tio n s  a r e ;  in d ep en d en t ; o f th e  ; 
f  orm of e ( v g ) ,b u t : ; i t ’ may h e  assumed t h a t  e*’(vg) i s  alw ays 
o b s i t i v e  j fo r  a  n e g a tiv e  s lo p e  v h u ld  in d ip a te  an  u n s ta b le  form  
o f /c h a r a c te r  i s t i b . . .W ith th is :  r e s t r i c t i o n  i t  xoan be '/shown t h a t
The f i r s t  t h r e e  i n e q u a l i t i e s  f o l l o w  a t  onoe fro ia  t h e  d e f i n i t i o n  
. %6f 8fi and th é  f  o u r th  ban. hp/ p^ by a p p ly in g  Sohwdra % ;
:., ■ ■; h h en  t h e  g i  i d -  o ia s'. v o I t  a g e  ;isx S u p p lie d  from , a  i  iv c  cl o ouroe .
' àhçl,'i s  . l a r g e  enough tq ; B iop  ^..rid .ciurrenb;, ®o ^  -  Bp =* 0 .  I f  /: ' ... 
'■• ,';the/ g r id - q u r r e n t - c h a r a o tu i l o [ io  h a s  ' th e ;■;s e m i - l i n e a r  form  ' o f . , - ;
: :V;;:'(4vl9j;/i.t/is'■shown,;'in : Apyeudi;!: 2 t h a t  .. :// / V
V f S o  -  ag ) = w  = (3- o .7 2 V '^ ,/v ^ p s ^ F ^  t  ; ; ; ;
F i g . 5 sh o w s  a n d  o l o t t o d  a g a i n s t  ■ ; S g /S q  ; i s  f  ou n d  ;' -,.•'
b y  u s Ing Fi g i^ 2 ' ■  ' ■/;',/■ V '^'; t - i  V  '-/ü'
At th e  th r e s h o ld  o f  ^ .os0 i l l a t i o n ; • vjhoh ■ ,18 va h ish ln g l-y  ; '
s ïo a l ï ; t h o ■d i f f e r o h t i a l  o o e f f io i e h t s  o f  and r^ ap p earin g  in  
( 5 ; 5 )/'are  o f/m a jo r  im poxtanoe. ib  i s  sliovon in; Appondix''2 thd^  ^ ; 
when th e  g r id  bur ren t has th e  e x p o n e n tia l form (4 #83) '•. .
dV-g/dVgi = nÂTgp/g ;= :nrgV-gP7g V f )  , ,
" = t  ' ■ ? / /  > ■ / /  H t G )  ' '
h  V ,  q v y v + y y h î b h  ; /  ' '' ' J . ; ;  ? .  x; /;
jNOT'Tj ih o  k ra n s'ieu l n o o t our,rent i s  c o n s id e r e d .  l o t  s m a ll  
d is tu i'b a n c e ‘& " a^d bo added t o  t h e  s t o a d y - s t a t e  g r id  andx
an od e xVoltagOS fX^^ a^^^^^  change in x a p o d e  \o u rro n t s o  p rod u ced
b e  ia d -  'rJioiifrom  (4 .4 )  aud (4 .0 )  , , X / *
x /x x X X ;;x ia d r /(v d  p t ; ^  ^ ' x ' - f g  :- 7 ,.^) -W g a  x xX
X . f  can o b v io u s ly  b e . e k p r e s ë è d  a s x a  c o s in e  F o u r ie r  ' s e r ie s  in .
W  A  k ig d  0 ) (5 '9 )
.•////x'wheréxx;:. - .;Xx. 0^;=': ( l / v )  %  c o s n x d x  t h -  / (5 . 1 0 )  ': .x?
xA's. h e i u r o  o n l y  t e r m s  o f  t h e  t h r e e  p r i n c i p a l  f r e Q u e h o i e s  i n  
/ i _ j  a n d  n e e d  b o  o o n s id e r 'e 'd i .x /T h u s  x . : . , .
* -  ■ T r “ ‘'  * 1  ( . . » )
-X  X/ ^ud “ V di.ya® S5(P  -X;'J»*oh X: , \  ■ X
’(ÎBing ( 0 . o U i i d  (5 .11)^  4  ki„.^ iu  eq u a ted  t o  t l ic
t o m s  o f  l i k e  fr e q u e n c y  on th e  ïî» ll,n »  o f  ( 5 .9 )  lu  g iy e
(5 .1 2 )
( 5 .1 3 )
i'Uhy o f  th e  e t u h i l i t y  c r i t e r i a  can  h e  s im p ly  e x p r e s s e d  in  
t o m s  o f  th e  c o e f f i c i e n t s  Gj.* The f o l lo w in g  r e l a t i o n e  a r e
%!' : Co 1^% 0%%^ -I-
%o 1- kWn Ciq-1 «0 ■ h ' t Uo + ^o //^
x„x t CsV'^ C lS 'l Go U..1
In vdiich q - expje- » « .
[p ression s for q and ti" arc g iv an by (4 .17)
r e q u ir e d  In  l a t e r  S e c t i o n s .
Go -  Co e/-H «: -  - ( 1  i< % /f g ) / ( %  f  R ] /u )  ( 5 .1 4 )
T h is  i s  o b ta in e d  by - in t o  a t in g  ( 4 .8 )  by p a r te  and u s in g  ( 4 .1 4 )  
and ( o . l o ) « I t  i s  in d e p e n d e n t o f  th e  form  o f  f ( v ) .  ' I f  th e  
r e s t r i c t i o n  t h a t  f * ( v )  s h o u ld  n o t ho n e g a t iv e  i s  im p o se d ,th e  
f o l l o w in g  i n e q u a l i t i e s  can  b e -p r o v e d  in  tb.o sarae. way a s  f o r
a ^ > 0  Gg + C jj> 0  -  1% > 0 üü(Gü 1 Ü^) - i iC £ > 0
- ' " ( 5 .1 5 )
In  A p pend ix  2 th e  v a lu e s  o f  and ih r  a  t l ir o o -
h a lv e s - la w  a m p l i f ie r  arc c a l c u l a t e d .  , P i g .6  shows 
Go/({tj^ -  Gg) =: -Cphg and -Gq%j p l o t t e d  a s  f u n c t io n s  o f  th e  
param eter H = 1 -  K + h /Y . From t h o s e  gra p h s th e  v a lu e s  o f  
G2 /G i\and a r c  e a s i l y  o b ta in e d . VJhcn V,,,^ i s  v e r y  s m a ll
%  S (1  -  Y)' '^ ^ -1 /% ' ■ Qi = -Y/4KRjn(l -  Y) 1
' I'Gg -  YB/52K&R%( 1 -  Y)^ J
hhon V— i s  la r g o
Gp/C‘1 -  ( l-1 5 n /lC ':-3 5 H -/8 5 6 d . . ) /  ( 1 / 2 5 0 f  «, )
( 5 ,1 6 )
(5 .1 7 )
It- i s  a lo o  Blidwii in  th e  A ppendix t j ia t
'O’., ';.w : I ... . . ( 5 * 18 )
111 t h e  f o r e g o in g  a n a l y s i s  i t  h a s b e e n  t a c i t l y  asBuaiod t h a t  
whan t h e  a m p l i f ie r  i s  a  to trd d ejor  p e n to d e  th e  s c r e e n - g r id  v o l t ­
a g e  rem a in s  'c o n s ta n t ,  - I f  t h i s  c o n d i t io n  i s  n o t  s a t i s f i e d  th e  
th e o ry  m ust bo m o d if ie d  in  th e  way d i s c u s s e d  i n  A ppendix 5 ,
6 .  The d etex -m in o n ta l e q u a tio n , f o r  p .
In  th e  p r e c e d in g  S e c t io n  th e  t r a n s i e n t  g r id  and anode  
c u r r e n ts  w ere  e x p r e s s e d  in  term s o f  th e  c o r r e s p o n d in g  v o l t a g e s  
and th e  a m p l i f i e r  p a r a m ete r s  ? bu t th o s e  c u r r e n ts  and v o l t a g e s  
a r e  a l s o  r e l a t e d  th r o u g h  th e  im pedances o f  th e  fe e d b a c k  n e tw o r k , 
W r itte n  in  o p e r a t io n a l  form  t h e s e  r e l a t i o n s  a re
W a -  - ( l A t ( D ) H g d  C 2 o ( B ) A t ( B ) ) ig d  ]
n,d “ (g% (D)/Z-y (h) )v/Y(% -J- (D) ig d  \
Mow b(D) e x p (p  + jn m g lt  = exp (f) 4- jn w g )t  Z (p + jm>o)
9Y : V gd ; 4gd j ' i'aci
(6 . 1 )
S u b s t i t u t i n g  in  t h e s e  o q u a t io n s  
a c c o r d in g  t o  (5 * 2 ) (5*3 ) and ( - 5 . i l )  g i v e s  
- n  = '  %h%o(P jm oo)/Z .;^(p  4- jnw o)
t  JrK 0o)/2^(p -i- jn u y ) 4 + jiKco)
In o r d e r  tq  c o n s e r v e  sp a c e  t h e  f o l lo w in g  n o t a t io n  i s  a d o p te d  
^ i (p 4 j^ p )  ~ 2^ i Zj^(p) — Z i(p  -  J^o ) ' =5
w ith  s im i la r  e x p r e s s io n s  fo r  e tc *
■It i s  co n v e .n io n t t o  r e f e r  t o  2^,%^ e t o ,  a s  t h e  h ig h  - f r e q u ­
en cy  im p ed an ces and t o  Z? e t c ,  a s  th e  lo w -fr e q u e n c y  im pedances*  
Impedixnces. w ith o u t  s u p e r s c r ip t s  a r e  mea.utj a s  i n  p r e v io u s  
S e c t i o n s ,  t o  r e f e r  t o  th e  o s c i l l a t i o n  f r e q u e n c y , e . g .  ( j^ o )
When p = 0 ,  Z  ^ = Rg and = R g « bhon p -  th e  "lo w ”
f r e q u e n c ie s  m erge w ith  th e  ”h ig h ” f r e q u e n c ie s ,  b u t  in  m osl 
p r a c t i c a l  o s o i l l a t è r s  a l l  t h e  im pedanoeo a r e  th e n  n e g l i g i b l e ,
The ab ove e x p r e s s io n s  f o r  and y^  a r e  now s u b s t i t u t e d
in  ( 5 .1 2 )  and b o th  s i d e s  o f  th e  e q u a t io n  p r o m u lt ip l io d  by  th e  
d ia g o n a l  m a tr ix .
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0 0 Zt_ The r e s u l t  i s
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G ,Z°q“-T- GoZg G.l U o ( i  4  z9/;uz^)
OoZj.,0  ^ @1%%% ®o n ^ l i l  4ZT/uZ^) 4W_iZ^%U^
P i n a l + h e  ;w*s :,are .s u b s ' l l tu lo d  a c c o r d in g  t o  ( 5 ,4 )  to' g iv e  a  
s e t  ot f t  i ia t l  6 riflL : f o r  l i ,■n
u f
_"-i
= 0
T3ie o o e f f i c l e n t s :  a fe , a s  f o l l o w s  ; . . '
a f =  1 : G a z g y z R o )  -  S „ ( 4  -  k Z p
. g  : ; C ^ B iq Z g4 /.2  t G ÿ g (p Z -Z :|:A  /  f
h ' = : « i « 4 c  : ( 4  -
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( 6 , S )
, . c y i q - b g z ; / ) :  ., « g S o q y z s z p ^ :  . , ; ^
'b -i= ; G i a f z p l
,4 ;4 -4
C.__j^ o: -I .(- G  ^(z^ 4. .a ^ ^ l j + .S g g ^  ; ) t  , '
d r, — 2d4
„ ;4 :(8 .3 ) .
; M o g le c t in g  the^ t  ~ u^: = 0 ,  t h e
o p n d it iW  'Jthp- o b n a iB to n o y  o f  e q t ia t i  one . ( ô .8  ) i s  t h a t  th e  
d è t e m ir ia n t ,  o f  th e  o o e f f i b i o n t  m at sh o u ld  van lah^ R  ; The - 
a t p c i l ia r y  c o n d i t io n  t h a t  a t  l e a s t  one o f  th e  m in o rs  s h o u ld  n ot  
v à i i i s h  i s  - a lw a y s  : sett i S f  l e d . ' .;.$ lhqe ^ à l i ./th e  b p é f f  i 61 e n t s . .à r e /' ' ,„. 
f u n c t i )  hs:; o f , p . t h e  ; : d,et erm in an t : i s  a l s o  ■ a  fu n p tio  n o f  p .
a i  y>i  P i
( 6 . 4 )
pT h e--ÇônKitïph f o r . pb .nq isten  . ‘
T ill8 : 'j is  t h e : ' ç h a r a o t e r  1 n f i c ,;e q u a t i p n  • o f  t h e " o s c i i l a t o r  ' t h e  r o o t s '  
o f . :w h ic h  a r e  o h e  c h a r a c t e r i s t i c  f r e q u e n c i e s  o f  t h e  t r a n s i e n t  . ; 
n o r m a l n o d e s . h l io h  t h e  d o t e r n i in a h t  i s .  îa u l t  i p l i e d  o u t  t h e  ; . ' a  
. g e n e r a l  G x p r c s o io n  f o r  h(i>).; i s f o f e x t r e m e )  l e n g t h  e v e n  a l l o w i n g  
f o r  som e o a o c o l l a t  Io n  o f .^ t.erm s4 . 4 Tfn m o s t  . p f a o t i o a l  o x a m iile if  :
, h o w o Y o r  b i i e  e x p r e s s i o n  c a n  i i o .  g r o a t l y  s i m p l i f i e d  , i n  o n e  w a y ' o r  V 
T a n o  I h e r  b y  l ü t ü c i ï i g  s n i t n h l o  a p p r o x i i a a t  3o  h s i b u t  t t h e . s e  ' d e p e n d -  q j i i f -  
t h o  o a i t i c u i a r  f o r m  o f  o s c i l l a t o r  a n d  . t h e  t y p e  o f  i n s t a b i l i t y  
b e i n g  s t u d i e d .  \ 1 , ' . - . - t ' : :
. C r i t e r ia ; f o r ;  4 - - A f g  A
' T h e  o S p  i l  I h t  i  on V i s   ^ t a b l e  i f  , ) a l l  t id e  r o o t s  o f  t h e  e q u a t i o n  
( 6 . 5 ) . -h a v e  n e g a t i v e ,  r e a l  p a r t s . f o ^  t l i l e . .e n s u r e s ,' t h a t ,  t h e  a m p X it - ,  
u d e  o f f a n y  t r a n s i e n t  d è c r è & ls é o  w i t h  t i m e . .  I n  g e n e r a l  a  d i r e c t ,  
•■■so3ul? on  o f  t h e  e q u a t i o n  i s .  h o t  f e a s a b l o  t o n l y  i n  w. o f t '^ in  . ' s p e c - .  ' 
■ ia l GBGCSv sojîig  o f  - w h i .c h  a r e  c o n s i d e r e d  l o . b o i  i  t h e  c  n r e s s i b n
fo r  ID (id ) be s û f  f  i c i e h t l y s i m p l i f i e d  co permit, the -d ir e c t ,  oal.otil-; 
a t  io n  o f  ;P f  y However a - com p lete s o lu t io n  i s  um iG cessary s in c e  " 
) a ir  th a t  ' need be, krip\mi 'i s  iA éth er- ^  hot; th e  r e a l  p a r ts  o f  , a l l  
• th e  - f o o t s  are^ n e g a t iv e  ? arid.\.-,iliis.yi.nf .ortmt ion  can be; ob ta in ed :  
.w ith o u t a c t u à i iy  s o lv in g i t l i e  è q ü â t ion y: Two m ethods: w i l l  be 
disGUBsed . .The . f  i r s t  i s  tan'; a p p iic a t io  n o f  th e  E outh-H urw its ' :. 
. ' s t a b i l i t y ' ' : 'X:.. ';-h: 
I t  isVknow n/from  e ie o t r ic ' c ir c u i t ; :  th e o fÿ  th à t any. imped- ■ 
â n o o . fu n o t ion  '‘i(p ) as soi i e i (  d . w ith  . a l in e a r , netw ork i s  a  r e a l ,  
.r a t io n a l ,  fu n c t io n  ■•••■of cp , c ,  the. q u o tie n t, o f  two p o ly n o m ia ls  . 
w ith  r e a l  c o e f f ip  l e n t o i h n c t  ton l i k e  2 (p 4- jw jq) w i l l  a ls o  
be r a t io n a l  lu n o tD  no of p buu wi-rh ;G:omple:,)c c o e f f i c i e n t s  f  ' 
S in ce  I) (p.) 'consists,:) of, stras .pfodiicto' 'and q u o t ie n ts  o f  such  y • 
f u n c t i o n s , i t  i s ,à l s o \ a r a t io h a l  fu n c t id h . i t  rem ains to  f in d  
'.the n a t u r e .o f ■ t h O ' , c o e f f i c i e n t s . 4 y :  ^'y''. .)
) Mow f o r  any r e a l  imoodL nce^)^ . 2 .(p -  4 j W q ) ..= (p -  jiW g) 
InspectiohS^Q f t h e . e x p r e s s ib n s  ,f  or a^ _ • e t c . show s tha'I  ^ i f  py. i s  . 
s u b s t i t u t e d  f o r  p th e  f  o i lb w in g  brans form at i  6ns ta k e  p l a o s .  
v c : i ) : ) : A 3 . .y y % : : h _  ■
, ; Bg > Oq 1)o -  - » 3)* On - >  a g  ' ^y:. ;
y i - y *  ;° î : y  :. - : : ' y ; y i  - - # , y y y  , y: yy . ; y  ( 7 . 1 )
H ence D ( p* ) = I)* (p ) )) and , f  r  oar t h i s  % i t  f o l l o w s  t h a t ' t h e :  )•
CO O ff i c i  e u t  s  o f  t h e ,  p o ly n o m ia ls  ar  e .-ly e a l . - - I t  can  a l s  o be: shown  
by u s i n g . ( 4 , i l )  (4 ..IS ) y ( 4 .1 5  ):^  and - (4 .1 7  ) . t h a t  ; .vAierr p =..0)'l: ...
» u  %  = <=0 - - 3  0 -1  e . 3 )
H ence I )(0 )  = G, and D (p ) can  t h è r e i o i c  be v îx i t t e n  a s  .
: D(p): .^  ^ pp]. ( ÿ ) /P 8 (p ) )  a r e  r e a l ;  p o .ly -
n o m ia ls . : The r o o t  p .O c o r re sp o n d s  ' t o  ,ah p B c i l l a t lo n  . of /
oL. os
cohq tan tv âm p iitu c le  .;and f r  ëqueâoÿ ) " ï ' .  e  . th e  )s t eady s t a t e . - ;. '
( AIIYg qf, p(p); )- t h e  r o o ts  : o f ;' y
: ^ r (p ) ' r/Q /.:"  R aW  la b o r  in v o s b ig a te d  th e  ;
ÿ 'co n d itio n ëy fo  a*f î t ic ro o b s o f such: e q u a t i  ons) to  have n e g a tiv e  
/ real-, p a r ts# //,,i  h«. o ii ih - i t ir \) l1 2 / .ë 'tah il.it y  / c r i t e r i a  tïifce^ th e  form  
;-o f : a-;nu3aib,er/ o,f. in s q u a l i t ie s / .h e tw e e n  t h e  / c o e f f i c i e n t s  o f th e )  ' . 
;vpo;lynoiniaiy/i)-': Th0 :'v d e ta i f è r  ,'ar ©.)' g ivon  I h  / l â t  of):'. S ec t io n s  y /here t h e ,, ' 
tie thod/y ts a p p lie d , t o  : p a r t i c u l a r  problem s » / ’) ) ■
■ /  t h e  /s.eoondy/m ethod , 'q r .ig in a tp s '.a lso ,, t n th e  wo r k . o f houth^T ' ;. ^
■ and - i s  /b.dsed on ,a th eorem  o f  Cauoliy /  y (R outh yl-^ ) made u s e  o f  
:.the;)the.qrémylî%:',d0 r l v  ,)'One/way )oi' s t a t i n g  ■
; t i ie )  th eorem  i s  a s  .,f o llo .w s s .” I f  D (p} u  ,t j y  i s  a n a l y t i c  i
‘except for  a f in i t e ,  number o f p o le s  in s id e  and on a c lo se d  7 '
, Gontourjg then th e  number/ of, tim es wliioh th e locus; of \D (p)
; e n c ir c le s ;  th e  origin).When p).moves, once round the contour , i s  
M ~ P.)y. where M is /;th e  nuiaber of) seros -and ,P, th e  number o f p o le s  y 
/.pf/sXpX lnsid^^ .^..c. ) ; /% ).;  v //,/ .:)  .^
. ;.;/, ■ In) Roùth ' 8 a p p li o ù tién  the /contou r ' o f " p ...was -/ the..: im aginary .
- a,xis ./.from ).-j oO to  /j oô  /and a se m ir c ir o le  o f i n f i n i t e  rad iu s * y 
; centerdd:'oh; th e ):p r ig in s t iy in g - in ;  th e  r ig lrb -h ah d /h a lf-p lan e  
.yT his. contour en d lo ses  .a ll; v a lu es  of p having) p o s it iv e , r e a l, p a r ts .
) Ai th e /fu n c t io  ns con sidered  bÿ % had no p q les (except at/>i> )..
th e  ; stab  1 l i t y  or i t  er io  n . was that: the lo cu s  of/,p (pj / Should hot
/en c lo se , t h e /o r ig in . ' uoc houbh ir f  fa c t  considered, w as.th e
number o f't im e s/w h ich  th e r a t io  u /v ;p a ssed .th ro u g h  0; and changed 
; - in /s ig n  froDUp o s it iv e  .to . n eg a tiv e  and ./vice verse,*, bub t h is  i s  
sim ply 'a n o th ef'w a y /o f'/S p ec ify in g  th e number o f . enc ir e  lemen t  s .
., Hode^ "^  reached t  ]c same conclusio  n '.a lso  by way. o f  Cauchy *s )t.
. theorem /and % qui had p rev io u sly  obtained  )a s im ila r  r e s u lt  .) .
by,, another/m ethod. )) ' )) " . ) . / ) . ' ;  ,■,'/;): ;/. • \ /:.  .
'. -b';. : ; The R ou th-My qu i  s t  o f  i  t  er to  h , as: i t  may prop erly  be noAed, • ) ,
); is) more g en era l than th e  Routh-Hurwith in  so /fa r  as i t  a p p lie s  '
/: to/.any/ analÿ'tiq.aï.; funo:ti&:h )and yibt m erely to /p o ly n o m ia ls  /w ith  
.r e a l  cb .affic iè n ts ) , but th e  c r it e r io n  f a l l s  i f  t h é . fu n c tio n  has'
■ any - p o le s  wi th in  ' '-th ont oiir t  ) This ) d i f  f  icu ltyycan -.b e  overcome
%  u s i h ^  'a . s l i g h t ly / m o r e  D o ih lG lio a te d V d e f in lt ib n '^ o io f  
'/èn o irô iem G rit'', b u t / fo i-  t h e  prosQiit/'^piarppsL'' t h i s   ^ ""ih.
u n n e c e s s a r y  .-/ The /im pedanG es, ,are; uno^v o f  a , p e .o s iv e  .::
.het^ork,')and/:8'oTc h t-h an d : ha.lf-piGShp
:but;Zi,i./b.Gi;ng/.9rti;an^^^ m ày/have)/Z  È ïn o é  .Zr , ,
■oGcürs/'ih; t h é  : dého%ihatbr@ .p t é m a  in ;  t h e  e x p r e s s  io n s
f  oi" : a-, e t c . ;  t h e s e  /term s w i l l  h ave  p o le s  ''where :2t h a s  . s o r o s - ;;/ '. 
i t / c a n : /h e ;  .shown b i i à t l a l l  ' oùoh t  armé': o a n o é l  ih  t h e  ; : , '
f i n a l  r e s u l t H e n c e  ; :D.( p) h a s /n o  'p o leà  An t h e .  r ig h t -h a n d  ■' f  
h a l f - p l u h e .
///T w o ' d i f f i c u l t i e s  - 3h?event :.the: 'Rou:bh-’::^ q u is t  c r i t e r i o n  -from  
h ein g ; a p p l ie d  ) d i r  éc  t î y  ; t o -os c i l î h t q  f i r s t , / ! )  (,0)-i=; 0 t/L ieV :/.
th e  ] o( u^ _ o f  I>io)  p a s s e .  -( h i ough t h e  : o r i g i i i . ôT liié  ' can . h é  . // 
avo'j ded o y /; in d e n b in g /th e  o - o la n ë  dpn tou r w ith  a. s m a ll  se ia i-.; ■ 
c ir e  lu , 0 )Qut : th e  o r ig in :  in  .thV; r ig h t - h a n d / îm l f - p la n e  . The ; 
seço h d ' p o i n t , / w hi'çluw as ^ (d ls c u s s è d ^ fn v S ë e t ië h /3 „i s  t h a t  ,thé;./.'.) - 
dom ain o f  p m ust b é  'r so  t h a t  I t s  : i ïm g in a .ry  .p a r t  ..
; i ie B ';h e tw e e h /-  . I n s te a d .-O f/th e  R ou th -M yq u ist /^. .'
c o n to u r  th o  G ont our shovjil . in  . I f  g  i 7 m ust ; t h e r e f o r e  b e  u se d #  
l ’o r / e o h v e n ie iic d  th é :  c o iitb u r  i s  ; d e s c r i'bëd i n  th e  o io b k w ls e  /  
d i r e c t i o n  * : The s t a b i l i t / r  c r i t e r i o n  ca n  th e n  .he. s t a t e d  a s  s
”The - o B c i l i a t ' i o n /  i s  - s t a b l e / i f  .the.:) lo c u s  u f  I)(p ) d o es  /n o t  
e n c lo s e  /th e )  .o r ig in  \d ion i) ..)d escr ib es  t^ ^^  .con t our o f  ; F ig  *,7”  ^ Any 
enoirO lejdont-;'w hich:: ih d ib à të .s  i n s t a b i l i t y  . '-..'.will-: b e  i n  ) th e ./  
d lo c k w is e  d i r e c t i o n ,  ')/:/: : : /-/y / . -  ;./." , /
: /:: %  e x p r e sse d -  in-:;
term s o il o n c ix c lo n o n t  o f r t h e  p o in t  1 , 0 .  /. W ith  t h i s  c o n v e n t io n
th é  o s c i l  la iu o n  \fs s t a b le  i f  th e  io o iis  o f  1 é  I)(p) does hot
/.A y .t - ' R ' / ' . : - ' . : ' / . " t h e o r y  
e n o ir o le  th e  ;p o in t  1 , 0 /  In  th e /la n g u a g e  o f  feed b ack  a m p l i f i e r \
h';(p j co rr  espohds t  ç th o  /J./rétufn M  1 - ;  )P (p ) ■ to
th e  ;'”lo o p  tr a n r n i"  “lQ n’? r ,a lth ou f*h  ith e r o  i s  .ho p h y sica .1  lo o p
in  th e  : o s c i l l a t o r  c o fr .espoh d iog  to  / t h i s  fu n c t io n .  : In thp
p r e se n t  a p p l-ica tjo n  it .  i s  more oonvenie:nt to  .adhere to  th e .
e x n r e s s io n  in  berms o f  b ( p ) •
/ /  s i u b ' i l i t y  C'an be .d i s c u s s e d  c o m p le te iy d in  term s o f
/'è 1 t h e r , t l iù  ;Roù « or l lie r  ou th -It^ /qu ist c r i t e r  ./
: a d y a n td g d p a s /t  . Tho Ron bh'^ayquist /ibbuB: d iagram  i s
/y a l i ia b ie  ::.in i l l u s t r a t i n g  p o la L s w ill oh a re ' opt':u iM edi© .t,ely  .. ;, ) .
o b y io u s  from  )tîie: -Eou/bh/Hiiiuji t  a c r i  bar l à /  : and in: d er iv in g .;. numer4 '■ 
/ i 'Q d l'y r e ia t io .n s /f  mole»* t y o e s  of / i n s t a b i l i t y ^  . .With .th e ,).
,morO:’c b m p lio d te iA i^  i i i s t a h l  i i t y  .'■the;.H:cmithrHdfwitB.)rüles ); -.
:are'/id i0 ;;. o i ily  me bhod o f  .ob .taih i.iig/n lW èr i o .a l . r e B u lto : .
: : . i S o m e  .:g0 n é i/a l:\.fé a tù r (is  o f  bho lo c i i .s a i - e  now o o n s i d e r e d ■' ■
' F ar l i e r ,  i t ,  .was' shown, .ilia  b l> (p"" ) -  I)'" ( p ) \  , T h is) 'means))thâ;t ih e ., )' :... 
...i.oous; has.r-m'irrorvsymmot.ry w i ih  rospcok))tp );th© ’>f.eal. a x i s i r .  A lso ., j 
f o r  v e r y  la r g e iV a iiiG s  .;6f. p. a l l  t lio  hetw pi'k im pedahoeé v a n is h  
hpoauBè o f  th e  s h u n t in g  e f f e p t . / o f  s t r a y  : c a p a c it a n c e s  Then  
b'l /hp V ~c„i - 1 J and' a l l )  t h e . o th e r  p o e f f  i c i e n t s  /a^  ^ 0:, Hence
l ) ( p j  ■v‘i)  i )  a s . p -./!k i'üj p p i  ) .1 o s o i l l a t pré b,('p) 1 .when
. P- "%jd)p I.):'p.p.: /pnl3r,, :ima.giha%v:,.: .o f  . :.p, i . e .  r e a l  ,f  r  equen c i c e
.need  h e  c o h s .id e r e d . ) ) ) . , - ,  .
.).)/) P ig ,.B )nhow s l o c i  c o r r e s p o n d in g  bo (n ) /n ta h il ity ,; .-V  
(b.y i h s t a ' b i i i t y  -  one %e%o, and (c )  i n s t a h i l i t y .r / t w o  u ero s .,',, )./ ' 
Whon; p.: i s  .smà 11 h ( p )  ~ D( 0)  t  ;pD^{o) ])D /(O ) :and, h*oau88: o f  ; )
symmetry. D '' (p ) i s  a  r c o .l nuîfoer » As o t r a v e r s e d  /th e : sznall, . : ' 
s e m i c i r c l e  h e a r  ,t h é / o r i g i h  D (p ) a l s o ) d e s o r ih e d  . a s e m i c ir c le  , , ) : ,. 
and, t h i s , : l ie s ):  in:;th^^ h a ' lf -p la n e  i f -  D  ^(O) ' - i s / p o s i t i y e ) - ,
and : in  th e  ■ le f t .b h a h d .'h a lf -p la n e  i f  P ' ( d ) i s  n e g a t i v é . . Thebe /./'./  
rem arks to{ uhi r  ; w ith  o b v io u s  b op u lo g i  o a l  c  o ns id e r a t  i  ohs l e a d  ) 
t o  th e  f o l lo w in g ) ; c o n c lu s io n s . ) /  • /..; , )/,; ).:.%;/ / . ) ; / .  •/:)/.. '
(1 ) I f  D i;( 0));' i p . /p o s i t i v e  bhe lo c u s  ; o f ) D ip j /e h c i r p le s )  t h e  o r ig in  
) : ' ) a h e v e u /h u th e r )  :of. t im e s  or not a t  a l l .  )/. .■/ ■-)/.:) ■': )) . \  :
(2) )  I f. 3>./(0) IS n e g a t iv e  D(p) snakes an odci number o f  ):--): -
: ); enc i r e  I unont , .  ; ■... ;
• I t  f o l l o w s t h a t
\ ( 3 ) )  IliO' o s c i l l â t ioh -)can  hé' s t a b le  o n ly  , if... D - (O) >- Q , /  ■ ./; / ) /  /.
■ The p o s s i h L l i t y  r h a t  P ^ ( o )  =. 0 i s  e x c lu d e d  f o r  t h i s  w o u l d /  
im p ly  t h a t  D ( p ) had a  d o u b le  z e r o  a t  th e  'oxû g in  and. t h i s ,  .would
oof rëëponcliug bo o tr a n s i  on b of frociuoricy oo w ith  lin e a r ly ;  ' 
irjbréàsing ampl i Lud c . C ondition (5) t  box-of o f o o t > ver s)-'all); '• ;
p o s s i b i l i t i n s  . PoubT o or <aui tixiXe soroB. cdh '.exiaL -in' théoryV: 
They rep resen t a c r i t i c a l  adjustm ent o f ) the network' and am plifier., 
parametern which cannot .bo uchicvoA in /p r a c t iq c , /  T his rem&irk ■/:/. 
a'ppli OS : a ls o  to  any z  er o , o impl e or mùl t  ip ie ',. :oc our r in g , a t any ■ 
q .t lie fp o in t  on tiio oontoirxu /' ' '' / / / )  /'//.//)/" : A .
' . ' / T h e  s t a b i l i t y  c r i t e r i a  d e r i v e d  ' h e r . e  u n d i c a t e  ; o n l y  w l i e t b e x  : , ■ 
■ a  . g i È E e n  p o s s i b l e  o t o a d y  : s t a t e  i s  s t a b l e - '  o r , / u n s t a b l e  . w i t l i  ' r e e u o Q t  
t  o  s m a l l  d i o t u r b a n c c G .  T h e y  c a n n o t  - l i e ’ u s e d  : t o ,  p f  e d i c t  w i i e t ' h O f ; '  / )  , 
. t h e  - g i v e n ^  s t a t é ; # i f '  s t a b l e ,  w i l l  t  i  T a c t  b e ^ r e a l i s e d , / / n o r / c a n p v / r , : /
)th ey  ;be W dêi to) r ey o a l wiiab cour'' c une o s e i l la t iO n  W ill /take;:
_w lien < lt.depart'.s an u n sta b le  steady s ta te t  /) :/)/:/:/'; '-)/)'
.); ' ,' : .0of,reBponding to a g iven  sou of naji a,motefu ah, o s c i l la t o r  
may hâve tiJO :or: .more, s ta b le ,.s tea d y  s-Lu,i,c s. and w hicli df th ese  i s  /.) 
r e a l is e d  . depends: on: d h e /h is to r y  ; of the o s c i l l a t  or , ;A’ d is tu r b - ) .
ânoo : o f s u f f i c ie n t  màgnitùdo may cnan ,t the o so il la t iO h . from 
one .s ta b le  mode to  another * Eaoli Ipo s s ib  1 : o t  eady s ta te  das ■ 
assooiabG.d. W ith,I t -u :  d if fe r e n t  normal- ;mo'desT'->'■: :: -
. and a% though the constants- o f  'thë;;.nètWdfk : and ampl'i f ie r -  may 
rem ain. im changed/ÿét each-:: staed y  ,= s ta r  e .. r epr ese  nt s in  ;. e f  f  e.c t , a 
,d 1 f f o r e n t s y àtomyund req u ires  i t s  own c h a r a c te r is t ic ;  equation  
/ t o  d escr ib e  s b a b i l i t y . . , . ■. - ; ■
u la
) / )  • j S y n m ê t f i p a i  n o W o r k s .  ■ / )  )
. S y m m e t r i c a l  n e t w o r k s  a r e  s p é c i a l  c e s  o u  o f  g o r x e r a ,!  •• -
) /X à q y m i q t f i q a i : ) / .^ n  r o a r o n  f o r  c o n s i d e r i n g  t l i e )  /
p a r t i o u l a r  b e f o r e  t h e ' , g e n e r a l  i s  o n e  o f  c o n v e n i e n c e .  B e c a u s e  
: o f  t h é  . g r e a t  G i m p l i f J c a t t r n r c s n t u i n g  fr o m  s y m m e t r y ,  t h e  ' a n a l ÿ s  i o  - 
., o f :  s y m m e t r i c a l  n c c i m r k s  c a n  h o  c a r r i e d :  o u t / m o r e  e a s i l y  a n d ’ i n  : ) , 
g r e a t e r / d é t a i l  t h a n  i s . / f o a s o h l c  f o r  t h e  g ê n e r a i  . t y p e ,  = , A . l s o  . t i i e
■ / . f e e d b a c k ' . n e t w o r k s  o f  m a n y  p r a c t i c a l  o o c l l l a t p r e . -  a r e  s y , t a i e t r i c e i .
' /  .'./-./.An: i m p e d a n c e  i s  syi»xnc u r i c c 3 w i t h  if   ^ jt- otr'.to ' - a " f r e q u e n c y  • cot •') 
/ ' I f  t h e  r e a l  p a r t  h a s  e v e n  ‘^ y m io ir y ^ .'a n ç ' o i ic  i m a g l n a r y / ' p d f t  o d a  . 
/symmetry,, ab o u t  th o ' :  l i n e  : p , e : jc p  iu  t h e  p / p l a h o .v -  , 'T h u a  ' . . ,•
/ : / ) ) ) ; . / 1  K : ) : : ' / ; ' : ) / ) : : ) / : : : ^
. / ; H o , ; , X ' e a l  i r i r ^ ^  , : s y x ^ M O T . r i o a , l / a , b o u t . ' .  à  f r o q u e n g y  o t h e r  ■ :
t h a n  O p  b u t  B o m o  n c t \ m r h s  o u c h  n o  h i g h - Q .  r e s A n a n t ' .  c i r c u i t s :  h a v e  
A . â p p r o x i m a t ' e  d y m i i o t r y  o v e r  a  l i m i t  e d  r a n g e o f  : p .  ' F o r ,  p r a c  l i c a l  '
■V p u r p o s e s  ■ a  ' s y m m e t r i c a l  i m p e d a n c e  / i s  t h e r e f  o r  e  ' . d e f  i n e d  a s  o n e  
/ ' / . f o r  / w h i c h  I 2 ( p ' /  -  / /  ( p  ■'.+/-jo.)^-.),'|/ c o m p a r e d  .
. w i t h  th G U iia x i in u m  .y u A u o  o f  .■ I f  ( p / + ' j b o )  I- o v e r  t h e  a p p r o p r i a t e
■ / r a n g e  o f  p . / Q . i n ' c e  C or  «  13  . r e à l / i m p c d a n c e s ,  ; 2 ( p '  ) . t
://.S-/(.p -/j.Pr/). :).it fo llo w s  that foi’ sym.notr l e a l  imp.e dances 
)':/ 1$'(P,b'd(OQ.),.::.-: 2 (p -  j è é ) ; i s / a lB O '-h eg lig ih le;./■: , / / //'^//. ■.,/: .
//,;. ■■■' If, t h e . impt dpprGs ■pf an, osGii3.'atoi/ .feed-back .he.tworlc are ■ 
ivT w ith  rosp oot to  (ÜQ then
^i “ '^i  ^ ^'1 y v/ith; a im iiar  exp ressio n
fo r  2 / e t c .  I t  fo llo w s  bhat the m odified  impedahdes z t  e t c . 
..taro' a lso , sym m etrical ; ..'.■ .Wien p -  0 .Z j/etc lire, resis.tah,ces axid 
■'/.t'so,''9..:a/C) and/'U/p exp j 9 -• 1 <> in sp ec tio n  o:f/ expr^ohiono (6 .3 )  
V'Xshows./that/ai^^^^^ /"b:.!/ .: P i  := " à _ i . . : -■../od'. :./Tho/m^./:'
' /  a e U u i n a / U g r  D(p) ; ,.. : /
:U ,:  A  / i :
A : : / o ',.- 
"1 ’>1 %
This can he fa o to r id o d  as' follows:?
= F ( p ) A ( p )  , %  r  ;) V # / . ( 8 . 1 )
/A 'w.- - 'l') v  %?" : :
b (p )  i s  zero  i f  e i t h e r  P(p) d r  A(p) io  z e ro  and th e  humber 
p f /e n q i rc lè m e n tq  d f  ; th e  o r i g i n  made. by; t h e  lô ô u s  of D (p) i s  th e  
sum o f th e ;  en c ifC lem en ts  by F (p ) and A (p)• S in ce  ; n e i t h e r  o f  
thebe; f a c t o r s  w i th in  th e  d o n todf of p any e n c i r c l e ­
ment mus t  be c l p c k v / i d e I l e n c e  th e  Houth-Myviuist s t a b i l i t y  • 
c r i t e r i o n  i s  t h d t  th e  lo cu s  of n e i t h e r  F (p ) u p r  A(p) shou ld  
ono lose  th e  c r l s i n .
; . T o  s e e  t h e  p h y s i c a l  s i g n i f i c a n c e  o f  t h e s e  t w o  c o n d i t i o n s ,  
t h e ; t r a n s i e n t  g r i d .v o I t a g e /  w h i c h  i s  the. r e a l  p a r t  o f  ( 5 . 3 ) ^ i s  
a d d e d  t o  t h e  s t e a d y  S t a t e  y o l t a g e  ( 4 . l ) . T h e  h i g h - f r e q u e n c y  
pai't o f  the; t o t a l  y o l t a g e  u s . .  ''"'1 ' " '//'
: ; 7 g i h  + m ]_ q x /a tG O s(% t + % )  ) : '
X COS (m ^t t  m2 e x p . a t ;  c o s  (co^t >  ; 0 g ) )  : /  • ' h  . ^ /  ( 8 . 3 )
w h e r e  / - I ' Y a d g l /  /::/ r'/:?/' /  ■
: ; V ;: m s e x p j ^ g  =  - j ( %  - / - i ) U Â g i  : , j  ( 8 . 4 )  .
( 8 . 3 )  i s  t h e  e x p r e s s i o n  f o r  a  w a v e  m o d u l a t e d  i n  b o t h  , ;:
a m p l i t u d e  a n d  p h a s e T ( o r  f r e q u e n c y ) .  T h e  t w o  m o d u l a t i o n s  h a v e  
t h e  8 a m e  c o m p l e x  f r e q u e n c y  p  =  a  ^ a n d  t h e  c o e f f i c i e n t s  o f
m o d u l a t i o n  m a y  b e  t a k e n  a s  t h e  c o m p l e x / a m p l i t u d e s  ( 8 . 4 )
' U s i n g  e x p r e s s i o n  ( 8 . 2  ):./thé e q u a t i o n s  ( 6 . 2 )  f o r  c a n  b e  
- . t r a n s f o r m e d  t o  t h e  e c i u i v a l e n t  s e t
= .0 ; : / : /  /  ^ / v ; ;
. . . . : / . /  iJ - .
S u p p o s e  t h a t  f o r  s o m d :  p a r t i c u l a r  v a l u e , P q  F  0  b u t  ■ '
A ( p i )  4*: D .  T h e n  u ^  /+ u _ i  =  0  a n d  f r o m  ( 8 . 4 )  m y  =  o .  A l s o  
U q . V , 6  , 80 t h e r e  a r e  n o  y o I t a g e s  o r  c u r r e n t s  d f  f r e q u e n c y ; p .  
(8.3)^ s h o w s  t h a t  t h e  t r a n s i e n t  d i s t u r b a n c e  t a k e s  t h e  f o r m  o f  , 
a  f r e q u e n c y  m o d u l â t i ) h  o f  t h e  s t e a d y - s t a t e  O s c i l l â t  i o n . H e n c e  
i f  F ( p ) / e n c i r c l e s  th e  o r i g i n  p]) h a s a  p o s i t i v e  r e a l  p a r t  and), 
t h e  o s c i l l a t i o n ,  f f  e c x m e n c y  i s  u n s t a b l e .  /
/ i f  A(p.^i = 0 ‘but iXPg ) ; % Or t h e n  .- u)^i = O . ) 
ana/mp F p .  This co rre sp o n d s  to  am p li tu d e  m o d u la t io n  of th e  : 
s t e a d y -  t a t e  o s c i l l â t io n y and i f  A(p) e n c i r c l e s  th e  o r i g i n  th e  
a m p li tu d e  i s  u n s ta b l e  . The t h i r d  e q u a t i o n / i n  ( Ü.6) shows t h a t  ; 
. t h e r e ; i s  now à  lo w -f requency  cdmponent in  th e  t o t a l  v o l t a g e , i . e .  
' / th e /g r id hb ias- :-vo ltage /) is /a iso■ 'm odu la ted ,-  / ; /
'/.Thus- in  a  sy im ae tr ica l-n e tw o rk  o S c i l l a t o r  th e  t r a n s i e n t /  
t ik o n  the g e n e r a l  form o f independen t m o d u la tio n s  of f req u en cy  
and a m p l i tu d e , th e  c h a r a c t e r i s t i c  m odu lâ th  n f r e q u e n o ies b e in g  
■ th e  rootB  of F(p) -  0/ a n d  A(p) = 0 r e s p e c t i v e l y .  T h ié / ln d e p -  /
/ endencO; h o ld s  on ly  f o r  .S m a ll  d i s t u r b a n c e s . /)If- t h é  f r e q u e n c y /  /■
V i s  uns t a b !  e th e  d i  s tu rb a n c  e wi l  1 eveibtual ly  v be c ome l a r g e  ehough 
'/to; p roduce a s e n s i b l e  change of ^amplitudG /  ) On th e  o th e r /h a n d  
; l a r g e  changes o f  amplitude.v can ta k e  p la c e  w i th o u t  a f f e c t i n g  th e
In  th e  p re v io u s  S e c t io n  i t  . was p o in te d  out t h a t  = c^ 
when p = 0 .  Hence and from F(o) a c a n  a l s o  be
•: shown t h a t  F (p ) —» 1 arih A(p ) t- l./iyheh: :p —^  op ± vijcoo • The . ■. 
l o c i  of F (p) have th e  same, g e n e r a l / f  orm; a s / th o s e ,  of F i g . 8 hncl:/ 
u s in g  th e  s@me.';argimentV;a8"/for/'D.(p;)' ,,;the.' f req u e n c  ./,h;/'h/q':/, . .
ow ; b e , l o c i ; : . f q r , A ( s )  axe; : /  ; : 
shown; i n  . F ig  /9 . ) / v  A (.0 ) -, i s  : e i t h e r  p o s i t i v e  o r  n e g a t i v e / f o r  th e  
c o n d i t i  on A(o) 6 would / r e q u i r e  a  c r i t i c a l  a d ju s tm en t  oif 
’ p a r a m e te r s . - In sp e c t io n  o f  F ig  0 shows, t h a t  th e  am p litu d e  can 
be stable only i f  A( 0 ) > 0 .  The ; lo cu s  theri/  enc i r ç l e s  th e  o r i g i n  
an  eyenlnum ber ; o f /  time^ a l l . S im i l a r ly  i f  A(0) /< 0 ;
A(p) make.s,/an/odd humber -of. en c irc lem eh ^s  . / / /  / / / / / / ■ ' :  /
In  te rm s o f h (p )  /  / P 1 0  * (O)A(O) , / :D i s  p o s i t i v e  /,
i f  P ’ (O) and A (0 ) /h a v e / th e /sa in e  s ig n  and i t  i s  c l e a r  t h a t  t h i s  
must be p o s i t iv e ^  f o r  O therw ise  b o th  am plitude ; and: f req u en cy  /;/ 
/would be u n s t a b l e  and !)(#) would make a t  l e a s t  two e n c i r c i e - ;  
m o n ts , ;
/'//:. The v a r io u s  forms o f  i n s t a b i l i t y  may c o n v e n ie n t ly  be 
c l a s s i f  i e d /a c c o r d in g  to  /bhe - s ig n s  of. P ’ (O) and A(o) . S t a r t i n g
wi t h  A ( 0 ). t h e  , s i a p l  e 8% ty p e  . o f ; ; i  ns t a h i  1 i  t y  oc c u r  s v when, A ( 0 ) :<. 0 ; 
and th e  / lo cu s  Imikes à  e i n g l e  eh o ir  o lo  a e i i t . / This; moans t h a t  t h e  ; /  
e q u a t io n  A(p) is. 0 has  one . r e a l  p o s i t i v e  r o o t  and th e  d i s tu rb a n c e  . 
t h e r e f  ox’e t a k e s  th e :  form o f  a  ù n i d i r e e t i o n à l  movement o f  th e  
am p li tu d e ' away from  t h e  s t e a d ÿ r s t a t G / v a lu e /  I n s t a b i l i t y  o f  t h i s  ; 
ty p e  w i l l  be : d èsc i ib G d  as  ”.o.per io d io - ' . / ■ v.
/  t h e  n ex t  s im p le s t /k in d ;  of i n  o ccu rs  .when A(o) .>  6/;.;
t ih d  th e  lo c u s  makes two e n c irc le m e n ts  , /The: e q u a t io n  A(p) = .0 
h a s  now two r e a l  p o s i t i v e  r o o t s  or two cbmplex c o n ju g a te  r o o t s  
w i th  p p s i t i v o  r e a l  p a r t s A  In  t h e  l a t t e r  c a se  t h e  am p li tu d e  i s  
m pdùla ted  b y  an  e x p o n e n t ia l ly /e x p a n d in g  s in e :w a v e , and in  th e  
fo rm er th e  a m p li tu d e  changes have t h e / h i g h l y  n o n - s in u s o id a l  / / /
/form  t y p i c a l  : o f / r e l a x a t i o n  o s c i l l a t i o n s . in  b o th  c a s e s / th e :  
/ i n s t a b i l i t y  i s  / ' p e r i o d i c ” . A t r i p l e  e n c i r c le m e n t  would i n d i e -  / 
a t e  a 6 ombi n a t io h  o f  b e f  1 o d jo /and a p e r io d ic  t i n s t a b i l i t i e s  A and /, 
/so on f o r  more c o m p lic a te d  l o c i .
S i m i l a r ly  th e  frequency; has  ap er io d ic :  i n s t a b i l i t y  i f  /  :,
(Ô) < 0 ./and p e r io d i c  i n s t a b i l i t y  i f  F (p) makes /two e n c i r c l e -
A p e r i o d i c / i n s t a b i l i t y  r e s u l t s . i n  th e  v a r io u s  h y s t e r e s i s  
e f f e c t s  some o f /w h ic h  Were S tu d ied  by Van d e r  P o l and o t h e r s . -  
The v a r io u s  forms, o f  f req u e n cy  and a m p li tu d e  i n s t a b i l i t y  which 
may occur in  sym m etricalT netw ork  p s o i l l a t o r s  a r e  no^  ^ s tu d ie d  
i n  som^ d e t i i l .
V T h e . f f e q ü e n c y  s t a b i l i t y  f i ir ic t io n  F (p ) a  À^'. “ Oj: hiiay bé  
■’■'•.written' .in /term s')'Of\;thé' néWqié]{’ and' 'a m ip lïf ie  : b y ; ■; ■ •,■ ■/'■-.,
e u b s t i t a t i n g  in  e x p r e s s io n s  (6*3.) f o r  S" '-/'8g a c c o r d in g  t o  ( 5 .5 )  
/ f o r  ZÎ e t c  . a f t e r . t h e  manner o f  (4%i l ) ,a n d ; fo r  G_ -  G ia c c o r d in g -  \
.w h e r e  =• ( ^  . '..y ' / : . / :  ■
The lo w -fr e c ju e n c y  im pedan ces 2 9  e t c  i do n o t  ap p ear /  T h is  /  
i s  t o  b e  exp eete 'd  s in c e  i f :  o n ly  th é  fr e q u e n c y  i s  m o d u la ted  
t h e r e  a r e  no y o l t a g e s  or c u r r e n ts  o f fre q u e n c y , p ; A lso  t h e  /  
o n ly  paràiü .etérs o f  .th e  a m p l i f i e r  w h ic h  ap p ear  a r e  k # j i  and t h e ./ 
‘c o n s ta n t s  w h ich  h e lp  t o  d e te r m in e  I t  .v/ould seem  t h a t  ; ; /
fr e q u e n c y  s t a b i l i t y  i s  in d e p en d en t o f  th e  non41ihO ar a m p l i f i e r  ) 
c h a r a c t e r i s t i c  # H o w e T e ff/in  d e f in in g  t h e s e  resultK^ i t  ;waSy; .'/■.;/ 
.as sumed t h a t  ; th e  a m p l i f i e r  c u r r e n ts  w ci'c s i n g le - v a lu e d  fu n o t  io n s  : 
o f  th e  v o l t a g e s ,a n d  t h e  c o n c lu s io n s  w i l l  t h e r e f o r e  be v a l i d  
o n ly  f  o f  su c h  t y p e s  o f  a m p lif  i e r  A ; /  f / / / / f '
: /.. irora (9 , 1 ) ; # ( b )  A  ’
and / s i n c e  R-j:; and R^ aih; n e g a t iv e  th é  c f i t o i  io n  f  o r  a p e r io d ic  
; s t a b i l i t y . . .  i s  >; 0*' T h is  can  be e x p r e s s e d  in  term s o f  r e a l  
'■'■frequencies):as. . f o l l o w s « - :;./-;/''/ ' ’/  . ■  . . ; ' / / / f ,/'/ :/./ . / / / / .  f ' / f  .:'.'■ '
/2^ = :R  ^ + ; j X g ) b u t /th e /o o m p o n e n ts  a r  th e m s e lv e s
f u n c t io n s  o f  p*\ However , a s  2^ i s  a n a l y t i c /  i t  f o i l o w s  from  
t h é  Cauchy-Riema.nn' d e f i n i t i b  n t h a t  â t . any p o in t  Oh th e  r e a l  
./'■ frequenoy'/axiS^:// 'd.;/ . / " / ; / : / .  ' :/
); -t (d /d jd i(i) (jd)o t  jcod)
S in c e  zf; i s  sy im netrica l^  %  i s  an even  f u n c t io n  o f  and i t s
d e r i v a t i v e  a t  = 0 i s  t h e r e f o r e  0 .  H ence ^  = -%-g and  
•/■ . ' / /F X 6 ' ) / : = -  '%./■//:"/':■;■
w h e r e .X-g d e .n otes the,, d e r i v a t i v e  o f  Xg' w ith ; r e s p e c t  t o  a t  / /
.o)q « ; /0 . . The : c r i t e r i o n  'f nr/./aper io d ic / ,  s t a b i l i t y  ; i s  th e n  //
. / . ) ; ; / ; / . % % .  : /■/■ / / h s )  ; ;
A h other .u s e f u l  form  is .  : F* (0 )  /= l im  F ( p ) /p  ( 9 .4 )
/■;.'//■/: ■■/F'.: -;'..^  ..:■■ ■...■■/ /  ' ■:.. p -» o /. ■.■.-/.- ; .'/■ /.^ i ..;//•/.
ô I
i n s p e c t i o n  of/ F ig * ) /# ,  shows t h a t  t h é  .s im p le s t  ;t o f  n e t -  : 
work sh o w in g  a p e r io d ic  i n s t a h i 1 i t y  h a s a  t r a n s m is s io n  o h a r a c t -  
e r i s t i c  w i t h  two p e a k s . o f  maximum r e sp o n s e  \  id a  minimum a t  th é  
o s c i l l a t i o n  .freq u en cyV  I t  can h e  shown t h a t  t h e r e  a r e  th r e e  
p o s s i b l e  s t e a d y  s t a t e B , th e  f r e q u e n c ie s ; /o f / t h e  o th e r  two c o r r ­
e sp o n d in g  t o  th e  p o in t  f ,  and t h a t  t h è s e  are: s t a b l e .  (S ee  
S e c t io n  14) I'Jhen t h e  o s c i l l a t i o n  frec iu en cy  d e p a r ts  frbm th e /  
u n s t a b le  v a l u e i t  f i n a l l y  s e t t l e s  do\m  h t  one O f / th e s e  p o in t s  
Thé d o u b le  e n c ir c le m e n t  o f  F ig*  8 c r e p r e s e n t s  a  new t y p e  
o f  i n s t a b i l i t y *  A esum ing t h e  c o r r e s p o n d in g  r o o t s  o f  F (p ) «  0  
t o  be com p lex  c o n ju g a te  * /th e  o s c i l l a t i o n  fr e q u e n c y  i s /m o d u la te d  
by a n /e x p o n e n t ia l ly  ex p a n d in g  s in e  w a v s , /  The t r a n s m is s io n  
c h a r a c t e r i s t i c  h a s  t h r e e  maxima th e  s m a l l e s t  b e in g  a t  Wri • T here  
a r e  f i v e  p o s s i b l e  s te a d y  s t a t e s  b u t o n ly  t h e  s t a b i l i t y  of. th e  
o e n t r a l  fr e q u e n c y  can  b e  d is c u s s e d  h e r e  s in c e  i t  i s  o n ly  w ith  
r e s p e c t  t o  t h i s  freq u en cy ; t h a t  th e  netw ork  i s  sym inetrica lA  Of ; 
t h e  o th e r  f r e q u e n c ie s  i t  c^^ be shown t h a t  th e  two c o r r e s p o n d in g  
t  o th e  jboint h / a r e  u n s t a b le  f  c o r r e s p o n d in g  / t o  g  a r e
« t a b le .
/ /  b n d er s u i t a b l e / c o n d i t i o n s  a  s u s ta in o d  /p e r io d ic  
m o d u la tio n  o f  s m a ll  m agn itu d e  c a ii  be p r o d u c e d , /When th e  p a r a ­
m e te r s  a r e  a d j u s tc d  t o  w e l l  beyond  t h  o r i t i o a l  v a lu e s  th e  in e v -  
i t à b 3/e s l i g h t  a^ syn m etry ./faV  one or o th e r  o f  th e  com ponent 
f r e q u e n c ie s  ; bo  ^d > th e  os c i  l l a t  io h  e v e n t u a l ly  s e t t l e s  down 
U t. on e o f  t h e  s ta b le / . /p o in t s  ygA-':'':////v' A// - ; //. ' / / ' . / /
"/ The n etw ork  o f  F ig  A lOA^  ^ any p r a c tV  ■ :
i b a l  o s c i l l a t o r  A i s  t h e  s im p le s t  in  w h ic h  t h e  two fo r m s  o f  : /  ; ■
i n s t a b i l i t y / c a n  b e  d em o n str a ted # / .T h e /c e n tr a l  c i r c u i t  ^ r e so n a te s  // 
a t  cox and h a s  ; a  sh u n t r e s i s t a n c e  hdj t h e  . o th e r  two r e s o n a te  a t  
0 ) 0  i  ü)|é hnd h a v e  a  r e s i s t a n c e  R . / F or s i m p l i c i t y  i t  i s  assum ed  
t h a t  th e  c o l l s  h n v e /th e  saote ^ - i f a c tp r , t h a t  t h e , c o e f f ^ i o i e h t  o f  
c o u p l in g  b etw een  t h e /t w o  c o i i s  in  ea ch  o f  t h é  t h r e è  p a ir s  i s  1 , 
and t h a t  th e  v o l t a g e  t r a n s f o r t ia t io n  r a t i o  /r  i s  t h e  same f o r  each
p a i r .  Mo g r id  b i a s  arran gem en t i s  shown a s  t h e  r e s u l t  i s
in d e p e n d e n t  /o f  th e  p a r t ic u la r /w a y  i n  W hich th e  b ia s  v o l t a g e  i s
J J-.
o b t a in e d .  Then =? z t / r ,  z t  ^ ' ' "
b e t  T = 2 Q/cü0  and c = Toip ' . (9*5 ) ;.'
. . .
z i / E  = ((53 + n ) ( l  + -ÿ îŸ -  + 'n o 8 ) / ( i  t  2 T ) 8  + o 3 ):
( 9 .6 )
T h is  i s  an  a p p r o x im a tio n  v a l i d  f o r  la r g e  v a lu e s  o f  Q,. ; S u b stit^  
u t in g  f o r  z t  e tc *  a c c o r d in g  t o  (9*5 ) and ( 9 .6 )  
y (p )  = 1 -  2 | / R i
p'.i’ (p% 3 + 3p'J.'(l -  b c 3 )  + i . . | .  (1 -  4 b ) c 3 )
"(1 P'i’ )((.l + PT)S + cS) (9.7)
;, : : V The 8 im p ie s  t  b s c i l l a t  o f  ih.vWb.ich a p e r io d ic  i n s t a b i l i t y  .c a n  . 
/ e x i s t  has. ;â t w o - c i r c u i t  féeW aél^  netw ork  o b ta in e d  by e l im in a t in g  ; 
t h e  c e n t r a l  c o i l  i n  F i g * 1 0 A T h in  ' i s  eq u j.r ..,ien t t o  p u t t in g  h';= 0 ,  
Then from  0 * 4 )A F -  o ^ ) / ( l  + c ^ ) , / Fpr a p e r io d ic  /.;
s t a b i l i t y  < 1 i . e .  < 1 ( 9 .8 )
/A'' 'S im ilà f  ] y  f  o i i h e  • t r i p l e - o  i i  ou i t  n etw ork  tn e . c r i t e r i o n , f o r  ; 
a p e r io d ic  s t a b i l i t y  i s  / 1  t  ( l  -  4b)o^A>- 0 i h i s  i s  itb re  % 
c o n v e n ie n t ly  expx s  .?od o/à: a  . c r i t e r i o n  f o r  i n s t a b i l i t y  ; by su b -
2(o^' -  l ) / ( c ^  + 1 )^  > n > - 3 / ( o S  + 1) ( 9 .9 )
r:/;'/A -negative v a lu e  o i’ n c o u ld  be r e a J .is e d  b y  ^ r e v e r s in g  th e  .. 
le a d s  t o  t h e  c e n t r a l ^ c o i l ,  b u t when t h i s  i s  done t h e  e q u a t io n s  
r o i^ in  v a l i d  only/: I f a n d  r^  a r e  very:A:W.rgG * -,
/ S i n c e  t h e  num erator o f  ( 9 .7 )  i s  a  q u a d r a t ic  i t  i s  n o t  
/ d i f f i c u l t  i t^  i i n d  th e  c o n d it io n d  f o r  th è  r o o t s  o f  F (p ) = 0 t o  / 
h a v e  hé g a t  t v e  r e a l  p a r t s .  More d i r e c t l y  A -th e  R o u th -H u fw its  - 
s t a b i l i t y  c r i t e r i a  a r e  ? 1 4 (1 -  4 b ) c^ > 0 1 -  bc^ > 0
The f i r s t ; / i s  s im p ly  th e . c o n d i t io n  f o r  .a 'p e fio d ic  s t a b i l i t y , th e
s e c o n d  i s  th e  c o M i t i o n  f o r  p e r io d ic  s t a b i l i t y  . . S u b s t i t u t in g
. / / " //:.ahd/uhing-//0A-9)://• ' / y t  /A./'/' -/./-A-/'. 4 '// ''
f o r  b ^ t h i s  can  b e  more o a s i3 .y  w r i t t e n  a s  a  c r i t e r i o n  f o r  .1 . /  -
'p e r io d ic  i n s t a b i l i t y  ;
(oS - 2 ) / ( c2 + 1) '> n > 2 (c3 -  l ) / ( c 3  + l )^  ( 9 .1 0 )
I n s t a b i l i t y  can  ë x i s t  o n ly  i f  c > A  « / ) :%. .-"AA,
u n n ta w o
“  . .  ...
o r  a p o r io d ic  Ü
'vA /AÂAv'r- ' :'\ ./ .'X,
. ■ ■
'.r.A.AA'C ' '. -.
A:^ '.YAr"Alv\
i i i .'- • / >v
./AAA' A
AAAAhvm.
i i w i l i i l i
^  :______
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10♦/,. //AaiplitUdé s t a b i l i t y ,  H yçtéresi'S -
A : , î n  S e c t io n  ',3: i t  :Wa  ^ shown t h a t  t h e  c o n d i t i o n  f o r  th e  tw hpl-
I t u d e  tq , have; a p e r io d ic  s t a b i l i t y :  i s  The b e h à ÿ io u r
o f  th e  p e c i l l a t o r / i c ;  i n v e s t i g a t e d  by w r i t in g  A (0 ) in  term s o f  / 
t h e  network.'', a n d /.a m p lif  1 e r A p a f # e t e f e  ' ' It-V is  f i r s t  su p p osed  .th a t  
t h e  g r id - b i a é / v o i t à g e  d e r iv e s  e n t ir e ly ;  from  th e  f lo w  o f  g r id  / 
.c u r r e n t , bo: tha;t. e t c  ;m y bo s u b s t io u r o d  a c o o r o in g  t o  ( 5 . 5 ) .  : 
U s in g  a l s o  ( 4 .U . ) ,  ( 5 .  t'O  ^ ( 6 .3 )  and ( O .' ) ,  *.(0) becomes 
: ; i (o ) ■■= 2 ,n ;A ' S o R p  ( i  .+ R o 4 g )  :;f  (fiA-i- «%*'.) ( Qg / /  ■(Gp% -
;::a : C /A 'S o K g ) a  ■' ' '
v.:-. ; x  :( i  f  !GpPs/X):(g@ :.;:3
((Gp + Gg)(l  + (ipnp/)2) -  3QgRyu)RjgSg,,^rgl A: : : . /
TheA-network:; .elem ehtb: .appearing; / in  t h i s ,  exp ression A areA a liA /A  
r e s i s t a n c e s . ,  Time c o n s t a n t s  h a v e  no in f lu e n c e  ;on a p e r io d ic  
s t a b i l i t y  o h e l r ; s o lo  e f f e c t :  i s  t o  i i m i t  th e A sp e e d  w it h  w h ich  
th e  , a m p litu d e; moves', 'a . c y  f r  om ; an,' u n s t a b le  v a l u e ./ A' ■ ■
A; A (p) :,h asA h een ;.w rlttén  . in  t h l s  Aform:,ln AorJi^der ; t o  show: t h a t  A 
an  im p o rta n t f a c t o r  i n  . s t a b i l i t y  i s  th e  manner^ ih  ^which; th e  
g r id - b i a s  v o l t a g e  hnd  g r id  In p u t r e s i s t a n c e  v a r y  w it h  o s c i l l â t - ,. 
ion : a m p litu d e  . . .T h e .; d e r iv a t i v e s  dVq/dVg]_ and d r ^ d V g r  a r e  , , ;
S t r i c t l y  d e l  inecL o n ly  when Vg^ ch an ges / i n f i n i t e l y  s lo w ly , ; b u t  
t h i s  d o e s  h o t  meah t h a t  th e  c r i t e r i o n  i s :  v a l i d  o n ly  f o r  s lo w  
c h a n g e s . - The: d e r i v a t i v e s  ap p ear  b e c a u se  t h e y  are; r e la t e d  t o  
SgA ^ i, a n d ; t h r o u g h  th e; é q u a t io n s  d e f in in g  t h e  . s t e a d y - s t a t e  A; 
v a lu e s ;  ;0 f Y^iA/and Ixp. .a r id ' i t / i s .  t h e s e . r é l a t l b n s  vdxich haveA been \ aA'“':c:/::.i:A:A^.; ;
In  many: 0 8 0 11l a t o r s ; t h e ; g r id -c u r r e n t  c h a r a c t e r i s t i c  i s  ; 
su ch  thatwhen: Vp-i I s  m odérâte ly  la rg e . Vÿ i s  .a lm ost proport i  onal 
to  AU- ■ and Tp- io  a lm ost c o n sta n t .A .Then dVn/dVp'T -  and
= 0
S u b s t i t u t in g  f o r  K a c c o r d in g  t o  (4 .18)^  and f o r  Rj,j and th e n  It,,
from  ( 4 .1 4 )  and ( 4 .1 1 )  g iv e s
A (0 ) -  - 9 ( 1  t  S ç ,R g )(l 4- (l<o -  k n t ) / r g ) %  .
X (KG  ^ " Ù2 •' “ kKQi/Rg)Ro%u) ( 1 0 .S)
S in c e  ï% i s  n e g a t iv e  th e  c r i t e r i o n  f o r  s t a b i l i t y  i s
XG'2 -  Gg + {G'£ " GqG<3 -, kiCG^^/R^)R.. /^u > 0  ( lO .b )
‘I f  i s  s m a ll  or / i  la r g o  t h i s  r e d u c e s  t o
ICG2 -  ü% > 0 . V . . ( 1 0 .4 )
T ills  c r i t e r i o n  can  b e  in t e r p r e t e d  in  term s o f  th e  s lo p e  
o f  th e  graph  o f  Y p l o t t e d  a g a in s t  M o f  w h ich  t h e  c u r v e s  o f  F i g . 5 
a r e  p a r t ic u la r  e x a m p le s , by d i f f e r e n t i a t i n g  e q u a t io n s  ( 4 .8 )  
and ( 4 .1 3 )  w ith  r e s p e c t  t o  Y, k e e p in g  K and c o n s t a n t ,  and  
u s in g  a l s o  ( 5 .1 0 )  and (5 .1 4 )^  i t  can b e  shown th a t  
&ir/aY = ai®(KGj; -  . O p j / s x  
S in c e  g i s  p o s i t i v e »  , bM/èY h a s bhe same s ig n  a s  KG^ -  G.j, and  
s o  f o r  s t a b i l i t y ,  è'N/bY  > 0 .  In  d e r iv in g  t h i s  r e s u l t  i t  wan ■ 
assum ed t h a t  i s . in d e p e n d e n t <if s b u t t h i s  i s  tr u e  o n ly  
i f  -  0 or jii = » f o r  o th e r w is e  a change in  Vg^ would change
th e  mqaïi anode c u r r e n t  w h ich  w ould  change th e  mean anode v o l t a g e  
w h ich  in  tm ;n w ould change A s b r a ig h tfo r w a r d ,' b u t t e d io u s
c a l c u l a t i o n  shows thi^t when v a r ie s  s ^M/hY h a s  th e  sai-ae 
s ig n  u s th e  I..T Ï.S . o f  th e  more g e n e r a l  c r i t e r i o n  (1 0 .3 )
T h ese  r e s u l t s  a r e  in d e p en d en t o f  th e  form  o f  th e  a m p l i f ie r  
c h a r a c t e r i s t i c  p r o v id e d  o n ly  Yg/Vg^ i s  c o n s t a n t .  For a  t h r o c -  
h a lv e s-la v j-  a m p i.i f ie r  ,G-|^  and G^  can be e x p r e s s e d  in  term s o f  a  
p arom otor H 1 -  K t  K /Y . As i s  now p o s i t i v e  (1 0 .4 )  can b e  
w r i t t e n  Go/C;j  ^ <  ic , and th e  c o r r e sp o n d in g  v a lu e  o f  H .o b ta in e d  
from  F i g . 6» ' A more d i r e c t  m ethod i s  t o  s u b s t i t u t e  th e - f o r  Gg/Gp 
a c c o r d in g  t o  ( 5 .1 7 )  and t o  r e v e r s é  th e  s e r i e s  th u s  o b ta in e d .  
(10.<! ) th e n  b e c o m e s’
. 1 /Y  >  (1 t  (1  “ K ) /9  + . . ) ( 1  -  1<;)/3K . . ( 1 0 .5 )
S in c e  Y can n ot b e  n e g a t iv e  t h e  a m p litu d e  i s  s t a b l e  f o r ’ a l l  
v a lu e s  o f  Y when K > 1 .  When K < 1 t ’h.e s t a b l e  v a lu e s  o f  Y a r e  
l e s s  th a n  t h e  c r i t i c a l  v a lu e  g iv e n  by tu r n in g  t h e  in e q u a l i t y
( 1 0 .5 )  in t o  an e q u a t io n .  ■
in  term s o f  th e  g r a p h s 'o f  T' against;:'M ,/% he' :^ r g a te s t  
s t a b le  a m p litu d e  o e o u r s  when 5M/bY =A'0YA;iie;:'% 8re' M is'/a lG aA  ' 
a  maximum. I t  can  b o 'sh ow n  t h a t  L h is^ y a lu e - i s  Ar' - /.A- 'G;
, ^  .  ( 8 V / 3 8 ) h l  .  K ) - = / « ( l  + (1  .  K ) /6  .  . . )
T h ese  t e n d e n c ie s  a r c  ouggeebod in  th e  /'grap h s/'o f AFig'i-3'- ; VandA'shoym'. I 
c l e a r l y  in  F i g . l i a .  The f u l l  l i n o  i s  t h e A t h e o r e t io a l  v a lu e  o f  
Y f o r  TC as 0 .6  Once Y h a s  p a s s e d  bhe o r i t i o a lA p o in t  b t h e r e  i s  
n o th in g  i n  th e  th e o r y  t o  p r e v e n t  i t  in c r e a s in g  i n d e f i n i t e l y .  
A c t u a l ly  t h e  a m p litu d e  i s  th en  l im ite d :  by ch e  d iv e r s io n ;  o fo a n o d e  
.c u r r e n t  t o  th e  g r id  or s c r e e n .  The b ro k en  Ixn o  show s a A p o ss-  
i b l e  form  o f  Y due t o  t h i s  e f f e c t ,  I n A m d s t À o s c i l l à t o r s A i t î i i s • ' 
1 im i t  a t  io n  ^ o o our si : b e f o r e  th é ' C r i t i c a l  vaiueA o f  Y i s  Areaehed.A:^).
■ A, A A 3iÿst'o f e s  i s  ’e f f e c t  e x i s t s  in  tlie : r  e g i  6n, abo:d.) A  As AH' i s  / ; -A' 
v a r ie d  Y m oves round th e  boundary in  t h e  d i r e c t i o n  show n, t h é  A 
p o r t io n s  be and d a :b e in g  i r r e v e r s i b l e T h e  se co n d  c r i t i c a l  
p o in t  d d oes, n o t l i e  on t h e  t h e o r e t i c a l  c u r v e  and t h é  c a lc u là t , -  
io n  o f  th e  se co n d  c r i t i c a l  a m p litu d e  i s  b e y o n d .th e  sc o p e  o f  theA  
p r e s e n t  a n a l y s i s . A lth ou gh  p o in t s  on b o th /b ^  s ab  an d  cd
r e p r e s e n t '  s t a b l e  s t u t  e s  i t  i s  o b v io u s  t h a t  ah : im pr e s  s  ed f  or c e  :,i A;
o f  / ) s u f f i c i é n t  m agh itu d e  c o u ld  s h i f t  l i e  .o p é r a tin g  p o in t  from  
one branch/; to A a n d th e r .
; : A se c o h d  kihdAdf^^^^^ e f f e c t  c a n / e x i s t  / when r a n d  /
g l  c b h s id e r a b ly  w it h  change o f  Y g y  AThis v a r ia t i o n  i s  ;
;mds t./m ^rked for: : siiia l 1 v a lu e s  o f  i . e .  iiea r  t o / t h e .  t h r e s h o ld  A 
o f  o s o i  l l a t  I o n . .  //\%ig # H b  show s th e  e f f e c t  o f  v a r y in g  a  'param eter  
o f  th e  fe e d b a o k  h , o . g .  t h e  m u tu a l in d u c ta n c e  M b etw een
anode and g r id , c i r c u i t s  ./ /A O s c i i la t / ip h /b e g in s  when M i s  / in c r e a s e d  
A to -th e  c i l t i c a i  p o in t  b A b u t s m a ll  a m p litu d e s  u n s t a b le  and ;
'-YA. im m édiat e l y  noves, t o  th e A p o in t o* / l # e h  M : i s  red u ced  a  -
seco n d  c r i t i c a l  p o in t  d i s  r e a c h e d  a t  w h ich  su d d e n ly  f a l l s  
t o  z e r o  . The . e f f e c t , ' i s '  due m a in ly - o t / t h e  v a r ia t io  n o f  Ar.-.; » I f  ; 
t h is ,  in c r e a S e s A w ith  YjX; t h e  lo o p  g a in  o f  t h e  a m p l i f ie r  /and ./’ 
fe e d b a c k  n etw o rk s/m ea su red ' a t  th e  o s c i l l a t i  on f r e q u e n c y ,/ may 
a l s o  in c r e a s e  and becom e s u f f i c i e n t  t o  m a in ta in  an o s c i l l a t i o n
o f  l a r g e  a m p litu d e  f o r  a  va lu eA p f/M  l e s s  th a n  t h a t  h eed ed  t o
' : W a t ia t e ; % 6 U ^  V^'-'À ''''
The, o o n d i t io n / f o r  a v o id s  o f  h y s t e r e s i s  e f f e c t
i s  t h a t  ; v a n i s h in g ly  .sm a ll a m p litu d e s  s h o u ld  h e  s t a b l e • . I t .  i s  
s u f f i c i e n t  :tp. c o n s id e r  th e  p a r t i c u l a r  c a s e  o f  a  t h r e e - h a l v e s -  
la\^ a m p l i f i e r  (4 .2 ,1  ) an  expnncn b i a l  / g r i  dr c u r r e n t  c h a r a c te r ­
i s t i c /  (4 , 9 3 ) .  The/yhLue'^ , o f  f o r  . 3m all: v a i l l e s  ;of .Vp,  ^a r e  g iv e n  
b y  (p ,.16 ) 9,' apd; th e  ; d e r iv q t  i y e s  Of. Y g and r^  by (5 V8) * 8 u b s t i t u t -  ■ ; 
in e i th esG  ip t p  ',A(lQiï)/k'. ,u 8 i% \.^ ls p  ( 5 * l4 )  * and n e g l e c t ­
in g  pow ers o f  h ig h o r  th a n  t h e  square- g i v e s  '
, /  y,; .  (b + 0  ^ d ) f  . .  . .  ( 1 0 .7 )
w h efe  b =  (1  -  SBgZBRE) (1  + R i ^ # ) ^ 3 3 ( V X  A i F  , /
/  /  ; : & = : i m ( l / - , E a ^  (% (k  S ^ t ) + : % l X ) / 0  + « l / ù R ï ) ? s /  /  
/ ; / : / ;  *■ -  3 ( v g i A | ) q i + , S g R g ) ; ( i ; y v ^  M î ^ A g ) /  , . /
,'A/'/; A s in c e  i >  0 ; th e ;  ^ s t a b i l i t y ;  ■ c r i t e r io n : 'x s  b 4Ao':'t//\d,:'>' ; A
S u b s t i t u t i n g  f o r  m and n from  (5 * 8 ) t h i s  becom es
-  ) ( i A - i )  d/Ka/M KE 0 ; ;
/R  ; . A:; A.r /(A A ' A-'/- ( 1 0 .8 )
The v a lu e s  o f  t h e  p a ia m e te r s  ax*e th o s e  a t  th e  t h r e s h o ld  o f
o s c i l l a t i o n .  I n  many o s c i l l a t o r s  Eg i s  n o g l i g i b l e . I f  a l s o ^
i s  la r g e r  th e n  on s u b s t i t u t i n g  f^  ^ a c c o r d in g  t o  ( 5 .1 6 )  th e
c r i t e r i o n  s i m p l i f i e s - t o
H -  (1 -  V ' ^ o )  ( V A 7 g ) 3 / 4 ( l A  - 1 )  ;
: (1 0 .9 )  , ;
In  t h i s /  e ix p x e ss io n  Rm is , n e g a t iv e , Y .is  s m a l l  and p o s i t i v e , 
and  s  Ais‘ a l s o  p o s i t i v e . I t  f o l l o w s  t h a t  i n s t a b i l i t y  can  e x i s t  . 
o n ly  i f  1 t/; Yg / ^ 0  <  0 . / R e f e r r in g  t o  (5 * 8 ) i t  i s  s e e n  th a t/ t h i s  
i s  a l s o  t h e  c o n d i t io n  t h a t  r g  sh o u ld  in c r e a s e  w it h  Vg-j .^
in  ( l p * 9 ) , c o n s ta n t s  o f  th e  v a l v e ,  and V g y
y  and r g ,  w h ich  a r e  g iv e n  b y  ( 4 . “^ O) a n d ;F ig .  4^depend o n ly  on 
E g /a n d  th e A y a lv e  c o n s ta n t s  * Ilenpe th e  o n ly  two in d e p e n d e n t ly  
a d j u s t a b le  p a r a m eters  a r e  Eg and. th e  f  a t  i o  R^/Hÿ * In  m ost
by Disking s m à l l . A The e f f  eOt o f  y a r y in g  R^.. io  l e s s  e a s y  . . . ’
t q  . f o l i p # ^  i t  w y o l e a r  t h # A 8 t W ? i l i t y
:.suf f  i q i e n t l y  ' la i ‘ge  A yalues A o f  :' R ÿ; - /go,?,; : chàngpé. ;mucîi Aloès. A rapïd ly,,
/th a n  .rAA-.and/so tbo  LJT.'^A» o f  ( t o .o )  . b a h /b e  ü^de ;t o /  ap p roach  , 1 , . .
S t a b i l i t y i  ib  . I lls  o o.ssm  ed f o r  v a ] aos/, of//Rn^ e m a il  enough//to  make :. V 
'/i:/'A;/V 6  (F ig ./ '  ) .  Til Lb form  • o f f  I n s t a b i l i t y  h a s  .been  s t u d - / ,
i e d  G xperim en tf-a iy  by Zoplor^-' .
i n  th o  n o x l ty p e  o f  o ô c illa .b .o r  lo. bcv o o n s id e r e d  : th é  ;gr.ld -’A :/ 
b ia s  v o l t a g e  i s  f ir o c l  and largo ; pnohgh. t o  s to p :  g r id  c u r r e n t  ; -/A 
The: s t a b i l i l y  c r i t e r i o n  f o l l o w s  at. once i'rom ( l O . l )  b.y p u l l in g ;  
//dV ^dy^j//# dr^ydVg2  -,:Ol''/ànd i s  ( s in c e  Iv i^jis h e ^ a t iy G ) ,////"• ^^ /,.
- 6 g + (G-i -  GpO.gjE./u > 0  /  l l O . I Q ) ; /
if;E r^ i s  ' SA iall or p. lo y g e  t h i 8 ./reduc.es::.to '; '/ ' ;;
- ,  . ( 1 0 . 1 1 )
:'M6 %y f o r  a ' t h r o e - h a lv e s - lb w  .a m p l i f i e r .//GS -  G_Go , > 0 :(oee 5 .1 8 )  ■ A
xAA: AAA .AA/'AA/A/fA.A.,,;A\.A^^^^ 1  . A' : . , /  ,4
Hence, w h a tev er  the. v a lu e  o f  s t a b i l i t y  , i s  .a ssu r ed  ..if A ;(.lp . i l )  a.
i s  s a t i o f  l e d  I and what e v e r  th e  v a lu e  o f  AG2 / ' / / ( l 6 ,.ip )  ; o a h /b e /-  _;/.///.
/ s a t i s f i e d  by  A ch od sin g  a  s u f f i c i e n t l y  l a r g e ,  v a lu e  /fo r /I t ,' .  ■ ■
C r i t e r io n  (1 0 .1 1 )  can  be in t e r p r e t e d  in  term s o f  th e  g ra p h s
o f  S  p l o t t e d  /a s  a  fu h o .t io n /  of,/ Y anp X . A .Sinoe K^/u, -  0 ; V- _ i s /  . ■ /
vcpndt/antA I, ana is  V h a s b e e n  at burned 'constc, n t  f  i s .  a le  o c o n s t- ;
/a n t; by d i i f  e i  © n tia b in g  (4• 6 ) ana u s in g  '/(5* 1 0 ) . and (b . ] 4) i t  //;.
'can. bo show n/ that;. / .  .= . S in ceA g . and K ..a,re p o s 4
/it/i>ye o 'th /o \sæ%ë qsigny/as /'/G^ . 1 f  AîAg^:/$' ,0 ; Yq®,' 'varie's; .' - A ■
w ith  i ,e ../ /w ith /ïC » /a n d  a  mbra X e h g th ly  c a lq x ila t io n -s h o w s  t h a t
thèh/;tltô //éam ë/ ;3 ignshb/./theA:L*H-.S. o f  ( i p .  1 0 ) / / ; / /; /A/; •,
-r F roa  F ig  .3 / i t  w ould seem  t h a t  f o f  th e  t h r  e e '-h a lv o  s -  law  A;,
amp 1  i f i o r .; hh//hk/ i s  /à lW ys: p o 8 i t i v e , and ;qll.-; a m p litu d e s  .th e r e fo r e
u n s t a b l e .  HowevOf, f o f  s m a ll  ; v a lu e s  Of A Y and %: th e; grap h s : / : : / / %
/cro-os one a n o f ie r  and boooiiieo n e g a t i v e . T h is  can n ot b e
shown in  i I g . t  b e c a u s e  t h e  o r d in o b o s . o f  t h é  grap h s w ou ld  be to d
c l o s e  : t o  b e  d i s t i n g i i i s h e c l . / A' / ; . -A"
■ R e tu r n in g , t o  ( 1 0 .1 1 )   ^F i g . 6  shows t h a t  Gp, <~0 when
\/doB ,ltlT é. t H ib / ' in e q u a l ity ;  ' X " 
ca,n. be 0 ^ , 1  I q f  l e d  - o n ly  i f  .Y < 1 ,  i . e « th e  g r id - b i a s  v o l t a g e  must, 
not- e x c e e d  A t h e  out-^of f /  ya lu e /. fo r :  b t d b i l i t y  : ' .
; K > 0 .4 2 X / (1  ,-Y ) ,  and t h e  q g f r e s p o n d in g .s t a b le  a m p li t u d e s .a r e  ,
<  (Vg -  V c , , ) /0 .4 2 ( 1  + R ,/ ;® .,)  ( 1 0 .1 2 )  ,
'.A ll o s c i l l â t  io n s  o f  .s ta b le  a m p litu d e  w i l  i  a l s o  b e / s e l f  “S ta i’t i n g  
f o r  i f  t b i s  . i n e q u a l i t y  i s ,  Sod i s f r e d  f o r  th é  s t e a d y - s t a t e  v a lu e  
i t  I s l s a t i s f  iO d - f a l l ; ;  small,Or v a lu e s  o f  V 4  , A se co n d  f 0 8 1 r -  
i o t i o h  i s  im p osed . by t h é , re q u ire m en t t h a t  ; no g r id  c u r r e n t  sh o u ld  
f lo w .  : d i t l f  th e  s e m i- l in e a r '  form  o f  g r id  c h a r a O t e r i s t i c  (4 .1 9 )
A i.3 TTg / : .  ; ■' ' /
. F ih o d ly  t lm  : a m p l i f ie r ,  may. o p e r a te /v j i th  a  f i x e d  g r id - b ia s  
v o l t a g e  i n s u f f i c i e n t  t o  p r e v e n t  th e  f lo w  o f  g r id  c u r r e n t .  ; T h is  
• mode o f  o p e r a t io n ,  l i k e  th é  {p rev iou s .one» i s ,  l i t t l e  u se d  in  •
À p r a c t i c e ' b u t  i t  is; o f  t h e  o r e t  i o a l  ; im p o rta n ce  in  c o n n e c t io n  w ith  
■ p eriod ic  ip '^ T a b ili ty  , .If th e  b io u  v o lta g e , i s  ; t o  b e  in d ep en d en t  
o f  tn o ii  Eg; ==:/0. : A (o ) can  be- o b ta in e d  from  ( 1 0 .1 )  by G ubstlt"  
u t in g  for: dVg/dVg^, -and d r g / / d V , a c c o r d in g  t o  ( 5 ,5 )  and th e n  
i e t t i n g  0 .  For t h e  p r e s e n t  p u rp ose  I t  i s .  s u f f i c i e n t  t o
c o n s id e r  t h e  s i m p l i f i e d  oase.'w her e / . 'R g /E g  : 0 . Then - ; ; ' '//.
8:(Gg(%.;f^^^ - ,(E q ;.^  m t O :  • ;
iT sln g : ( 5 .1 4 )  th é  / s t a b i l i t y  / c r i t e r i o n  can: b e  e x p r e s s e d  a s  ; .
( 8 2 %  + /  ; . ( 1 0 .1 5 ) ;
-1 w
1 1 . A"ibli budn rtat) t  l i  Ly -  \.SquGggln'g. '
k form  o f  i n s u a b i l i t y  c o n s i s t i n g  in  a  p e r io d ic  m o d u la tio n  
o f  t h e  :■ o s c i l l a t i o n  / ib ;  Well.-khpWn b y ./th e  6 o l i o q i i i a l  ' - /
mime o f  .”sc iu e g g in s ” . In  t h e  ; s im p le s t  exam ple p e r io d ic  in s t a b -  
i  l i t y  •/is  r e p r e s e n t e d  / by t h e  d o u b le  / enc i r  c le m e n t  shown in 'sF ig  » 96 
T h is  i i # l i e s  t h a t  t h e  equniion/^^ A 0  i s  a t  l e a s t  o f  th e  .. ■ ' ' 
se co n d  <\v. g r e y  .a n d  -8 in c e f t h e  m easure: o f  p i s  t h e  . r o e ip r  o c a l  p f  
t i i id '  I He V, naB#:/o3CistAat;/iôaèt;XtvJO'. t im e  con^b in ts  in.: bhe f e e d ­
b ack  n t iw o x k . T h ese  mpy. .b.e/'.asso.oiatbd;^w i < li /e  .lo.w-^frèquényy
ini l'accès z9  e t c ,  w ith  th e  h ig h - fr e t iu e n c y  im pedan ces ZT e tc *  : 
0 1 ; w ith  both* In  w hat f o l l o w s  i t / i s  a ssu iia d  u i a t  th e  o s c i l l â t - /  
io n  h a s  a p e r i o d i c ■s t a b i l i t y q f o r .o t h e r w i s o  t h e r e  w ou ld  be no A 
p oin L  ih /d is c u 's s i 'n g  .p e r i o d i c ' . i h s t a b i l i t y  .  A I  '. / - ; / / / ' A  ■ / / . / A / / . ; '  / ' \ A
i n s t a b i l i t y ! . d u e . c c l i r e l y  t o  lo w -fr e q u e h o y  t im e  o ô n o ta n ts  
/ ; / / -/yA A/ ' /A.// t o  g e h e r a te
w ou ld  m in i  t h a t  th e  o s c il ' ia b o x  had b e e n  c o h s tr u c te d y b o th . lo.w-
and high-a. i  cq ueney  way e s . s  lmu3 ta n  ecu  s l y ,  , { In s  t a b i  l i t y  due
e n t i r e l y  bo h ig h - fr e q u e n c y  t im e  consbaats.Ajaayvbe.-’batam ined/by r.>.
/p u t t in g  ZV =* Z = Z? -  Oo T h io  e n s u L 'e s tlm t . no. low -^frequency :
. .v o lta g e s  e x i s t  in  t h e  netw ork  * The gr i d - b i a s  y o l t a g e  . i s  th e n
f ix e d ,a n d  i t  i s  s u f f i c i e n t  t o  c o n s id e r  t h e  c a s e  o f  no g r id  ou rr-
. e n t 'i  b o  t h a t  = 0  and r^. cO/,' /
and ( 8 . 2 ) ; •
A(p) =: (1 -  b Z ^ ^ )  i b . h A A 3
w hore b -  -i- Gr>)/(U0  -  Gg)
B in co  a p e r io d ic  s t a b i l i t y  i s  a ssu m ed , b ^  1  A A'/'" :./" A" ''-./'A/:y
. Mov/- when r _  -  th e  fr e q u e n c y  s t a b 1 1 1  Ly f u h o t io n  F (o )
;A: .... &A- . A. - A.  ( i l . l ) . /  A A ' . A A ï/: ■ A,-
' g iv e n  by (6:*i ) / d i f f e r s /frpm/\^pnly: in  .th a t /
o f  F ig s !  ëb .and 9 c  th e n  sh o .w s/th a t i f  A(p); { e n c ir c le s  th e  o r ig i n  
/p (p )  .must / a l s o  . do.: 3 0 .  A/Pefiqd^ i  is  o a u i l i t y  i s  t h e r h -
fp r ë  acmom pahiod b y  a p e f io d ic A fr e q u e n c y  i n s t a b i l i t y ,  and i t  isAA 
■Clear Atha'bAWhen' t h é . n e t  work rpai^  ^ er  s are:: ad j  u s  t  ed . t  owar d s . A 
c r i t i c a l  v a lu e sA fr e q u e n c y  i n s t a b i l i t y  a lw a y s  p r e c e d e s  a m p litu d e  
i n s t a b i l i t y . / [ S i n c C  t h i s / f o r m  o f  a m p litu d e  i n s t a b i l i t y ; can  h ave  
no s e p a r a te  e x i s t e n c e  i t  i s  u n n e c e s s a r y  t o  c o n s id e r  i t  f u r t h e r .
4 !
lT ici‘ 0  rom ains tlio  I h ir d  p o s s i b i l i t y ?  vdiicU i s  th e  o n ly  one
GiC p r a c t ic e  1 or t h o o r o t i c a l  laportanG G j th a t  ' i r iB t n b i l i t y  io  due
&/
'to th o  ox io^ -m oo o f  o u i la h lo  t im e  con s tu n t  G u sG ociu tocl w ith  b o th  
lo w - and h ig h - fr e q u e n c y  im p é d a n ce s . Tho c o u p lin g  b etw een  th e  
tiro in  p ro v id ed  by the fr e q u e n c y -e h n n r in g  proper by o f  th e  a - ' io l i f -  
i o r  I, In  th e  .n r n p lc f#, exam ple nhovm in  ]? ig . 12 t h e  feed b acic  n e t ­
work i s  an u n t i-r e a o n u n t  c i r c u i t  w ith  a  c o u p lin g  c o il^ a n d  th e  
g r ld “b la n  la  o b ta in e d  by a g r id - lo a k  and o o n d o n o e r . A d e c o u p l­
i n g  r e s  1 s t  unco a.nd o onde no or a r e  a l s o  h n cln d ed  in  t l ie  anode c i r ­
c u i t , .  T h is  netw ork  has one h ig li- fr c c iu o n o y  and two lo w -fr o q u c n c y  
t im e  c o n s ta n ts *
in  ord er  t lm t  bhe netw ork sh o u ld  b e  a y i'im etr ica l bhe ^ - f a c t o r  
m ust be l a r g o ,  th e  c o e f f i c i e n t  o f  c o u p lin g  b e tw e e n  t h e  two c o i l s  
m ust be 1 , and th e  im pedan ces o f  0., and C<r m ust be s h ia ll  ab th e  
o s c i l l a t i o n  fr e q u e n c y . I t  can  be shown by th e  more g e n e r a l  
m ethods o f  S e c t io n  15 th a t  d e p a r tu r e s  from  t h e s e  c o n d i t io n s  
p ro d u ce  o n ly  s e c o n d - ord er  e r r o r s * .
.1
S in c o  th e  c o e f f i c i e n t  o f  c o u p lin g  i s  1 ,  Z.[ and 2^ a r e  
p r o p e r b lo n a l  t o  2.j.jand 2^  ^ -  0* I f  th e  q - f a o t o r  i s  v e r y  la r g e  
Z.? ” 0 and Z? and Z  ^ a r c  th e  im pedances o f  th e  c o m b in a tio n s  
R,dt- and Then from  ( 5 .3 )  o.nd ( 0 .2 )'-i a g
A (p) = (1 d G^7.?/p) ( {2  H- 8 o % o )(l i  B F |/h ^ )  -  DZ^'z^/R^H.j, ) -
-  (jg d
w hore b (G^ 4 d TL^/p) t  (S ^ : t  S g ifR g  -
D zi 4 -  K R t)) .
A -  1 R iA O  “ kôiRt.),GiR*/;^
IP s=i S (G-jSq (iij^-■!■ R ^ /u ) “ ) GlR^Rg/u
A lso  R^/Zg = 1 + -piib,
, . R y z °  -  1 4 pTg \  ( 1 1 .4 )
R t / 4  ^
w here r, == R^C ,^ '.H|. » 2Q/coo 2R /m gl
The e x p r e s s io n  f o r  R t / z |  i s  an  a p p r o x im a tio n  v a l i d  f o r  la r g e  
v a lu e s  o f
(11 . 2 )
( 1 1 .3 )
4 1
S i A s t l t i i t l n g  ( I I . %), t h e  eq iu itia  n 'A (p) ~ 0 boconies
-I- anp 4- = 0 ■ ( 1 1 .5 )
wxoA
a
S
and
o ■ a ^ g r t  
a ]  =; (1  4' G-QRg/)x)'fgTt m'a'I
r:^ lAl'  ^ '!- M(1 -i- iy is^ /n }T ^  « 5T^
ag ^ L ( l  -  ÏÏ -  I ’
L (1>  (1  r :b) - :r>
(1 4- + X 4- B
( : ( 1 1 .6 )
J
S in c o  i s  p o s i t i v e  t lic  l lo u tli“HiA:cvjitK s t a b i l i b y  o :c i to r ia
a r e
c'rj^  > 0  ag >, 0 > 0 “* a^ag, > 0 (11.7).
Mow iho L»ÏU&. o f  ( l l . S )  i s  in  fa c t  the nmacrator o f k { g )  y tho  
doiiopiinabox' ‘boisjr^ ( l  4- p f ^ ) ( l  f  pT^) ( l  4  H ence .A(o) -
The th ird  in ec fiia lity  in  (& !,?) i s  th er e fo re  th e  co n d itio n  fo r  
a p e r io d ic  s t a b i l i t y  which Ixirs heon fuisumod to  be s a t i s f i e d .  
In sp ectio n  o f ( 1 1 .7 )  shows tïm t only th ree  o f- th e  in e q u a lit ie s  
am independent* fo r  i f  bho l a s t  th ree  are u a t is f ic d  the i i r s t  
ib  a u to m a tica lly  s a t i s f i e d ,and s im ila r ly  th e  necond i s  s a t is f ie d ,  
i f  the o th er  tin:'ec. a rc  s a t i s f i e d .  I t  i s  th er e fo re  s u f f i c i e n t  
to  consid er  t?ne la s t  and one or othcx’ o f  th e f i r s t  two.
The g e n e r a l  proble-m w ith  th r o e  t im e  c o n s t a n t s , i s  d sa lf;  
w it h  in  th e  fo llo w in g :  S e c t io n s  two s im p le r  c a s e s  a r e  c o n s id e r e d  
h e r e .  I t  i s  f i r s t  su p p o sed  th a t  th e  d eco u p lin g : r e s i s t a n c e  lU  = 0 
T h is  i s  a  s i t u a t i o n  o f t e n  a p p r o x ir /a ted  in  p r a c t i c e .  Then 
E î= y  ïs “ 0 .  The c h a r a c t e r i s t i c  e q u a t io n  ( 1 1 .5 )  r e d u c e s  to  
a  q u a d r a t iC ja n d 'th e  c r i t e r i o n  f o r  p e r io d ic  s t a b i l i t y  i s  s im p ly  
ap^  > 0* *whic.b $ from  ( 1 1 .0 ) i s
(1  4- 8gR ^ )T t/T g  > - { 1  + B) 
or (1  4* > - H i  1 B) ( 1 1 .8 )
w here Xg = l/co^Cp.* ariCi from  ( i l . 5)^ (4 * 1 1 )  ^(5 .5 )^  and ( 5 .1 4 )  
{ ( i  + %) = Ca&G 4 (G aig  + G2Bü)(Ro " KRt)/% e ( l i - o )
s t a b i l i t y  i s  a id e d  by la r g e  v a lu e s  o f  ^^SoRg^and 7 \ . /R g * 
R eg a r d in g  Rg eiid'X^, ao t h e  d is p o s a b le  param .etcrs t h i s  r e q u ir e s  
Rpy and 4Cg/Rg t o  b e  l a r g e ,  However a, l a r g e  v a lu e  o f  X^/F.g lo a d s
. - t o  :a nf. hWm,-
;'pnic; v o l t .q  0 =^ arid t o  th e  ap p ea ra n o e  o f  a  r e a c t iv e  component: i n  
,. ' Y ,.; th e ,\g r id - ir p v  t  i  lapcdnnCG^- . To; a v o id  f l i e s ©■ n n d e e ir a 'b le ’ ■ e f f e c t s . .':
' ..must;; n o t exceed , a  '-c e r ta in  ■ maximum- y a lu e i ; which-' can  be, • chow.n
. 4 t  o 'b e . a funct^ "îak.ing t h i s i  m xinm m  a s  .th é  value-*-^,
co rre .sp o h d in g  itoXa:;^^ 1 cm': :0& ' g i'id^ 'b iao - , v o l t a g e  o f  ÏK  /  ' i t ' . i s :  , é
.■■ ■ ;.f  ound t h a t  ' ( l  t;;SpEg).X g/R g;;varl e s  .from  0 .8  t o  Q,6 2  when bgHg r.-.\' 
,...,,.:v,erles:'frpm 1 0  to  1 0 0 0  « : I t  w ou ld  appear: t h a t  s t a b i l i t y  . i s  ' 
;.:,a'i'ded- b y -'m a lia f E , 1 1rg è .;a s  : p o s B lb ie  * th é  ' v à lu e  o f  :0é b é i n g :.: :L, • L. -
.-'dhdOS en t  o s u i t A :  lo w er  l i m i t  t  o. C „ i b- s e t  ■ by  t h e  ' s h u n t in g  
. ■ . e f f e c t  : o f  t h e ' v a l v e  ‘and w ir in g  c a p a c ita n c e  s dhd an u p p er  - l im i t  
t o  Rr):., .becaus e. c f  g f  id  -, e m is s io n  and i i  oh 1 ^  a t  i  on; A Any : f u r t h e r  i ' \
■ . im provem ent can, be; o b ta in e d  pnl^r by: in c r e a s in g  t h e  .g r id -c a th o d e  ,
/'.t, 'A .■second;^’wa^4^ s t ^ i 3 A t y :  i s .  t  B)
. ' smE',ll.o. Prom (11  #9); t h i s  m eahs th a t  -.pgRA .sh o u ld . be; s m a ll'  and
vC ondiA|ïbt ahce;; ;'bg • ;
Op; (Rg “ - ; l arge. A -P ig ,6  shows th a t  i s  sm lX 'w h en .-H  is; -
•■'•••■■•■'la r g e  and t h i e . f e q i i i f  os a  la r g e  v a lu e  o f  -lC.aiid;'.-av' 'smali-..'valÜ8- of', • 
.Y f. i  .e ,. '-a t s m h l i : - o s c i l l a t io n  a^apl i t u d e . . P ro m 'th e  fo rm u la e  o f  ..
% : A i t  Con be 'shown'fthat. Bn i s  la r g e  - when: RA i s  s m a l l . .g
.' . .T h is  c o i i f l i c t s g w i t h .  t l ie  p r e v io u s  r,equ 1 rernent.' 13: t^  Rg sh o u ld  be. . 
t'A -' small-.;;',.'-Hence ' d ep en d in g  on th e  .r e ia ' t iv e  v a lu e s  o f  th e  tw o iterm ^ s  
in  ^ :t :'B -81a 1) '  ^ I by màÿ b é  ../improved b y  in o r e a n in g  o f  d e c r e a s --  
. ■ ; t i n g  R t (w ith  o o fr c c  oon d ih g  àdjustmGh'Â o f  0^,): ; ; l f  - i s  f i x e d  .
. . .S ta b i i l tÿ  •■ i s  a lw a y e  it ip ro v ed  by d e o r o a o in g  R^* - i
:.IVhen.-n-fl .0 - th é .^ s t t ib i l i t y  c r i t e r i o n ; ( 1 1 .8 )  i s  / s a t i s f -
: ", . l e d . w h a te v e r  -the v a lu e s  .o:il. .QfRp,', and C„« On com paring: ( 1 1 .9  )
. V P :  .; ':P P  / ' ' â  : \  f  >. .
:■.; an d  ( 1 0 .1 5  ) i t  A s = s e e n  th a t, t h i s '  i s  i d e n t i c a l  w it h  t h e  c o n d i t io n  
,..;d ;Y for|xpéf'iddIc ,8tab,l:i'ityP:;^^^^^ :
'5 ■grid, c u r r e n t  f  1 o w in g . . The ..p liy s ic a l e x p ia im tio n .' o f  t h i s  - c o r r e s p -  
.ondenco Is o b v io u s .  I f  p e r io d ic  s t a b i l i t y  i s  in d e p e n d e n t o f  
. T.i.' th e n  can  bo m*Adè I n f i n I t e . Thé g r id ^ b ià é  v o lt ia g é ,,d ô u ld
. 4 4 : VvP-'-''-
; - th e n  ch an ge o n ly  i n f i n i t e l y  s lo w ly ,;  a n d . so  -.the g r id  l e a k  and , ' - 
é o n d e i is è r 'c o u ld  b e  r e p la c e d  by : a  g é n é r â t  oi" o f  : e  *m. f . Vg . ;
44-
Thuf.s th e r e  a x i s  bo e. er.lt;lec.\l em pll'biide b e lo w  c h i  oh the. one i l l ­
a t i o n  lo  u n n o n d i t lo n a l iy  s t a b l e , I f  R^ ., -  kR^ t lio  o T .lt in a l
omplitxiclcj. i s  t h a t  vrhicJi rarAkeo Go -  0* l » o ,  f o r  w h ich  h  -  1.-4 2 
( F ig .ô )  « HoncOi' and uD ing  ( 4 .1 8 )  - q
V g j  =  - X ü r / ( K  I- 0 .4 3 ) ( 1  4  E:i/;Æij..) (1 1 .l O )
For a  gÎYon o s c i H a t i ou a m p li t u d O y s t a b i l i t y  i o  . t h e r e f o r e  im pr­
oved  by u s in g  a  v a lv e  w& th - f o r  w h ich  V .^., in  la r g o  o.nd n  s m a l l .  
I n s p e c t io n  o f  ( 1 1 ,9 )  shown t h a t  when r^ _v in  n o t v e r y  o m a ll i t s  
e f f e c t  in  'bâ n tren rÀ hcii •’’lie in e q u a l i t y  anH tim e  (,o ino?;(^u,no 
t h e  Qiar.irrhn f,y;iplitude o f  a b n u lu te  n b a h i l l t j .
In  t h in  o no i  H a t  or th e  g r id -h ia r s  v o lb a g c  v a r i e s  «-rlth V'r^ j_ 
huh th e  ’’anode h i  an" or anode v o l t a g e  in  . f ix o d .  T h is
su>.h;)ûntn t?aat p e r io d ic  i n s t a b i l i t y  m igh t a l s o  e x i s t  in  an o s c i l l ­
a t o r  v/itl'i a f i x e d  g r id -h  la s  v o l t a g e  i f ,  th e  m-nan anode v o l t a g e  
v a r ie s  wibh. i . e .  i f  H... i s  f i n i t e ,  i t  w i l l  h e  aoBiimcd t h a ti. ^
th e  g r id - 'h ia s  v o l t a g e  i s  s u f f i c i e n t  t o  s t o p  y r id  c u r r e n t  f lo w .
Then 8 ,^ 0 and r .. « Appdn th e  chsvra^c'beristic e q u a t io n
(1 1 .5 )  r e d u c e s  t o  a  .q u a d ra tic  and t h e  s t a .h i l i t j r  c r i t e r i o n  i s
ap > 0 .  I'rom (11,% )^ ( 1 1 .G )a n d  ( 1 1 .9 )  t h i s  i s
(1  + e c 'i la p O ïjA ’sj > -il -I- B) 1
/  4 ( 1 1 .1 1 )
o r  (X -:■ OoB;-/u).iX.,/fia >  ■■ClgBji ' 1
w here Am' -  l/mgO.n
I f  Gg < 0 th e  i'vm plitiide i s  s t a b l e  f o r  a-1,1 v a lu e s  o f  T-î- and
'Jl^ v ‘I'l't.iB a l s o  g u a r a n te e s  a p o r iu d ic  s t a b i l i t y  ( 1 0 .1 1 ) ,  I f
0-2 > 0 .p e r io d ic  I n s t a h i l i t y  w i l l  e x i s t . f o r  s u i t a b l e  v a lu e s  o f  
and b u t  a r c s t r i e b i o n  (1 0 .1 0 )  ,;jtust th e n  bo iiiiposod on 
t o  enrnire a p e r io d ic  s t a b i l i t y .
irhon g r id  c u r r e n t  f lo w s  a,nd in  ooast£u itv. 8^ and fP, a r e  
f i n i t e  b u t 2^ -  0 .  The s t a b i l i t y  c r i t e r i o n  i s  t h e  same a s  th e  
f i r s t  form  o f  ( 1 1 , l l )  b u t th e  f u l l  o x p r e s c io n  ( 1 1 .O) f o r  1 4- B 
m ust now 'b e u s e d .
v: 12 i A ip l i tu d e  s t a b i l i t y  -  3 tim e  o b n s t a n t s ,
; ;  When a i l  th r e e  tim e c o n s ta n ts  in .  th e  c i r c u i t  o f  :F ig ,  12 
a r e  f i n i t »  th e, in cred .se  in  the: co m p lex ity  o f  th e  a n a ly s is  makes 
a g e n e r a l d is c u s s io n  much more d i f f i c u l t . One 4iethod  o f  approach  
i s  t o  compare th e  .o s c i l l a t o r  w ith  an oth er  w hich d i f f e r s  from i t  
o n ly  in  t h a t  R a ^  0 ,  For such  an d s c i l l a t o r  th e  s t a b i l i t y
c r i t e r  i  on i s  s im p ly  ah >  0» or from (1 1 ,6 )  y M >  0 , The problem  -
i s : t h e r e f o r e , t o  f in d  w hether :t h i s  in e q u a l i ty  i s  s tr e n g th e n e d : o r  ; 
'.weakened;by f i x i t é '-'A ; - ( t  v
Of th e  s t a b i l i t y  c r i t e r i a  ( l l ,Y )  th e  la s t j a n d  one o f th e  v
f i r s t :  .two m u st, be s a t i s f l e d h  U sin g  (1 1 , 6 ) th e  f i r s t  can b e .
x,:.;;:'::.' + «oB aA l-rt/T a  /
S in c e  Gq i s  a lw ays p o s i t i v e  t h i s  in e q u a l i ty  i s  s tren g th en ed  
f o r  a l l  yaluGS o f  % ,  The l a s t  in e q u a l i t y / in  (11 *7) i s  more V 
c om pll.cated I but a  s im p l i f  I c a t i  on can  be made ^by assum ihg th a t  
Ha i s  sm a ll and n e g le c t in g  term s in  and f t , U sin g  / ( l l  ,3 )  
and (1 1 ,6 )  t h i s  le a d s  to  ' .
+ V  -  z  >: 0 . v ;
I f  E < : p 81 ab i  l i t  y  i  s : enhanc éd by in c r e a s in g  R» from  p ,
; I n s p e c t io n  o f  ( ( i l  ,3 )  shows t h a t  S <':p if..'.-
For a (th r e è - i ia ïy ë s - la W  a m p lif ie r  G^^Iis p o s i t i v e  and i s  u s u a l ly  
much g r e a te r  (than S]^, Only fo r  v e r y  sm all; am p litu d es o f  
b s c i i l a t i o n  in  E > 0  and such  a m p litu d es a r e  in  any ca se  
a b s o lü t e ly  s t a b le  * The e f f e c t  o f  R ^ ,is  th e r e fo r e  t o  im prove 
- s t ^ i i i t y ^ ÿ : / !  .':q:(y
• A ; vWheniR^ is::;npt v ery  sm all: nopsiiE O plifica tion ' i s  p o s s ib le ,:  ■ V 
The or i t  eri.on  a%ag -  a^a^ > .0  i s  a  q u a d ra tic  . in  M w ith  c o e f f ­
i c i e n t s  depending bn  , T  ^ and: T g. By s u b s t i t u t in g  fo r  H : 
a c c o r d in g  uo (1 1 .6 )  t h i s  can be made a q u a d r a tic  in  Tg from  
w hich th e  c r i t i c a l  v a lu e  o f  Tg ncan b e c a lc u la t e d .  The e x p r e ss ­
io n s  f o r  th e  c o e f f i o i e n t s  i p  t h i s  in e q u a l i ty  a r e  r a th e r  ie n g h ^ y  
and in  n u m erica l c a l c u la t io n s  i t  i s  more, c o n v en ie n t to  d e a l :
d i r e c t l y  w ith  th e  e x p r e s s io n s  f  or / Uq e t c  g iv e n  by ( (1 1 ,6 ) . ,  :
The - la b  our of* : c bmpirbht i  oh . i s  s  l i g h t l y  ■: r  educ ed  by e x p r e s s  in g  
p r o p o r t io n a l  t o  V g ^ .;
L = - 3 ( 1  + S o R g )( l  + .R < / r g ) ( l  -  M lg /r g )  (KCy, -  ^3 )%
: ( ( %  : .
S  I- 3? = - 3 ( 1  + S o H g X l + Eo/rg)(% (.lC G o -  G i) (1  -  KR,j,/rg)
. T h e ise c o n d  ty p e  of* o s c i l l a t o r  t o  be d i s c u s s e d  i s  th e  ;  /
H a r t le y  c i r c u i t  shown in  È i g 4 13 * T h is  d i f f e r s  e s s e n t i a l l y  
: f r o m .F ig * : 12 i n  t h a t  th e  lo w -fr e q u e n c y  t r a n s f e r  im pedance 2?  
i s  nc lo n g e r  0 .  As i e f o r e v t h e  c h a r a c t e r i s t i c  e q u a t io n  i s  a  
vv;v..'oublc,;: The work i s  s t r a ig l i t fo r w a r d  b u t t h e v a lg e b r à  i s  e x c e b s -  .
i v ë l y  t e d . i b u s 8 i s  a c h ie v e d  by assujn
y-A ; t h a t  p. ' i s  v e r y  l a r g e . Then w it h  th e \:h # G -:a ssU m p tio n s  - v;,
r v A (p) = (1  + SoZg + (Go -  '
-  ( 2 ° A g  + (G -i/S i -  k ) z y E g ) D Z + A t  ( I S . 3)
B and D a r e  g i^ e n  by ( 1 1 . 3 ) ,  and b y  ( l l i 4 )  S in c e  t h e  ,
im pedance o f  t h e . a n t ir e s o n a n t  o l r p u i t  , i s  u e g i ^ s ib l e  a t  low  
f r e q u e n c ie s  .
= : ; d  + p('^a + Tg + .% % ) + ( % V  :
i V z f  = (1  pCi'o, 4 Tg + E^Cg) + p S ï,^ ,g ) /p T g
S u b s t i t u t i n g  t h e s e  e x p r e s s io n s  in t o  ( l^ .A )  t h e  c o e f f i c i e n t s  i n
t h e  c u b ic  e q u a t io n  f o r  p a i’îe o b ta in e d  a s
+ E a(G o;:+  i /R g ):+ : .S o K a ( i  -
hR '= f  B(Ta + RaCg) + (1 + B)(Go -  k S o )R y g  -  B (G j/S i  -  k)EaOg
c  : ' m and B' a r e  g iv e n  by: ( 1 1 .6 )  and ( 1 3 . 3 ) ,  and 1 + B and D by .
( 1 1 .9 )  and ( 1 1 .3 ) .
The s t a b i l i t y  c r i t e r i a  a r e  a g a in  ta k e n  a s  th e  f i r s t  and ' ■
A l a s t  i n e q u a l i t i e o  in  ( H i ? ) j ,  The f i r s t  i s .
a  ;■. - ( 1  + Ra(Go + 1 /R g ) + S p H a d  -  k ) ) T t /T a  (1 2 .5 )
S in c e  G^» 8^ and 1 -  k a r e  p o s i t i v e  the' e f f e c t . ,  o f\R «  i s  t o  ; H
V ; s t r e n g t h e n  t h é  ■ i n e q u a l i t y  * The o th e r  i n e q u a l i t y  can  be s im p l i f r
■ ■ l e d  b y  a ssu m in g  t h a t  i s  s m a l l ,  th a t  k  = 1 ,  and t lm t  r g
4 1
l a r g e  com pared w ith  and . T h is  g i v e s  ' . '
H % a/T^ + 1 4 (1  + ( j y a )  -  S ( c |  -  > 0
For a  t h r o g -h a lT e s - la w  a m p l i f ie r  G? -  G^Gg >  0 ,  'and th e  e f f e c t  
o f  i s  t o  s t r e n g t h e n  t h i s  i n e q u a l i t y  a l s o .  The s t a b i l i s i n g  
in f lu e n c e  o f  i s  due t o  th e  s tr o n g  d e g e n e r a t iv e  fe e d b a c k  w h ich  
e x i s t s  a t  lo w  f r e q u e n c ie s .
VJhen Rg_ i s  n o t v e r y  s m a ll  th e  f u l l  e x p r e s s io n s  f o r  a^ e t c  
m ust be u s e d .  As f o r  th e  p r e v io u s  o s c i l l a t o r  M can be s u b s t i t ­
u te d  a c c o r d in g  t o  ( l l . ô )  t o  o b ta in  th e  c r i t e r i o n  i n  th e  form  
o f  a  q u a d r a t ic  i n  T^.
¥h en  Tg «  th e  s t a b i l i t y  c r i t e r i a  becom e aq >  0> a^ > 0  
h i t i l  s u i t a b l e ( f i x e d )  v a lu e s  f o r  t h e  o th e r  p aram etera  th o s e  
i n e q u a l i t i e s  g iv e  two .v a lu e s  o f  b e tw een  w h ich  th e  a m p litu d e  
i s  s t a b le *
4 ?
: A - . Ali; a s y m m e tr ic a l impeàancë^^^  ^ l^  ^ n o t  s a t i s f y  th e
sym m etry e q u a t io n  ; 2 (p* + Jo^ q ) == 2 * (p  + jOn) * S in c e  no im p ed -i 
ahcG f u n c t io n  i s  t i u l y  sy m m e tr ic a l a more p r a c t i c a l  ■ d é f in it io n  
o f  asym m etry i s  t h a t  12 (p^ j(^o ) Z ( p  t  jcoq ) j V. sh o u ld  n o t  b e . 
h e g l i ' g ib l e  compared^: % t h e  mmximum v a lu e 'O f  : jœ^ ) j o v e r  A
th e , r e le v e n t  r a n g e  o f  p ,  ..
; ' : Whén t h e  im pedanoé s  in  a l f  Cedback nëtwprk; a r é  asymme l e a l  :
the- e x p r e s s io n s  ; ( 6 ,3 )  f o r  a y  e t c  ca n n o t in  g e n e r a l  b e  s im p l i f i e d ,  
and th e :  f u l l :  e x p r è s  Woüld fu n  t o  .hun d i o f  t e r m s ..:
One e f f e c t  : o f  nsym m etry  , i s  : th e r e f o r e :  t o  in c r e a s e  g r e a t l y  th e  . ; v : 
c o m p le x ity  ,qf rh e  a n a l y s i s ;  Only in  a  few  s p e c ia l ^ a s e s  i s  i t  A 
p o s s i b l e  t o  make s im p le  s ta te m e n ts  ab ou t s t a b i l i t y  com parab le ; ; 
w ith  t h o s e  f o r  s y m m e tr ic a l n etw ork s*  O th erw ise  s im p l i f y in g  ;  
a ssu m p tib n s  m ust u s u a l l ÿ  b e  in tr o d u c e d  t o  o b t a in  a'mànagàbîè^^^^^ • /v: 
c o lu .d o n .
I h y s i c a l l y  th e  c o m p lic a t io n  i s  due t o  t h e  f  a c  t  t h a t  when - 
: a: c a r r i e r  wave : m qd.ulat in  e ith e r ,  so n p litu d e  or. f  f  equenoy i s
a b p l ie d  t o  a  n e t w o r k : ^  i s  a sy m m e tr ic a l w it h  r e s p e c t  t o  th e  
■ c a r r i e r  f r e q u e n c y , th e  tr sn a sm itto d  wave i s  m od u la ted  i n  b o th  .
■■amp' 1 i t i ld e  and f r é q u e n c y : ; Henoe.:':Xf  :-the,':'iimpedance s  o f  'an o s c i  11 -  
a t o r  fe e d b a c k  n etw ork  - a r e  à sy m m è tr io a l w ith ;  r e s p e c t  t o  t h e  
o s c i l l a t i o n ,  fr e q u e n c y  any change i n  o s o i l l a t i o n  a m p litu d e  m ust 
b e  accom p an ied  by a  ch an ge in  fr e q u e n c y .a n d  v i c e  v e r sa *
T h is  i s  t h e  r e a so n  wloyj th e  d e te r m in a n t f o r  P (p )  c a n n o t now 
b e  f a c t o r i s e d  to, o b ta in  in d e p e h d e h t  o f  i t e r  ia:^f f f  eq uehcy  and  
a m p litu d e  s t a b i l i t y .  , For th e  same lo a s o n  aSÿmme t r  i  c a l  - c i f c u  i t  
o 8 c 1 H a t  o r s , su c h  a s  th e  r e s i s t a n c o - c a p a c i t a h c e  t y p e ,c a n n o t .b e  
k ey ed  w ith o u t  Tchirp^i w ith o u t  a  ch an ge o f  fr e q u e n c y
d u r in g  t h e  p e r io d s  o f;  bu ild -up ,': and;,
. M ost, a s y m m e tr ic a l n e tw ork s f a l l  in t o  .one pr o th e r  o f  two . 
c ld ss e s ;:  r (  uJiOsc in  w h ich  asynim etry i s  a; s l i g h t  ;and u n a v o id a b le  
i m p e r f e c t io n ,  and th o s e  w h ich  a r e  i i i l i e r e n t ly  h ig h ly  a s y m m e tr ic a l . 
A ls o  a  n etw ork  snay h a v e  l o c a l  syH m etry n e a r  :to  b e  q u i t e
a s y m m e tr ic a l when c o n s id e r e d  o v er  th e  t o t a l  r a n g e  o f  p .  in  
n e a r -s y m m e tr ic a l  n etw ork s th e  c o u p lin g  b e tw e e n  a m p litu d e  and  
fr e q u o n c y  ch a n g es  i s  s m a l l :  one ty p e  o f  m o d u la tio n  i s  dom inant 
and t h e  -o th er  s im p ly  c o n c o m ita n t . The s t a b i l i t y  c r i t e r i a  a r e  
o n ly  s l i g h t l y  d i f f e r e n t  from  t h o s e  of' a  sy s 'in o tr io a l noLvTork. •
In  hi^;'5ily a sy r m a e tr ic a l n etw ork s a m p litu d e  and fr e q u e n c y  m o d u lâ t-  
io n s , inay b e  o f  com p arab le  m agn itu d e and th e , d i s t i n c t i o n  b etw een  
a m p litu d e  and fr e q u e n c y  s t a b i l i t y  becom es b lu r r e d ,  th ou gh  in  
many c a s e a . i t  w i l l  ' s t i l l  b e  p o s s i b l e  to  so y  t h a t  i n s t a b i l i t y  i s  
m a in ly  o f  one k in d  or t h e  o t h e r .
b e in g  ( 7 ,1 )  t i i e  d é te r m in a n t f o r  D (p ) can b e  wi’i t t e h  a s  
D (p ) = i ( F W A ( p )  + F *(p *)A " '(p " )) ( 1 3 .1 )
w here F (p ) = a i  ' Cl -  . (a^ ' -  . Qq } b i /b q
A;(p) = b ç ( a „ i  t  ,- ;b „ ^ (a o  Oq ),.. (1 3 .S )
T hose e x p r e s s io n s  a r e  more g e n e r a l  fo r m s ’o f  th e  fr e q u e n c y  
and a m p litu d e  s t a b i l i t y  f u n c t io n s  u se d  in  'p rev io u s S e c t i o n s ,  b u t  
th e y  no lo n g e r  h a v e  th e  same p l y s i c a l  s i g n i f i c a n c e .  ' D (p) can  
b e  w r i t t e n  i n  term s o f  th e  sy iiim e tr ic a l and a n t i - s y m a e t r ib a l  
p a r t s  o f  t h e s e  f u n c t i o n o .
L et Pg(p) = 4 ( ï ( p )  + F * (p * ) )
F a (g )  = i ( ^ ( B )  F * (p * ) )  .
bo th e  s y m m e tr ic a l and a n t i - s y m n e t r ic a l  qmx’t s  o f  F ( p ) ,  w ith , 
s im i la r  e x p r e s s io n s  f o r  A (p.) * Then
D(.p) -  F g (p )A s (p )  + F a(P )-^a(p)
J,Gt P2  be a  r o o t  o f  F (p ) ,= 0 and l e t  p;^  + d be a  c o r r e s p o n d in g  
r o o t  o f  D (p ) ,~ Go Then i f  d i s  s m a ll
d = + Jf’a A
th e  v a lu e s  o f  th e  f u n c t io n s  b e in g  ta k e n  a t  P]^, • I f  t h e  a s y m ie tr y  
o f  b o th  F (p )  an d -A (p ) i s  s m a l l ,  th e n  d i s  o f  th e  secon d , ord er  o f  
s m a l l n e s s ,e x c e p t  p o s s ib ly  a t  c e r t a in  c r i t i c a l  p o i n t s .  •
A p e r io d ic  s t a b i l i t y  i s  f i r s t  c o n s id e r e d .  ■ T h is  r e q u ir e s  
D * (0 ) > 0 .  . From ( 7 .2 ) ^ F (0 )  -  0 ,  h en ce
D * (0 ) = 1(F* (G)A(O) t  ]H:^(0)A.*(o) )  ( 1 5 .3 )
'A lthough  D * (O) i s  th u s  known when F* (O) and A (0 ) a r e  knoi?m th e
S o
i n d iv id u a l  valp-üB o i  th.ouc quant i t  lo o  do n o t by th em o o lv eo
iu d io a t ü  0 L a b i l i t y  or i n s t a b i l i t y ,  f o r  th e y  a r c  no lon gox
rel^ited  to  th e  numbox’ o f p o ss ib le  onoirelcirtcnts xvnicii the lo c i
o f  F ( p ) and A (p) can  m k o #  a n d .t l ia  sum o f  b h o se c n c ir c lc v a c n tc  i s
nob n e c e s s a r i l y  e q u a l t o  bbe nniubor o f  c n c ir c lo a o n t s  >iu.idc by b (p )
H ow ever, i n  tw o s p e c i a l  c a s e s  i t  i s  p o s s i b l e  t o  e x p r e s s  10*(o)
a s  ,iihe p r o d u c t o f  t \ i o  in d e p e n d e n t f a c t o r s  w h ich  can  be i n t e r -  •
p r o te d  a s  f r e q u e n c y  and c js ip lita d c  s t a b i l i t y  fu n c tio 'n o *
I t  i s  o b se r v e d  t h a t  b* (O) d epends e n t i r e l y  on th e  b ehuviou i'
o f  th e  o s c i l l a t o r  f o r  v e r y  s m a ll  v a lu e s  o f  p* s o  tliab  a lth o u g h
a^ ap litud o  and fr e q u e n c y  ch a n g es  hjny b e  v o r y  r a p id ,  th e  s t a b i l i t y
c r i t e r i o n ' i s  t h e  same a s  i f  t h e s e  ch a n g es  Move  i n f i n i t e l y  s lo w
and (mi.y t h e r e f o r e  b e e x p r e s s e d  i n  term s o f  t h e  e t e a d y - s t a c o -
b o lia v io u r  d i s c u s s e d  in  R e c t io i i  4* Thu aru p litu d o  and fr e q u e n c y
a r c  d e f in e d  by R ggh(K ,Y ) =?■-! and )g:, 0* Blow change)®
o f  a c ip iitu d u  a n d -fr e q u e n c y  can  ta k e  p la c e  in d e p e n d e n t ly  i f  e i t h e r
( l )  The s t o a u y - s t a t o  fx^oqiicncy in  in d e p e n d e n t  o f  s m a ll
a m p litu d e  c h a n g e s , '
or (2 ) The s t e a d y - s t a t e  a m p litu d e  i s  indepondorit o f  s m a ll
fr e q u e n c y  ch an ges#  ,
For i f  ( l )  i n  s a t i s f i e d  (b) i s  a u to m a t ic ,: i l ly  s a t i s f i e d  and v i c e
v e r s a .  I f  u and k  a r e  assum ed c o n s ta n t  t h e  o n ly  a iU p litu d e -d e p -
( 4 .1 8 )
ondont Riiantlty in  tB.o oxprcaslonVfor X,,. i s  I'he fro'.iuenoy-
deponde}it (Q u a n titie s  i n  fclie a m p litu d e  e q u a t io n  a r e  . IVj-^  and ÎC*
( io n d i t io n , ( l )  or (2 ) i s  t h e r e f o r e  s a t i s f i e d , i f
'b-. Ai-ft ^  I ' b/'ThiTT IT;.'..bpX-q :
•(a )  IV. i s  c o n s ta n t#  |
. ' ' - ' “  . ; . . I
or i f  (b ) .% i s ,  in d e p e n d e n t o f  r^  | ( I S .4 )
or i f  (c) Up/ih,; T db'Whf V-'- = 0
The l a s t  in  th e  t o t a l  d e r iv a t i v e  o f  th e  a m p litu d e  e q u a t io n  x /ith
\  ' ,. ■ 
resp o G t t o  fr e q u en cy »  and i s  o b te in o d  v i a  ( i .8)^  ( 5 .1 0 }  anil
(5 * 1 4 )#
■ 3V. in con stan t i f  tho g r id -b ia s  volb.age i s  f ix e d  and n??ff-
i c i e n t  to  s to p  g r id  current (r^ » cA) , or i f  th e  g r id -cu rren t  
c h a r .- ic te r is tic  has tlic  scm i-lin o a r  form of (.4*19) wiAli Vr^ g -  0
U sin g  ( 4 . 1 1 ) J ( 4 .1 3 ) Jand ( 4 .1 5 )  c o n d i t i o n s ‘ (U) and (c )  can  be  
e x p r e s s o d  i n  term s o f  th e . prim ary q u a n t i t i e s  e t c . ,  b u t
t h e  g e n e r a l  fo rm u la e  a r c  x'ather. awkward. I f  >i -  «iv> (b) 
s i m p l i f i e s  t o  %@ - . 0  and (c )  t o  lijJ -  0
A lth o u g h  a m p litu d e  and fr e q u e n c y  oîiauges are c o u p le d  th e  
s t a b i l i b y  c r i t e r i a  b e c o m e .u n co u p le d  i f : i ( l 5 . 4 )  i s  s a t i s f i e d .  
T h is  p o in t  l e ' i l l u s t r a t e d  and d e v e lo p e d  in  th e  n e x t  S e c t io n *
G'k
1 4 . A p e r io d ic  s t a b i l i t y .
Two m odes o f  o p e r a t io n  w i l l  be c o n s id e r e d  -  f i r s t  w ith, r „
. . .  ®
c o n s t a n t ,  and se c o n d  w ith  a  v e r y  s m a ll  o s c i l l a t i o n  a m p litu d e  and  
w ith  u  = 0 6 , I f  Tg i s  c o n s ta n t  Vg i s  p r o p o r t io n a l  to  v'g;j » and 
from  (1 3 .2 )^ , (13*3)^  (6 .5 )^  e t c .
p 'v (O ) =  B o F fP g ,
W hore g P o  =  2 ( 1  +  S o E g ) | l  + (Z q -  l : Z ^ ' ) / r g p
’ %  = 4
%  “ + (('1 -  .GgGg -  JcKGi/tlgjRjj/u
Com paring t l i i c  w ith  ( 0 .8 )  and ( 1 0 .8 )  i t  i s  s e e n  th a t  b ' ( 0 )
i s  th e , same a s  th e  p r o d u ct o f  F* (O) and A (o) f o r  a  oym rdetrical-»' 
n etw ork  o s c i l l a t o r  b u t w ith  | l  T (Z^  ^ -  k 2 - |^ )/rg | i n  p la c e  o f
1 T (Rq “ k % ^ )/rg . S in c e  > 0 ,  D * (O) i s  p o s i t i v e  i f  Pp and Pg_
h a v e  t h e  same s i g n .  T h e - c o n d it io n s  > 0 ,  > 0 a r c  i d e n t ­
i c a l  w ith  t h e  c r i t e r i a  ( 9 .3 )  and ( 1 0 .3 )  f o r  fr e q u e n c y  and ai.r^l- 
i tu d c  s t a b i l i t y  in  sy m m e tr ic a l n e tw o r k s . The se c o n d  p o s s i b i l i t y  
t h a t  b o th . Pp and a r e  n e g a t iv e  must b e  r e j e c t e d ,  s in c e  in  th e  
l i m i t  o f  v a n is h in g  asym m etry th e  o r i t e r i a  m ust becom e th o s e  f o r  
a  sy r M ie tr ic a l n e tw o r k .
Hence i f  seem s r e a s o n a b le  t o  sa y  t lm t  i f  P f  > 0 £ind Pg_ <  0
th e  i n s t a b i l i t y  i s  e s s e n t i@ .lly  o f  a m p litu d e , th e  fr e q u e n c y
ch an ge b e in g  m e r e ly  c o n c o m it a i t ,  and v i c e  v e r s a  i f  Pp <  0  and  
Pg^  >  0 .  In d ep en d en t, c r i t e r i a  a r e  o b ta in e d  b e c a u s e  c o n d i t io n  
( 1 3 .4 a ) i s  f u l f i l l e d .  I f  th e  g r id - b i a s  v o l t a g e  i s  f i x e d  and  
s u f f i c i e n t  t o  s t o p  g r id  c u r r e n t  th e  same fo rm u la e  a r e  o b ta in e d  
b u t w ith  r<3* -  t o  and 1£ = 0 .
The fr e q u e n c y  s t a b i l i t y  c r i t e r i o n  > 0 w i l l  now be u se d  
t o  exam ine a  l i y s t e r e s i s  e f f e d t  w h ich  o c c u r s  in  th e  o s c i l l a t o r  
shown in  P i g . 1 4 . When th e  r e so n a n t  fr e q u e n c y  o f  th e  se co n d a r y  
c i r c u i t  i s  v a r ie d  by a d j u s t in g  th e  c o n d e n se r 'C g ^ th e  o s c i l l a t i o n  
fr e q u e n c y  v a r i e s  a s  shown in  P i g . 15» For s i m p l i c i t y  th e  ■ 
g r id - b i a s  v o l t a g e  i s  f i x e d  and s u f f i c i e n t  to  s t o p  g r id  curren t^  
b u t an  i d e n t i c a l  r e s u l t  in  o b ta in e d  w i Lh g r id - le a 'k  b ia s  (co n ­
s t a n t  r^ ) p r o v id e d  th e  r e s i s t a n c e  o f  th o  prim ary c i r c u i t  i s
s  y
,a d ju ste d ; ; a l l è w - ;f.or ^thé:. e x tr y v d W  due t o  ;'grid  ■ cu rren t'.:  ' I':"'
L et ■ . Gq =  : ( l  t  8 ) 0 ,  d§LO = 1 ,  ; (Og t  cü* Q «  R /ojj.L |
Y. . ' .  1 (1 4 .1 ) .
I f . Q, i e  l a r g e  and b and ; s  a r e  s m a ll " .;'(
R /2-i -  (^ + u  -  x ( x  -  sQ,) 4 j  (ëx  -  8%) ) / ( l  + j x )  q : ; ; ' ,
, ; : O inoo a  pJi r e v e r s a i  I n : th e:r feed b a ck  n è t i  ork  i é  n e c e s s a r y
t o  n ia in ta in  .o s c i l l a t i o n . ,  2f; and so  a l s o  Z-n], i s '  p r o p o r t io n a l  t o  .
* ; . ..The .p o se  w h ich  make (
• 2|  ^ r e a l .  E q u a tin g  t h e i  im a g in a r y  p a r t  o f  t o  0 g i v e s  •
. 5  _ = 0 ( U . p
The b e h a v i our. o f  ; th e  r o o t s  o f  t h i s  e q u a t io n  can  b e  exam ined by
^33' - ' " ( Vl - e -  K ^   ^ ^t h e . s ta n d a r d  m ethods : * I f  u <  = 0 , \ t h e r e ^  o n ly  one : ■
: r:8c),i r o o t , : and  .isol: th e r e  : i s , o n ly  tone: p o s s i b l e  s t  ë à d y - s t à t e  f r e q u - i  
c n c y  w h a te v e r  th e  v a lu e  o f ., G« . , I f  u: > 0 t h e r e  a r e  t h r e e  r e a l  I . 
r o o t s  ; fo r :  a  c e r t a in .r a n g e lOfnv a lu e s  o f  s g ,  a n d :o n e  r e a l  r o o t  ; : 
o u t s id e  t h i s :  ran ge  . .'"'-I ■ v  ■
;; Hu c r i t e r i o n  f o r  a p e r io d ic  f ie q u e n c y  s t a b i l i t y ,  X+p.>  0 ,  
i s  cQuà^ivalonL t o  j,, >  0 ..  .,, 'h  can b e  W f it t e h  a s  a  f r a c t i o n
o f  . which: th e  num erat or i s  : the, L.H . S . o f  ( 1 4 . 8  ) and ; t h e  denom in­
a t o r  i s  f é a l  and p o s i t i v e .  For la r g e  v a lu e s  o f' di, X |: h a s  .th e  : ; ;
■ : ■ ; ■ ; ^ s i n g i e a à i u è d '■■ ; 
sa n e  s ig n  a s  to> and s in c e  Xj^  i s  a l s o ,  a :c o n tin u o u s N ^ u n c t io n  o f  m \
i t  fo llo w s ;  t h a t  W e q u a t io n  ( H . ? ) : h a s  t h r e e  r e a l  r o o t s , t h e n '
05- : 0 f  o r . t h e  s m a i le s  t;' and 1 a i  g e s  t  v a lu e s  o f  o), and . ;-X^ : <  0 
f o r  th e  in te r m e d ia t e  v a l u e . H ence o f  th e  t h r e e  p o s s ib l e  s t e a d y -  
s t a t e  f f e q u e h c ie s  two a r e .  s t a b l e  and th e  t h ir d ,  u n s t a b le .  The 
d o t t e d  l i n e  in  F i g , 15 show s th e  u n s t a b le  v a l u e .  . I:: : : ^
: A t t th e  p o in t s  a  and d ivhere i i T e y e r s i b l e  jumps ta k e  p la c e  
e q u a t ib h  (1 4 .8 ) ,  h a s  two e q u a l r o o t s ,  The c r i t i c a l  v a lu e s  o f  s% 
/a r e .: .g iv e h h y = :( /A t. .'-:,..':.:fA(^ ./ - ( ( ( .
o (1 4 .3 )
The c o r r e s p o n d in g  c r i t i c a l  f r e q u e n c ie s  a r e
= - s  ( ( l  t  3 u /s % ^ )   ^ + 2 ) / 6  (1 4 .4 )
iAt the. :p b and dithe :(s t a b l e ) fr e q u e n o ie s 'àre
; to/wr = s ( ( l  + 3 u /s % ^ )'^ f i  l ) / 3  ( 1 4 .5 )  V
Wllen; B;.=- p t h e  .two. c i r c u i t s  a r e  tu n ed  t o  th e  same freq u en cy , 
vdiioh . i s  a lB o  t h e , o s c i l l a t i o n ;  fr e q u e n c y  i f  it <  0.: I f  u > 0 . . ■
: t& ;  # o ( p i a h i e ( , f f ^  '
The r ^ lm u m  .and,\m inl^^ f  and g  are. o b ta in e d  when
. ''i: ' I ' '  % ’i- '"V.
,v  ':v.. ■'!' ( 1 4 ,7 )  ■
": I ;  IThis, :typc;B o f  ^ h y s t e r e s i s  e f f e c t  :h à s  Yheen .s tu d ie d  fro m 'a  
s  qmewha t  d i  f  f  e f  e n t  p o in t  o f  : v ie w  b y  - yan  d er  P o l . ' ,
î n s t s ü i l i i t ÿ :  a t  th e  ; th r e s h o ld u p f  o s o i l l a t i  o n , , l . ; e . f o r  v e r y  
s m a llt  v a i i i e s  ' o f  : i s  inox .t /G o .h sid ered . • As f o r . th e  s y m ie t r io a l  ,
: no tv /o fk  t r e a t e d  in  S e c t io n  1 0 ,.th e  a n a l y s i s  w i l l  b e  r e s t r i c t e d  i  
to ; a. t h r e .e - h a lv e s - la w  a m p li f ie i '  w ith  an e x p o n e n t ia l  g r id - c u r r e n t  
c h a r a c t e r i s t i c .  I t  i s  a ls o ;a s s u m e d  that,-u ; == op , . T h is  .makes 
q, -  'l'..andl2m  .= s in c e  é q u a t io n  (4 .1 5 )  f o r  th e  s t e a d y - s t a t e  ,. 
fr e q u e n c y  i s  now Xp = .O f U sin g , ( 1 3 . 2 ) ^( 1 3 ,3 )  e t c . th e  r e s u l t  i s  ;
v : l - f .  - 1
%  + S o % ) | i  ’
F f ( "  :■ ' 1  ; I ' "  1 ( 1 4 -8 )
-  Y)S + ' y ) ; + : # i ( k  B ^ g ) % / i - g
i ’o “
ï.:(  '. .The .. v a lu e s  ,of t h é  p a ra m eters  a r e  t h o s e  a t  th e
: ih o e p t io h  o f  o s c i l l a t i o n  and m andi n  . g iv e n  b y  ( 5 , 8 ) .  From ;.:
;(9 i8 ); /a n d ;;( l0 .7 ') ; .: '; it ;  is.':'seen|kh^^ -same- as;”A* (O)A(O)
, f  dr la  : sym m etr ica l^  nptwprk; b u t lw i t A  k g ( ) / r g  |. i n  p la c e  ;
. o f  .1 (Rb : t  ' S in c e  P^y> Q th e  f i r s t  r e q u ire m en t f o r  .
s t a b i l i t y ,  i s ; ' t h a t  I - a. '- ' - v -  I:'-'
: y ; : ; : h P a / Y a Y r o Y : / ; .  . X '
In  a  s y m t e t r i c a l  netw ork  t h e  c r i t e r i a ;  f o r  a p e r io d ic ,  e t a b i l i t y  
a r e  '"Pf. ÿ .^p'A'.: '•ITherltefm/pQ ’th ë r 'è fo r é .'r e p r e s e n tB -a '  q o u p l-  '
, i% \  Which';! i s  0 i f  "m-; .of i%@, or . Eg: 1 s ^0. -, I f  O 0
and cn h .it io n  ( 13 * 4à  ) 1 s  s a t  i s f  ie.(i;., ' y  . 0  - and. =10 . a r e  th e  v
: form s ;;tak én ;b y  ( I 3 .4 b )  and ( l3 ^ 4 o )  when u  -
: ; in! an  asym m etr 1 o a i  netw ork   ^a p e r io d ic  i n s t a b i l i t y  may e x i s t
ovon when and Pg_ a r e  p o s i t i v e .  C o n v e r se ly  th e  o s c i l l a t i o n  
flia.y he s t a b l e  when e i t h e r  i s . n e g a t i v e ,  but, th e  p o s s i b i l i t y  o f  
s t a b i l i t y  w it h  b o th  n e g a t iv e  i s  e x c lu d e d  f o r  th o  same r e a so n  
a s  b e f o r e .  A sh a rp  d i s t i n c t i o n  b etw een  fr e q u e n c y  and a m p litu d e  
i n s t a b i l i t y  i s  now im p o s s ib le *
O s c i l l a t o r s  o f  t h i s  ty p o  a r e  r a r e ,  f o r  in  m ost fe e d b a c k  
n cti;orlcs th e  z e r o s  o f  Xpi l i e  n ea r  to  "ao/xitiium or  minivauai v a lu e s  
o f  Xy:;^and, Xtyi i s  t h e r e f o r e  sm a ll*  The e f f e c t s  a r e  m ost e a s i l y  
d em o n stra ted  by c h o o s in g  a r a th e r  a r t i f i c i a l ,  t^rpo o f  c i r c u i t  
su ch  a s  t h a t  shown i n  P ig * 1 6 . XU i s  a  j 'o a c ta n c e , p o s i t i v e  or  
n e g a t iv e ,  w h ich  i s  la r g e  com pared w ith  th e  im pedance o f  th e  
tu n e d  c i r c u i t  c o u p le d  th r o u g h  th e 'm u tu a l in d u c ta n c e  -M. I t  i s  
assum ed a l s o  t h a t  t h e  Q ,-fa c to r  o f  th e  c i r c u i t  i s  la r g e  and t h a t  
th e  r e a c t a n c e  of, G_ i s  s m a l l .
The o s c i l l a t i o n  fr e q u e n c y  d i f f e r s  from  t h e ,r e s o n a n t  f r e q u ­
en cy  o f  L and p  by an amount d ep en d in g  on t h e  r a t i o  Xg/Eg,*
L et %  = E r g /(R  + r ^ ) ,  M == bL . . , ( 1 4 .1 0 )  .
.S tr a ig h tfo r w a r d  a lg e b r a  g iv e s  th e  f o l lo w in g  r e s u l t s
E.J.' = + x | / r | ) ,  = -B , Xq/H 0 = Xa/Xia ' .
= 2R;jj/(ü§M, EjJ = -XgXa/Ea. = E j /(1  + icRj/rg) j
Siinod I'f >  0 t h e . s t a b i l i t y  c r i t e r i o n  ( 1 4 .9 )  c a n  b e  w r i t t e n  
>  - P g / P f ,  and u s in g  ( 1 4 .1 1 )  and ( 1 4 .8 )  t h i s  becom es  
Pq, >  - ^ lE ( J - a A a ) ® A r g  .
or ■'% > + b % ( l  t 'k R jy 'fg )  )/br^> , ( 1 4 .1 2 )
Tho se co n d  form  io  m ore c o n v e n ie n t  f o r  c o m p u ta tio n  and t h e  f i r s t  
shows how th e  s t a b i l i t y  i s  a f f e c t e d  by Z^,, As f o r . t h e  symmet­
r i c a l  n e tw o r k , i n s t a b i l i t y  i s  p o s s ib l e  o n ly  i f  m > 0 .  The 
üffG cb o f  t h e  c o u p lin g  term  i s  to  r e d u c e  th e  s t a b i l i t y  
im r g i n .
,1 P e r i o d i c -B tà b illA y * ;  ..,:/ '
In  v ie w  o f  ; th e  .co m p lex ity ' o f  any g e n e r a l  : tr e a tm e n t  o n ly  
t h e  s im p le B t  examp^ be c o n s id e r e d *  The d s c i l l a t o r  o f  :
Figyi'G: i s ;  àgaih;i c l ip s e n i  . ,As .b efore ,; i t , ;  i s  assum ed' t h a t  ù ,4 .a  and^'i<;
X „. a r e  l a r g e ,  and i n  a d d i t io n  t h a t  r „  i s  l a r g e  com pared w ith
"B /'x/: . e i s '  : ' / A y  ' ■ y  ' ..-'.H'' ' '■ y- /.
Zq and, Zt andV in d ep en d en t o f  VA,- Then R t = Rm: = R é . From (1 3 .2 )A,.
P ':+  SqRg + T :p T g):(8G ^  ; ,
W h e37e:;;'iv -:'(1  - y  :
'; B a i n g  ( I S ,1  ) y D  b e  a à ' . i t t e h  ,aa à  r a t i o n a l  fanctioij.' -,
rof.'p',' the  nhiiiefatdr''o f .which: i ' d ' ;; ' ;/i- I'.. v.(: : i
tfliorc r. T ,'1'^ .
.: v v  '■ A s ; I d ;  + : 8 o % )T ;  + . ; 8 % % : +  ;  ^ ;
= A i  +
The R o n th -d n iw 1 1 s  ;,s L a o i i - ï ty  .r u le s  a r e  t h a t  e ie 'ra g . and: ag, s h o u ld : ‘i'-' 
h a v e  .the' sam e'. s i g h . T h e  c o n d i t io n  ag 0 i s  s im p ly  th e  c r i t e r i o n  
-f  or .a p d i id d lc  P assum ed to  b e  s a t i s f  i e d F o r
p e r io d ic  s t a b i l i t y  ag A 0 ,  w h ich  can: be w r i t t e n  a s  -
;  ( i  y  ; ( 1 5 .1 )
Thi s  ; .may be Compared w i th  ( 1 1 8  ) t  P- :which i t  re d u c es  when ;X  ^: « 0 
V/hen Xg/Rg_ i s  .s m a ll  t h e . a syn m etry  r e s u l t s  in  o n ly  a. se co n d  o rd er  
e r r o r  when t h e  s y m a e t r ic a l  - -n e tw o r k  c r i t e r i o n ,  i s , u se d  *, T h is  , , ;
i s  in  agreem en t w it h  ; t h e  :g en er a l r e s u l t  o b ta in e d  in  S e c t io n  13* :
I t  : i s  c l e a r  from  , th e -  f  orm o f  th e  c r i t e r i o n  t h a t  any i n s t a b i l i t y  
. i s .  p r itm r ily ';  o f  'a m p litu d e .'  ;■ ; ( i -  ' h'-'-:"' ,
1 6 . T w o-term inal o s o i l i a t ô r s a'
' I% G h;att on t Lon h . s  boon £ iv o n  in  th e  i i t e r a t u r e  t o . t h ^  
tv /o - te r m in a l  o s c i l l a t o r , f o r . i t  i s  t h e  s im p le s t  t o  t r e a t  mathemr 
a t i c a l l y  >v and th o  c c iu o tio n  :.to a  : f  pur-^term ihal o s c i l l a t o r  (w ith  
no g r id  oiirroat, and no anode d e c o u p lin g  im p éd an ce) can be red u ced  
.to. th e  same form# T.ie' o s c i l l a t o r  c o n s i s t s  o f  a  p a s s iv e  l in e a r  
netw ork  o f  imp o dance Z (p ) : ôd n h éq tèd l - p a r a l l e l  ; w it lv 'a  hoiirlinéax*, ’ 
r e B i s t a n c e e i é n i è n t  w h ic h  h â s  a  n e g a t iv e  s lo p e  o v e r  p a r t  o f  i t s  ' .
.■ ■ I t  i s  assum ed t h a t  Z (p) h a s  a; s i g n i f i o a n t  v a lu e , o n ly  n ea r  : 
to ; th e  o s e i l l a t i o n  fr e q u e n c y , so  th a t  any d i r e c t  or lo w -fr c q u "  
en cy  ; v o l t a g o  A o f  o s s  ' z  ( p ) ; is '  n e g l i g i b l o . The:' steadytîè'tâ té ,; v o l t -  :, • 
ag o  i s  th e n  V y o o s m o t . c u r r c n u -v o it a g e  r e l a t i o n  f o r  '
t h e  ,n o n - l in e a r  r c s i s t d n c e  , i s  y  i  K- f  ( v ) , . th e  c u r r en t, o f  fu n d ation - ■ 
t a l  fr e q u e n c y  Icosu^qt w here
f  (V 0  o sk  ) 0 o sxd x  = Vh (v) ( 1 6 .1 )
00
T h is  m ust (h e  equui; and o p p o s i t e  t o  th e  c u r r e n t  o f  fu n d am en ta l  
fr e q u e n c y  in  th e; iineax'.'w etw ork'.' i le n c e  i f  Z, == R + j% ,t h e  ■ 
s t e o d y - s t a t e  é q u a t io n s  a i e
y Q: ; s M . v : : : ; " + q .:  ( iG .s ) -
■ '■ ' A'.■.small: d i  s  tu r h a h o e  y q i s  - added i»;o v  and t h e . sum : o f  th e  .' i  
c u r r e n ts  due t o  v^ .in  .%.:(h).:(and.''ih -vhe n o n - l in e a r  r e s i s t a n c e  i s  . 
e q u a te d  t o  p* ; T h eiran o .lysis  fo llo w s -th o ^ t  o f  S e c t io n  5 s.nd g iv e s
%
'-1: O'
rr-h
Ri:'
%
0
'where; =
Ip P r o c e e d in g  on : thO
and Pn -  ( l /m )  f  ■ (V cosx  ),cosnxdx
The s t a h i l i t y  f u n c t io n  è s ''h (p j  := ^
, l i n e s  o f  S e c t io h ;  1 3 , D (p ) -  i (F ( p ) A ( p )  + F"'(p*)A *(p^) ) 
:mer.e;.-ÿ:(p)^ '' "/'(.À''.',,
Thé f i r s t  c r i t e r i o n  f o r  a p e r io d ic  s t a b i l i t y  i s
V(p): -  ■ iÿ : 6 3 û t , s t a b i l i t y  .o b ta in e d  o n l y / i f  ..the . :
. fre q u en cy ' ànd'':ém p.litù(lé a r e , s e p a r a t e ly !  s t a b l e ,  : ând ' t h t s iA e q u i f e s  ' 
, ( h:-X : > 0 and Go > 0 ( ! :%.' /  ..l':' Ay .(16:.4)(\
T h is: May, be. e x p r e s s e d  in  a n o th e r  way# ;■: I f  an  e f f e c t i v e  c o n d u c t-  , 
a iioe  f p r , th e  n o n - l in e a r  .r e s i s t a n c e ;  a t  '/fundam ental fr e q u e n c y  ' i s  
d o f  In çd  a s  - : = À / v , \ th e ^  from  / ) a n d ! ( lô iS ) - , .
dŸa/dV s? ;2G o/V . "‘ 'Lot t h e  a d m itta n c e  o f  th e; l i n e a r  netw ork  b e!:
Y . G t  ' j B (  !  Then -X . bonco t h e  's ta b i  11 t ÿ  o r i t  or l a  A;
can: bo c cw c s s e d  .as y^ \dB/dco 0 and! dYQ/dy.:.>!0 ‘ ;■ . ' , ;!■
It'ilE  1 1 0 b s u f f i c i e n t  f o r  th e  p ro d u ct o f  th e s e  q u d n t it ie .s  t o  b e  .
' ' ■;! ' In  v-tho' c o n y e h t l  b n a ll- .tr e a tm e n ts !o f  ; t h é  - problem - f  (y ) ! i  s. '■ !; ! : ; 
u s u a l l y  rep .rusented ,. a s  a; lipwer s e r i e s  I f  (y )  . From . - .
,{10 *1) and (16  *2j  \th e  !stead^^ s t a t o  W p l i tû d e s  a r e  g iv e n  by /
:;. .\ U R '+ £ g g n . , . i ( . ^ ) ^ ( S n  +  1 ) i /n i ; ( n ; +  l )  l =, 6  ' : (1 6 .5 >  ;
and from  ( 1 6 ,3 )  a n d . ( 1 6 .4 )  t h e  c r i t e r i o n  f o r  a m p litu d e  s t a b i l i t y  
M ;: ; ! (n  -• i )  ! > 0 ,  , ( I 6 i 6 )  '
A dding ( 1 0 .5 )  an d \ ( l & ô ) .  g iy e s^  ;.;'!-.H '!!/:'!. ',-!•.'‘ - t ' -
V /hich a .g rees  w ith  th e  : r e s u l t s  o b ta in e d  by A p p le to n  and Van d e r
! I t  i s  i m p l i c i t  in  th o  a h a ly r l s  Lhat f  (v ); i s  .a s in |> ;le - ! 
v a lu e d  f u n c t io n  oj v f i . e .  th é  h o n - i in e a r ! r è 0 i s t a n b e  i s  th e  ;
" VO I t  a g e  -  c on t r o l l  ed" ty p e  • For th e . ” c u r r e n t - c  o n tr o lle d ^ ’ ty p e  
C f  r e  a i s t a n c e  th é  V o lta g e  i s :  à  s ih g le - v a lu e d  f u h o t lo n  o f  c u r r e n t , 
Thé a n a l y s i s  c a n !b e  .c a r r ie d , b u t in  e x a c t l y  th e  same way a s  
b e f o r é  b y  r e p la c in g  a l l : t h e  c i r c u i t  é lé m e n ts  by  t h e i r  d u a ls  *! !- 
P e r io d ic  i n s t a b i l i t y , ,  can  bO' t r e a t e d  i n  th e ;  same . way a s . i n  .' 
pi’e v ip u s  S e c t io n s  . S in c e  t h e !  lo if - f r e q u e n c y  im pédance o f  t h e  
n e tw o r k , i s  '. assum ed t  o b e  z e r o  bh»; o n ly  f r  eq u en cy  in s  t a b i l i t y  
i s  o f  i n t e r e s t • Thé c r i t e r i a  ( 1 6 ,4 )  a r e  t h e r e f o r e  n o t  s u f f i c ­
i e n t  t o  g u a r a n te e  s t a b i l i t y .  I f  th e  lo w -fr e q u e n c y  im pédance  
i s  made f i n i t e  p e r io d ic  a m p litu d e  i n s t a b i l i t y  ca n  a l s o  e x i s t é
17 . - Otlior s t a b i l i t y  c r i t e r i a .  -
Xn t h i s  S e c t io n  some o f  th o  m ethods p ro p o se d  "by p r e v io u s  . 
i n v e s t i g a t o r s  a r e  c r i t i c a l l y  exam in ed , M ost w r i t e r s ,  f o l l o w in g  
A p p le to n  and van d er  Pol^'*^^, h ave  p o s t u l â t ed v a r ia t i o n s  o f  
a m p litu d e  and p h a se  vrtiich a r e  assum ed to  ho  s o  s lo w  t h a t  term s  
i n  th e  v a r ia t i o n a l - o q u a t i o n  c o n t a in in g  t im e  d e r iv a t i v e s  h ig h e r  
th a n  th e  se co n d  c o u ld  ho n e g le c t o d .
Howj in  f a c t ,  t h e  chan,ges o f  a m p litu d e  and p h a se  may he  
veu’y  ro.pid  so  t h a t  t h e  fu n d am en ta l a ssu m p tio n  o f  . th e  a n a l y s i s  
i s  n o t a lw a y s  j u s t i f i e d .  M e v e r th e le so  t h e  o r i t e r i a  d e r iv e d  - 
a r e  v a l i d  f o r  a l l  o a s e s  o f  a p e r io d ic  i n s t a b i l i t y  how ever r a p id  
t h e  ch a n g es .may he* ' The r e a so n  f o r  t h is  o u r io u s  r e s u l t  l i e s  
i n  th e  f a c t , d i s c u s s e d  i n  S e c t io n  1 3 , t h a t  a p e r io d ic  s t a b i l i t y  
i s  d e ter m in ed  e n t i r e l y  by th e  b e h a v io u r  o f  t h e  c h a r a c t e r i s b ic  
f u n c t io n  n e a r  t o  p 0 ,  and s m a ll  v a lu e s  o f  p c o r r e sp o n d  to  
s lo w  v a r ia t i o n s  in  th e  a m p litu d e  and fr e q u e n c y  o f  o s c i l l a t i o n *  
P e r io d ic  i n s t a b i l i t y  i s  be^rond t h e  s c o p e  o f  t h e s e  m ethods  
and v a r io u s , o th e r  p r o p o s a ls  b.ave b een  pub fo r w a r d , Edson^^  
h a s  s u g g e s te d  th a t  h y q u is t * s  c r i t e r i o n  may b e  u s e d  t o  d e ter m in e  
a m p litu d e  s t a b i l i t y  by in t e r r u p t in g  th e  fe e d b a c k  netw ork  a t  - 
some s u i t a b l e  p o i n t .  A s i g n a l  g e n e r a t o r .w i t h  a te r m in a l  v o l t ­
a g e  e q u a l t o  t h a t  o f  th e  p o s s i b l e  s t e a d y - s t a t e  o s c i l l a t i o n  i s  
c o n n e c te d  a c r o s s  blio g r id  o id c  o f  th e  b r e a k , and a c r o s s  th e  
o th e r  s id e  i s  c o n n e c te d  an im pedance e q u a l bo t h a t  on th e  g r id  
s i d e .  Tho s te a d y  v o l t a g e  a p p e a r in g  a c r o s s  t h i s  im pedanoo lEi 
e q u a l t o  th o  s lg n a l - g e n e r a t o r  v o l t a g e -
I f  bho a p p l ie d  v o l t a g e  i s  now o rrp litu d o  m o d u la ted  th o  
v o lta .g e  r e tu r n e d  t o  th e  or,her s id e  o f  th e  b r ea k  i s  a l s o  m o d u la ted  
bub w i l l i  a, d i f f e r e n t  ira g n itu d e  and p h a se  due t o  t l ie  a c t io n  o f  
t h e  a m p l i f i e r  and fe e d b a c k  netw ork* The com p lex  r a t i o  o f  th e  
tw o m o d u la tio n s  i s •a n a lo g o u s  t o  th e  lo o p  t r a n s m is s io n  f u n c t io n  
in  f o o d b e c k -a m p lif ie r  th e o r y  and th e  o s c i l l a t i o n  sh o u ld  b e  
o t o b lo  i f  t h e  lo c u s  o f  th e  r a t i o  d o es  nob o n c ir c l .o  th e  p o in t  
1 ,0  wlieu th e  m o d u lâ tio n  fr e q u e n c y  i s  v a r ie d  from  -  oO t o  cO .
(ao
I t  was shown in  B o o t io n  7 th a t  th e  u s e  o f  t h i s  co n to u r  l e a d s  ' 
t o  d i f f i c u l t i e s ,  th e  a p p r o p r ia te  one b e in g  t h a t  o f  F i g , 7* A n other  
p o in t  i s  t h a t  i f  lo w -fr e q u e n c y  c u r r e n ts  f lo w  from  t e r m in a ls  1 t o  ' 
2 o f  F i g . l  i t  may b e  im p o s s ib le  t o  in t e r r u p t  th e  netw ork  w ith o u t  
d e s t r o y in g  t h e  r e l a t i o n s  b etw een  t h e  lo w -fr a o u e n c y  c u r r e n ts  and  
v o l t a g e s .  T h is  d i f f i c u l t y  can  be a v o id e d  in  th e  f o l lo w in g  v;ay.
A g e n e r a to r  o f  z e r o  im pedance i s  in s e r t e d  in  any b ran ch  o f  th e  
n etw ork  » i t s  e .m . f ,  b e in g  su c h  t h a t  when added t o  th e  s te a d y  o s c ­
i l l a t i o n  th e  r e s u l t  i s  an  a m p litu d e -m o d u la ted  w a v e . The c u r r e n t  
o f  o s c i l l a t i o n  fr e q u e n c y  f lo w in g  th ro u g h  t h e  g e n e r a to r  i s  s i m i l ­
a r ly  m o d u la te d , and th e  com p lex  r o .t io  o f  th e -m o d u la t io n s  aof v o l t ­
a g e  and c u r r e n t  d e f in e s  th e  im podance in t o  w h ich  th e  g e n e r a to r  
o p e r a t e s . S t a b i l i t y  i s  o b ta in e d  i f  th e  lo c u s  o f  t h i s  im pedance  
d o e s  n o t  e n c lo s e  th e  o r i g i n .  T h is  i s  e q u iv a le n t  to  th e  c lo s e d -  
c i r c u i t  form  o f  M y q u ist* s  c r l t e r io n .^ ^
I t  i s  c o n v e n ie n t  t o  c o n s id e r  th e  more g e n e r a l  c a s e  i n  w h ich  
th e  g e n e r a to r  e .m .f  r e p r e s e n t s  m o d u la tio n s  o f  a m p litu d e , o f  f r e q u ­
e n c y , and. o f  t h e  mean g r id  v o l t a g e .  L et a  g e n e r a to r  o f  e . i a . f . 
e -  ■%) m^exp (p + jncüQ) t  bo in s e r t e d  in  th e  le a d  b etw een  th e  
g r id  and t e r m in a l  2 in  F i g . l .  The c a l c u l a t i o n  p r o c e e d s  on th e  
l i n e s  o f  B e e t  io n  6 w ith  Vg^ -  e w r i t t e n  i n  p la c e  o f  v^ ^^  in  th e  
e x p r e s s io n s  f o r  ig^. and Vg,<i. S in c e  only, sy m m e tr ic a l netw ork s can  
b e  t r e a t e d  by t h i s  m eth od , q = 1 and , o_]  ^ ^ t c . The
e q u a t io n s  ( 6 .2 )  f o r  U] , and become
0-0 b,
up
Tio hg
H -1
(1 7 .1 )
w here h i  = m i d  + Go4 / ^ )  % G i.4 z 9 /u S ?  +
hg m g(I I- GgZj/yi) + (mi + m ^i)G iZ gzt/;uZ + ^ (1 7 .2 )
h_i=s m „ i ( l  -t G gZi/u)' + \
I f  mq ■= m^i -  1 tind = 0 th e  sum o f  , th e  r e a l  p a r t  o f  e
and th e  s te a d y  o s c i l l a t i o n  i s  an  a m p lib u d e -m o d u la ted  w ave. In
c a l c u l a t i n g  th e  im pedance in t o  w h ich  th e  g e n e r a to r  o p e r a te s  i t  
i s  s u f f i c i e n t , by v i r t u e  o f  sym m etry, the- c o n s id e r  th e  v o l t a g e
and c u r r e n t  a t  o n ly  o n e .o f  th e  h ig h  i r e q u o n c ie s ,  sa y  p + jcog
'=’1.
:; p b a  .oaior^:- \
uln-tcci from  ( 5 . 3 )  and ( 5 * 4 ) .  Tlie Impccbinoe i s  g i v e n  by blic
w here A(pj, i b y t h e - a m p H j l t u d e / s t a b x l i t y ^ f m c t l o h - o f  ' 'S e c t i o n '  8 !
and %(p) := (Bg i B l )  ( M o  "* (ho (èq 4 cq )  -  G hiag)
/. ■.■:■ ■ th i amp] i t u #  i s k e t a b le -  cr  « s t a b l e ,  a s  :;tbe lo c u s  o f . ^
A (p) d o es  or <(oG i cou r é n c lp sè , th e !  o i^ lg in !  I f  t W  lo c u s  o f  Z! ; -
i s ,  rkb be, tx t r u e . .critex;i.qn ; of, s t a b i l i t y  . i t" ;  e n c lo s e  m e  
: " o r ig in  t h e  ' èam éin^ and "in th e  same sense,-n  t h  t  : . '
i l . o f  , A.(p) é I t  f o l lo w s ,  t h a t  th e: lo c u s  o f  E (p ) m ust n o t o n o lo s e  „ 
■'!.(thei o r i g i n , ,,:T he\ s  i m p i i f  i e d ! ! ' . o . a s e i . o f ^  -.-K
S u b s t i t u t i n g  : f  or h i   ^ e t c  a c c q r d in g  t o  (1 7 * 8 j  ana (ô é b ï î (
H(-,.0 -  a„ ■!■ ns + (.^ oC 0 >s) -  3sf);4"
-*- (('0 (8o  -' 5',>) -  , ’( 'i'  1 -  k(0o(.".„ :+;Sg); -  : jj_) )/:% ■,, \
.: The -lm}iqdanbes:;;Zg ya'ndvZ^ ^  d r i y in g - p o i n t .. à.nd t r a n s fe r . !
f  une k iono and th u s  cuniihaVe no p o le s  in  t  he / r  i  g h t  rha hd h a l f  -  p la n e  /  
Only s c r o s  o f  u (p ) iioeo t h e r e f o r e  be c o n sx a o x o d . ( 5 .6 )  .shovjs 
th u v  Sg -1 Sg and S g (S g  2 S j ' l i r e  a l  e y e  p o s i t i v e , . A ls o ,  , ...
! s i n c e  E-? . i s  g. p a s s i v e  .d r iv in g !  p o i n t  im pedance i t s  r e a l  p a r t  ' i s  ;
, Y ilW a y s:-p o s it iv e  ! However, t h e r e  i s  n o t h in g  ; t o  p r e y e h t !  thé; !
% o q e f  f  i o i e n t  o f  from  .b e in g ! n é g d t iy e  » and: t h e  : r e a l  :part o f
' iiiay. i t s e l f  b e  ; n e g a t iv e  1 .lie  ' it -  i s  ‘p o s s i b l e  f o r  !M(p) t o  h ave ;
(:p / h e r  o in  t h e . r  ig h t-h a n d  h a l f  - p la n e !. ■ ;A -nc c o s -d r y  : à nd s u f  f  i o  i e n t  ' 
b o n d it  loin f  or M(p) h q t l t o  e h e lo s e  th e  o r i  g in  is -  t h e r e f o r e  ; :. ,.- 
. . . .Zig M Q .-' ; T h is  e n s u r e s . t h a t  t h e . real-: p a r t  : o f  M(p ) i s  a lw a y s  ,pqs,- ., ■ ■
For th e  g e n e r a l  b a se  i# e r e q u  i s  f i n i t e  th e a p p l i c a t i o n  
(:ç !o f':th i6 :o o n d ]tio n ;g iy G 8 !'i.'.\:a (\% : -
M(p) = (Ï  i* ^ \  . Î /■ '! i ''o., . ’
: !  ' : :: ( g ;  q  8g t y Q h ïS d  + : 8 g ) , Y s b ‘
! ( 5 .1 5 )  (sh ow s -èhat lGrt;and! Gy:,h ,G g;are a lw a y s  p o s i t i v e .  and  
r ZÎ arie' p a s s iv e  d r iv in g - p o in t  f ir n c t io n s  ahch.so, h a v e  p o s i t i v e  r e a l  .
(o A
p a r t s .  HeacK th e  l o c i  o f  none o f  th e  t h r e e  f a c t o r s  in  t h i s
e x p r e s s io n  ca n  e n c lo s e  th e  o r ig i n  and so  n e i t h e r  can  t h a t  o f
M(p ) . The c o n d i t io n  2^ 0 means th a t  lo w -fr e q u e n c y  c u r r e n ts
ca n n o t b e  t r a n s m it t e d  th r o u g h  th e  n e tw o r k . VJlien t h i s  c o n d i t io n
i s  s a t i s f i e d  i t  i s  p o s s i b l e  t o  s e l e c t  a p o in t  vdiere th e  netw ork
may be in te r r u p t e d  t o  a p p ly  th e  o p e n - c ir c u i t  form  o f  th e  E yciu ist
t e s t  ih  th e  manner p ro p o se d  by  E d so n . The r e s u l t s  a r e  Ihe surae
a s  f o r  th e  c l o s e d - c i r c u i t  t e s t .
In  th e  f o r e g o in g  a n a l y s i s  th e  s t a b i l i t y  r u le  was e x p r e s s e d
in  term s o f  t h e  h ig h - fr e q u e n c y  com ponents o f  v o l t a g e  and c u r r e n t ,
14b u t E dson h a s  s u g g e s te d  t h a t  th e  .fy q u is t  o p en - and c lo s e d -  
c i r c u i t  t e s t s  may be u se d  a l s o  a t  low  f r e q u e n c i e s .  T h is  m ethod , 
i f  v a l i d ,  w ou ld  b e  moot v a lu a b le ,  f o r  i t  c o u ld  be a p p l ie d  a l s o  
t o  a sy m m e tr ic a l n e tw o r k s . I t  w i l l  b e  s u f f i c i e n t  t o  ekaia ine th e  
s im p le s t  c a s e  o f  t h e , c l o s e d - c i r c u i t  form  o f  t e s t  w ith  a sytm aet- 
r i c a l  netw ork  and w i t h ,u  = cO ^
The g e n e r a to r  e .m .f *  i s  now e -  e x p .p t ,  i . e .  m-j -  = 0
and xao ~ 1 ,  The im pedance i n t o  w h ich  th e  g e n e r a to r  o p e r a te s  i s  
t h e  r a t i o  o f  e t o  th e  g r id  c u r r e n t ,o f  fr e q u e n c y  p .  I t  i s  c a l ­
c u la t e d  in  t h e  same way a s  b e f o r e  and i s  2 = A ( p ) /L ( p ) , w here  
A (p ) i s  t h e  a m p litu d e  s t a b i l i t y  f u n c t io n  and 
K p )  = So + (S o (S o  + S g) -  s s | ) a +
+ (S o (G o  + Gg) -  S S iG j  -  k ( S o ( S o  +  S g )  -  2 s f ) ) Z +
For th e  im pedance lo c u s  t o  b e  a  v a l i d  c r i t e r i o n  o f  a m p li t ­
u d e s t a b i l i t y  L (p ) m ust n o t ' e n c l o s e  t h e  o r i g i n . Sg and th e  
r e a l  p a r t  o f  th e  f i r s t  term  a r e  a lw ays p o s i t i v e , b u t th e  c o e f f ­
i c i e n t  o f  2!^  may be p o s i t i v e  or n e g a t iv e .  T h e -n e c e s s a r y  and  
s u f f i c i e n t  c o n d i t io n  f o r  L ( p ) .n o t  t o  e n c lo s e  th e  o r ig i n  i s  t h a t  
z t  0 ,  b u t t h i s  im p l ie s  t h a t  t l ie r e  i s  no tx a n sm iss io n -  o f  
h ig h - fr e q u e n c y , c u r r e n t  th rou -^ i th e  n etw ork  and t h e r e f o r e  no 
o s c i l l a t i o n .  I t  f o l l o w s  t h a t  s t a b i l i t y  ca n n o t b e  d e ter m in ed  
by a p p ly in g  t h e  h y q u is t  t e s t  a t  low  f r e q u e n c ie s .
A lth o u g h  E dson was c o n cern ed  o n ly  w ith  a m p litu d e  s t a b i l i t y  
h i s  m ethod may b e a d a p te d  t o  d e ter m in e  a l s o  fr e q u e n c y  s t a b i l i t y
in  s y im e t r i c a l  n e tw o r k s . C o n s id e r in g  th o  c l o s e d - c i r c u i t  form  
o f  t e s t ,  l e t  = 1 and = 0* The sum o f  th e  r e a l
p a r t  o f  e and th e ’ fîten d y  o s c i l l a t i o n  i s  th e n  a  fr e q u en cy -m o d u l­
a t e d  w a v e . The im pedance in t o  w h ich  th e  t e s t  g e n e r a to r  o p e r a te s  
i s  ta k e n  a s  t h e  r a t i o  o f  v o l t a g e  t o  c u r r e n t  a t  th e  fr e q u e n c y  
I) + jcOg and i s  Z a  F (p ) /W (p ) , vrhere F (p ) i s  th e  fr e q u e n c y  
s t a b i l i t y  f u n c t io n  o f  (0 * 3 ) and h (p )  -- ( I  -  O in ce
in  n e g a t iv e  and z t  h a s  a  p o s i t i v e  r e a l  p a i't  t h e  lo c u s  o f  M(p) 
ca n n o t e n c lo s e  th e  o r i g i n ,  and th e  lo c u s  o f  Z t h e r e f o r e  makes 
th e  Dame number o f  o n c ir o lc m e n ts  a s  th a t  o f  F ( p )*  B oth  th e  
o p en - and c l o s e d - c i r c u i t  form s o f  th e  %'q u ie t  t e s t  may b e u se d  
w ith o u t  r e s t r i c t i o n  t o  d e ter m in e  fr e q u e n c y  s t a b i l i t y .
O ther c r i t e r i a  f o r  .p e r io d ic  a m p litu d e  s t a b i l i t y  prop osed  
by Eds on and by van  S lo o t e n  a r e  exam ine cl in  t h e  f o l lo w in g  S e c t i o n .
I S ,  IC xperlm ental r e s u l t s  and c o n c lu s io n s .
A B e r ie c  o f  L e s te  was c a r r ie d  o u t t o  c h e c k  th e  m ain  p o in t s  
o f  th e  t h e o r y .  Two a m p l i f i e r s  -  a  t r i o d e  and a  p e n to d e  -  w ere  
u s e d  o f  w h ich  th e  p a r a m ete r s  o c c u r r in g  in  e x p r e s s io n s  ( 4 . 4 ) ,
( 4 , 1 9 ) ,  (4 i8 R ) and (4 * 8 3 )w e r e  ah f o l l o w s .  - .
A m p lif ier .
1
2' '
1
2  .
g  mhos 
6 .5 7  1 0 “  ^
6 .4 0
hm. mhos .O ,
1 .0 5  1 0 “  ^
1 .9 8  10"^
Voa v o l t s  
- 8.10  
- 2 .7 0  .
20,6
2200
Vgg v o l t s  ! Ig  ampr; 
' 0 ,0 5  ! 1 .2 7  10 -4'"
- 0 .1 6 . l 9 , 9  10 -
k
1
0 ,7 8  
Vg v o l t s  
0 .1 0 3  
0 .1 0 5  "
T h ese  f i g u r e s  w ore o b ta in e d  from  p l o t s  o f  t h e  anode and  
g r id  c u r r e n t s .  At s m a ll  v a lu e s  o f  i^  ^ t h e  t h r e e - h a lv e s  lavr i s  
n o t f o l l o w e d ,  and f o r  sK ia ll v a lu e s  o f  v^  t h e  g r id - c u r r e n t  cu rv e  
i s  n o t l i n e a r .  Yg^  ^ and Ygg w ere th e r  f o r e  fou n d  by e x t r a p o la t in g  
t h e  l in e a r  p a r t s  o f  th e  i^  and g r a p h s , 1^ and Y w ere
o b ta in e d  in  a  s im i la r  w ay; Thé e f f e c t s  o f  d e p a r tu r e s  from  th e  
t h e o r e t i c a l  form s a r e  d i s c u s s e d •l a t e r .
lu s t - c o r e d '  c o i l s  w ere u se d  t o  o b ta in , a  higQi c o u p lin g  f a c t o r  
b etw een  th e  tw o  w in d in g s .  T h is  makes t h e  v o l t a g e  r a t i o  b etw een  
anode and g r id  e q u a l t o  , and a l s o  = 0 .  The
in d u c ta n c e  o f  t h e  main c o i l  was 1 .0 1 5  mil. U n le s s  o th e r w is e  
s t a t e d  th e  o s c i l l a t i o n  fr e q u e n c y  was 5 0 .7 6  K c /s*
T e s t  1 O s c i l l a t i o n  a m p litu d e . ( S e c t io n  4 )
For t e s t s  (b) and (c )  th e  c i r c u i t  o f  F ig *  12 was u se d  w ith  
Eg, = 0 ;  f o r  t e s t  (a ) t h e  same b u t w ith  th e  a n t i - r e s o n a n t  c i r c u i t  
and th e  c o u p l in g  c o i l  in te r c h a n g e d . The o s c i l l a t i o n  a m p litu d e  
was v a r ie d  by a d j u s t in g  th e  r e s i s t a n c e  R and t h e  number o f  • 
tu r n s  o f  t h e  c o u p l in g  c o i l .  A m p lif ie r  1 was u se d  th r o u g h o u t .
The m ethod o f  c a l c u l a t i o n  i s  d e s c r ib e d  i n  S e c t io n  4 .
6T e s t H K S l u  ■
v g i
c a lc
v o l t s
m o a s .
(a ) K = 0 .7 5 2 .0 9 2 .  o2 • 8 .9 0 8 .8 0
Up. = .1 7 .5  i t 51 4 ,5 7 4 .2 3 1 0 ,0 1 8 .0
-Rr/Pu~. = 0 .2 0 5 - Ô .90 5 ,5 0 2 7 .3 2 5 .5
1 2 .5 7 .5 2 3 9 .6
(b) K = 1 .0 0  • 1 .0 6 2 .4 9 ■7.50 7 .4 0
Rff =s 6 6 .6 2 .0 9 4 .8 6 1 2 .4 1 2 .7
-E l/d g , = 2 .4 4 4 .5 7 1 0 .3 2 0 .9 2 1 .1
6 .9 0 1 5 ,2 3 7 .2 2 6 .7
( c )  H = 1 .8 3  ' - 6 .8 9 2  .44 , 6 .4 8 6 .2 2
614 K S l L 1 2 .5 4 .4 3 8 .4 0 7 .7 8
-Rj;/Pup = 9 .7 5  ■} 27;7.' 9 .7 6 1 0 .4 9 .7 6
V /itb th e  e x c e p t io n  o f  t h e  l a s t  r e s u l t  o f  t e s t  (a ) th e  
c a lc u l a t e d  and m easured  a m p litu d e s  a g r é e  w i t h in  th e  l i m i t s  o f  
e x p e r im e n ta l  e r r o r . A c c o r d in g  t o  F i g .  3 th e r e  . i s  no v a lu e  o f  
Y c o r r e s p o n d in g  t o  H -  7 ,5 2  and K = 0 .7 5 .  D e p a r tu r e s  from  th e  
t h r e e - h a lv e s  law  a t  sm ^ill v a lu e s  o f  i^  w ou ld  p rod u ce o n ly  s l i g h t  
e r r o r s  u n le s s  t h e  v a lv e  had an e x c e p t i o n a l ly  lo n g  ’’t a i l ’*. 
how ever# f o r  la r g e  p o s i t i v e  g r id  v o l t a g e s  t h e  anode c u r r e n t  may 
h e much l e s s  th a n  th e  t h e o r e t i c a l  v a lu e .  T h is  w ould a c c o u n t  
f o r  th e  . l a s t  r e s u l t  o f  . - t e s t  (a )  f o r  th e  maximum g r id  v o l t a g e  
t h e r e  i s  1Ô .2 v o l t s *  The s l i g h t l y  h ig h e r  e r r o r s  i n , t e s t  (c )
may h e  a t t r i b u t e d  t o  uhe f a c t  t h a t  th e  q u a n t i ty  1 + ,
w h ic h  i s  th e  d en om in ator  o f  E , is ' .a p p r o x im a te ly  0 .5 #  so  t h a t  in
c a l c u l a t i n g  K any e r r o r s  i n  R j /%  and a r e  d o u b le d .
D e p a r tu r e s  o f  t h e  g r id - c u r r e n t  law  from  th e  s e m i - l in e a r  
form  a t  s m a l l  v o l t a g e s  p rod u ce u s u a l ly  l i t t l e  e r r o r .  V/hen 
i s  s m a ll  t h e  g r id  i s  d r iv e n  w e l l  in t o  th e  l i n e a r  r e g io n  u n le s s  
th e  o s c i l l a t i o n  a m p litu d e  i s  v e r y  s ,m a ll. I f  i s  e x c e s s i v e l y  
l a r g e  th e  g r id  may b e  d r iv e n  beyond th e  l i n e a r  r e g io n .  The 
e f f e c t i v e  v a lu e  o f  bg  and th u s  o f  IÇ i s  th e n  in c r e a s e d .  When 
R_ i s  larg;e  t h e  r a t i o  Yr./Y^,_ i s  a lm o st  - 1  and i s  p r a c t i c a l l y  
in d e p e n d e n t o f  ch a n g es  in  .th e  ■ v a lu e  o f  b,^.
, ’
T e s t  2 .  F req u en cy  s t a b i l i t y (!(
'/;:/lh e!o .irou it;,:U sé% :w as';à !m p clifica t  
1 0 é Three; i d G n t i c a l ! c o i l s ! w é f e ;  u se d  w ith !é q u â l. .s h u n t  r e s i s t a n c e s ,  
t h e  e f f e c t ;  of, y a ry in g itb e^ b liu b M  f  e ; c e n t r a l  ; : !  - ‘
c o i l  b e in g  / s im u la t e #  by a d p o te h t ib m e té r ' co m ied ted ! d ord sé  th é  r- 
c o u p l in g  c o i l ,  ; % l l i t l i  >u ~!ô3 and  a  la r g e  gr i d - l è a k  r e s i s t a n c e  > ; . 
t h e  e q u a t io n  'for,' t h é  m o d if ie d  c lr o n i t -  i s  th e; same: a s  f o r  th e  -'t!!!, 
o r ig in a l» ,  n b e in g  now ^the p o te n t io m e te r  r a t i o .  .: The c i r c u i t s  
w ere  tu n ed  t o - f r è q ù e n o iee :':6 f- -  :6d!;dnd'(55 ; .  ! i , e (  1 :!:!-
ttiîÿiod . “  O . l t  s t a r t i n g ,  w ith , th e  p 61ê n t  i omet er  s e t  a t  (maximum ;V' ■;, 
(n == 1 ) and th e  o s c i l l a t i o n  fr e q u e h c y  .a t  50!lC c/s', / th e  I s e t t i n g  .. 
was : reduo e d ( tb  th e  : or  i t  i  c a l  : v a lu s  :a.t: !# iic h !  I n s t a b i l i t y  b egan  # : v
'Ï0 j  a" 
i s  I s
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Th« t h q o r c t  i c a l  v a lu e s  :h f  n w ere c a lc u la t e d !  from  ; (9 .1 1 ) .  
and ( 9 .5 ) , .  : T h is  t h e o r y  i s  s t r i c t l y  v a l i d  o n ly  when Q, i s .  v e r y  
l a r g e  and c%/£Oq v e r y  s m a l l .  I t  may b e  show i: iih a t th e  , t f u e . 
t h .e o r o t ic a l  v d lu e  o f  i l  i s  l e s s  th a n  .tlia t o f  th e  a p p ro x im a te  
t h e o r y ,  .:and t h a t  w it h  t h e  v a lu e s  o f  p a r e ja e te r s  U sed  in  th e  
ex p e r im en t t h e  d i f f e r  once i s  o f  t lie  same prderi a$ t h e  0^^^^
At t h é ; c r i t i e a l  v d lu e  o f  ,n i h s t à b i l i ù y  b eg a n  as: a  s m a ll  : : 
s u s t a in e d  f  requc n cy  m odulât i o n . ,  ib’ -ohe n \© s  f u r t h e r  /d e c r e a se d  *, 
th e  o s c i l l a t i o n  fr e q u e n c y  changed sudden ly  t o  c new s t a b le  v a lu e .
Te s t ,  o * ■ lM i)p li:L ude!stad3ility ./r: h y s t e r e s i s  . : ( S e c t io n  10) ; ;/:
■ The ' c i r c u i t :  Was: t h a t  ( o f  F .ig . 12 w ith  :0 . I n s t a b i l i t y
o f  th e  f i r s t  klnd^.r/j.à'içhàhgeq one large ,v ,arap litu d e.(t o'; a n o th e r ( 
c o u ld  n o t b e  d e t  e c t  èd w i t h  : A m p lif i  e r . 1 .  ' ■ U s in g  • A m p lif ie r  ■ 2 ..it'.'.' ' V 
w js  prod u ced / b y  lo it e r  in  : th e  s c r e e n  v o l t a g u  (n o r m a lly  150 ) ; t o  :
10 Y , mid m aking -a 5 .4 3  E fZ# ! The ! Cr i t  l o r l  a m p litu d e  .cbf r e â p -  
., onded t o  V% «. - 0 .4 5  V . At : su ch  1 dvr v o l t a g e s  t h e  p a ra m eters
- I
e t c  3irvo l i t t l e  or. no m ea n in g , a i^ci t l ie  c o n f ir m a t io n  i s  tixits 
o n ly  r u a l i t a ?  i v t  . , In  a l l  p r a c t i c a l  a  ip i i f  ie r s ; ;  t h i s  : f  brni'  ^o f  
. i i i B t a h i l i t y  i s  i i i h i h i t e d  h y  t h é  d e p a r tiir e  from  t h e  t h r e e - h a lv e s  
law  a l  lare io  ^ r id  v o l ta r j e s .
- ; , ; For t h e -.oecond type',, o f  h y s t e r e . j i s  a Tf e c t  -  th e  sndden  
;s t a r t i n g  and s to p p in g ;  o f  . l o s c i i i a t i o n  • th e  a n t i - r e s o n a u t  c i r c u i t  
■ and c o u p l in g  c o i l ,  in  F ig  /  18 vjcre. in te r c h a n g e d #  The .re i s t a n o e  
R was; a d j u s t e d  . t i i r ;  o s c i l l â t  io n  j u s t  h egah  .f; T h is, was ; done f o r  ' ,
. v a r io u s  o f  R  ^ t o  f in d :  th e . or I t  Ic. .1 v a lu e  "at w h ich  . v
.I'^ys t e r e s  i s  appeoroO . iio m  th.e m ea su ied  v a lu e , o f  Rc/ t l ie  q u a n t i t -  
l e s  and he fou n d  .hÿ u sin e; (4/8% ) , : . ;;
. F i g / 4./, I'ho s t a b i l i t y  c r i t e r i o n  ( 1 0 * 8 ) - .can t h e n  he u se d  t o  '
; r a t i o  Rg/Rÿ. « # a p l i f i S r , 1 was u se d  writh
- '.-O V - ; c a l c ymeas :
f:5bo  ry-; . -4 ,0 4
y; 300 : .U 4 .9 .
: l t  - i s  a  n m ttc r  ,,of S6m e';di.f ficu.l^ty.^^^t - or-;/'.
; n o t  P h y s t e r e s i s ,  e f f e c t  e x i s t s  >: '.for "àt...t h e . . ' c r i t i c a r  va lu e .: o f  ',
Eg th e  i n i t i a l ' s t a b l e ,  v a m p lit iid e  in  v a n i s h in g ly  sm a ll?  a n d . i t  
i s  n o t e a s y  t o - d i s t i n g u i s h  b e t  een .a /m ia l l  e f f e c t
f.ahd>:a;.s.mooth s t a r t  o f  o s c i l l a 1 1 or /a'.;Thé';fi'f s t  i e s u l t  was o h t a in -  
y ''-: .Gd:::'hy,tEi,.king th e  a v e r h g e  o i ho two' v a lu e s  o i  Rg. ,at vdiioh . i t  
% was. b e r t a l n . th a t . lw steres is .:L ^  and d id  n o t  . e x i s t  . .. ..The se c o n d  
e s u l t  i s  a  s i n g l e  e s t im a t io n  o f  ICg .
; f e s t  4 . . P e r io d ic  a m p litu d e ./I n s tu h i] it -y  • ( S e c t io n  11) . :
ihe.:ioirCntt.'::of',yi!.ig ed \ i t h ’;llQ^ ,.;«-'-,0'.; f/ppr/.^various'y
: ; v a lu e s  o f  ;R and Rp. th e  gr id : c a p a c it . .n e e  Cpfwas in c r e a s e d  u n t i l .
i n s t a b i l i t y  b e t  i n .  (To.^restor'd' . s t a b i l i t y  G_ had o f t e n  t o  b e  
' r e d u c e d  t o  .a :;v a lu e  l e s s :  th a h r th e  .o r i g i n a l  C r i t i c a l  v a lù é #  V:
,. . :U s in g  th é  measux ed v a lu e s ', o f  R > R - and t h e  v a lu e s  ‘ o f  
ySQEg.s-.S^rg and CpRj^ g a i e  .o h ta ih é d  %  .5: anc G. Thé.'
' / s t a b i l i t y  c i i o e r i o n : ' . ( l l « 8 )  cajci th e n  h e  u se d  t o  c a l c u l a t e  t h e  
y ■ ,c r it .iq u i- : :v a la e ..c r  ^  j i)ü p lif ie i '  1 wad u sed y a ^  =;':./'8...44:".
X
. . ::4 <k>
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c a lc u l a t e d  and a iea su red ’ v a l u e s  o f  C^L - agre.e' w g IIv  The e r r o r  i s  
p r o h a b ly  oohnected]: w t h e  l a r g e . v a lu e . .(8 , V), o f  t h e  tiaxim im  . 
g r id  v o l t a g e .  :D e p a r tu r e s  o l wie l id - o u r r e n t  law  from  th é  
s e à i i ‘^ lin ea f,y form ,:p rod iice  0 1  ror«^ in  and %  w h ich  a r e  l i k e l y  ■ 
t o  he. s e r i o u s r f o r  l a r g e  v a lu e s  o f  ind s m a l l  v a lu e s  o f  
f o r  th e ' g r i d , f  s;. th e n  'd r iv e n  ; o n ly  .:''-sli ÿ d à i t  iv o  E r r o r s . ..vs.;
m ust a l s o  he, e x p e c te d  w i t h  s m a ll  v a lu e s  o f  R^ andV la r g e  vs-lués;
: The l a s t  two colinnns i n  ;the t a b le  a r e  c a l c u l a t e d  from  . 
fo rm u la e  g iv e n  hy v a n  S lootO n ^  and . id s o n  r- -¥ a n  S lo o te n ,* s  '
> (Y - 1)/{1  -  Y(1 + V ^/V g))
E dson 's  o% \berion: is.
■ : : : y - - .v - y  V r 'F ::
' In  e%ch t e s t : t h e , ,  f i r s t - r e ' ' u I t  g i v e s  t h e  iioaximum a m p litu d e , 
f o r  .w h ich , s  ta b  i l l  t y  ‘ i s  in d e p e n d e n t o f  : I.n van' S lo o te n .'s  ' 
fh e b r y :  a l l  - .v a iu e s /o f  \% y-:le8% itha%  /.
?
e.
r e p r e s e n t  ■ s t a b l e  s t a t  e s  :
?T e st  '5 .  P e r io d ic  a m p litu d e  s t a b i l i t y  w it h  f i x e d  g r id  b i a s .
( S e c t io n  l l )
The c i r c u i t  u se d  was t h a t  o f  F ig ,  IS  w ith  f lio  g r id  le a k  
ropDaood by  a  so u r c e  o f  e . m . f . s u f f i c i e n t  t o  s t o p  g r id  c u r r e n t . 
The H.T .s u p p ly  v o l t a g e  was a d ju s te d  to  k eep  th e  mean anode  
v o l t a g e  a t  i t s  norm al v a lu e  o f  150 v . ' W ith a l l  o t lie r  p a r a m eters  
f i x e d  t h e  d e c o u p lin g  c a p a c ita n c e  0., was a d j u s te d  to  th e  p o in t  
o f  i n s t a b i l i t y .
U s in g  th e  m easured  v a lu e s  o f  R , , V- a  v a lu e  f o r
0^ can be c a lc u l a t e d  from  ( l l . i l )  by way o f  F i g .  6-, ( 5 ,1 4 )  e t c .  
A iiw lif io r  1 was u se d  and = 2 ; 4 4 .
-
R - - h
T<- (1 K .a v o l t s
1 9 .0 ,7 .0 0
1 9 .8 , 1 .7 1 8 .0 0
1 1 .4 1 .5 0 , 7 .5 0
^ S l y  
v o l t s  ■
5 .5 5  ’
5 .8 7  ;
'U
5 .2 3  ' 4 .6 5
.;ol’ X 10"'^ I 
c a lc  ; raeuB '
3 .7 8  . 2 2 ,7  i 1 4 .1  
0 .3 0  I 1 0 .5  j 8 .6
I i- '
1 8 ,9  1 4 .2
. T h is  ex p er im en t was d i f f i c u l t  t o  c a r r y  ou t beoauBe th e  
o s c i l l a t i o n  a m p litu d e  ch a n g es  v e r y  r a p id ly  w ith  v a r ia t i o n s  o f  
R and A n oth er  so u r o e  o f  e r r o r  l i e s  in  th e  f a c t  t h a t  th e
v a lu e  o f  0^ i s  a b o u t t h e  saiao a s  th a t  o f  th e  tu n in g  c a p a c ita n c e  
C n,nd th a t  Q, i s  s m a l l .  T h is  m eans t } ia t  th e  im pedance o f  0^ a t  
th e  o s c i l l a t i o n  fr e q u e n c y  i s  n o t  n e g l i g i b l e  com pared w ith  R a s  
assum ed i n  th e  t h e o r y .
T e s t  6 . P e r io d ic  a m p litu d e  s t a b i l i t y  w ith . 5 t im e  c o n s t a n t s .
( S e c t io n  12)
The c i r c u i t  o f  I ' lg .  12 was u se d  w ith  a m p lif ie z '  1* t h e  H .T , 
s u p p ly  v o l t a g e  b e in g  a d ju s te d  t o  k eep  th e  mean anode v o l t a g e  
c o n s t a n t .  For v a r io u s  v a lu e s  o f  R^ and th e  v a lu e  o f  C/,, was 
o .d ju s te d  t o  t h e  u n s t a b le  p o i n t „ The o t lie r  p a r a m e te r s , w h ich  
'were c o n s ta n t  t h r  ought o u t , w ere R ~ 2 .0 9  , 0^ ” 0 ,0 0 9 0 5  /iP
Q, --3 0 .4V  f —R^/Ri[i — 2 .4 4  *
U s in g  t h e  m easured  v a lu e s  o f  Vg ^values,, f o r  Og can be  
c a lc u l a t e d  from  ( 1 1 . 6 ) ,  ( l l . V )  and ( 1 2 .2 )  a s  d e s c r ib e d  in  
S e c t io n  1 2 .
I d
-'6 ' 
t  G. X 10"^
y : ,# - : : v o l t  s V : p a le .meaij
0
pA Sëi'u -'iS/S'h: U 'la /lg .'
'.''4:;'83U: -o::85;9gi
' 8 .0 '
■66/Ô' ; ; 2;.i4- ■;;,ll\'2-.' " 13.5
3 7 .9
,0 _ : G 5.50
■-194;-'-.1' '-iq/7:h' f;:8 ,7o 8*b0
The v a lu e  o f  0.ÜÜ9Ü5 f o r  0^. i s  much l e s s  th an  w ould  
np^m hl.ly bé/usedfùb^^^^ equcLl tq '-:#W -tühï'n^
c a p a c it a n c e  C » T h is  v a lu e  wap ohoSGn in  : o r d e r  t o  d e m o n str a te  : 
c lé a r ly ;  t i o  c l i e o t  o f  t h é / d e q o d p lin g  n ctw o rs., U ita  m lm èB  , o f '- 
C^ ; w h ic li w ou ld  h e  u se d  i n  ip ÿaW icé  t h e  e f f e c t  on In o  cr 'it^ lc a l T'-'' 
v a lu e :  'o f . e g  :was to e  s m a ll  t o  - h è -i-: ' T',.f': .
Tcnt_ ,7 . h a r t l e y  o s c i l l a t o r .  ( S e c t io n  13) ' '
"''f :F ig . 13 Bho,#: tlie:: oircUiÿ:':U8ed.^
i n  t h e
la s t ' :  tw o  ' /
parcmiGt:Gr8*/;mi(ai:'wdrG:^^^^ - = ^ :55 .l K j l ,
E -  4 .5 ?  ,Q 1 4 .8 ,  -Vg = 0 ,4  V, C„ 0.05013 püf, = 2 .4 4
A raplifierc 2 'was u s e d ,
: ' ' 'Th'^  '# i i iG s : : p f :
Ithdpb.!
e t c  g iv e n  hy ( 1 2 .4 )  ■ y f f
Sk-W?
V oài'pg'.' "pàldf /\m|éa's
: f ' :r'9/74
ltOd\h ('^9/5
i F l ' :
5 /66 : dO ■
In  a c c o r d a n c e 'w ith  th e  id e a s  put forw ard  i n  S e c t io n  12  
t h e r e  i s  a  ra n g e  o f  v a lu e s  o f  -over w h ich  the cu ap litu d e  i s  
s t a b l e  w3ien C^ , Vdien t h e  v a lu e s  o f  , C. and 0,  ^ a r eQ ■ a  a  g
com pared w it h  th o s o  o f  t h e  p r e v io u s ' t o s t  th o  p o w e r fu l s t a b i l i s -  
- ,
lu g  e f f e c t  Of t h e  d e g e n e r a t iv e  fe e d b a c k  a t  lo w  f r e q u e n c ie s
bocom es e v id e n t .  A s im i la r -  e f f e c t  c o u ld  be o b ta in e d  w it h  th e
c i r c u i t  o f  F i g .  12  i f  th e  lo w e r  t e r m in a l  o f  Ci^  w ere  c o n n e c te d
t o  t h e  u p p er t e r m in a l  o f  in s t e a d  o f  t o  th e  c a th o d e .
The e r r o r s  a r o  somewhat ■ la r g e r  th a n  i n  p r e v io u s  cjacperiixents
b u t  t lie  r e a s o n  f o r  t h i s  was n o t  d is o o v o r e d .
■ T e s t  8 .  F requency  h y s t e r e s i s  ( S e c t io n  14)
, h The c i r c u i t  o f  F i g .  14 was u se d  w i t h  a m p 3 .if ier  2 .  G rid
b ia s , was o b ta in e d  b y  g r id  l e a k  and c o n d e n s e r , th e  dfjujiping
r e s i s t a n c e  R b e in g  a d j u s te d  t o  s u i t  « The m u tu a l in d u c ta n c e  was 
r e a l i s e d  by u s in g  a  t h i r d  c o i l .  A fte r  M and  R had b e e n  s o t  t o  
s u i t a b l e  v a lu e s  th e  se c o n d a r y  t u n in g  c a p a c it a n c e  Gg v/as v a r ie d  
and  th e  f r e q u e n c ie s  o f  th e  v a r io u s  c r i t i c a l  p o in t s  in  F i g ,  15  
w ere m ea su red . Owing t o  th e  r a p id  v a r ia t i o n  o f  fr e q u e n c y  w ith  
Og Ifc was n o t  p o s s i b l e  t o  f i n d  th e  f r e q u e n c ie s  a t  a  and c .  The 
v a lu e s  o f  a t  b and d were' a l s o  m ea su red , b u t no v a lu e s  c o u ld  
b e  found. c o r r e s p o n d in g  t o  f  and g b e c a u s e  o f  th e  ex trem e f l a t ­
n e s s  o f  th e  maximum and minimum,
.U « 6 .7  KXZ, b =' ï ' y i  = 0 . 1 ,  C =: 9800 y^ F  
V/ith M ~ 0 ,  o s c i l l a t i o n  fr e q u e n c y  -  4 0 .5  K c / s .  q = 20  
From ( 1 4 . l ) ,  u  = 3 .  ■ '
From ( 1 4 . 3 ) ,  v a lu e s  o f  sq  a t  p o in b s  b and d a r e  t  1 .1 8
H e n c e . ' ■ " 0^ ' .'9800, 580
M easured v a lu e s  - '  98Ô0 + 600 uuF ,
From ( 1 4 .5 )  f r e q u e n c ie s  a t  p o in t s  b and d a r e  4 6*50  ^ 1 .6 5  iC c/s
M easured v a lu e s  = '-48 .50  -T 1 .6 6  K c/s-
From ( 1 4 ,7 )  f r e q u e n c ie s  a t  .p o i n t s  f  and g  a r e  4 8 .5 0  t  2 .4 3  K c /s
X4easured v a lu e s  = 4 8 .5 0  ± 2 . 4 9  K c /s
— s t ab, i l i t y  w ith  , ( S e c t io n  12)
: U rth
° i PÙ: j u s t  b egan  <vnd xl, i^as ' obseT-yed w h eth e r  ,or  
h 9 :b i^ ^ ,ÿ r 8 t^ e ^ q 8 ié /e f;^  :y %_k,
d i f f e r  en  u v a lu o n  o i Rg^  t o  f in d  th o  v a lu e  o f  R a t  w h ich  h y s t é r é s i s  
was, J u s t  ,d é t e q t à b l h /  “l e i  2.,we "t ie e d  find b \= . o .805
; : \  Usinig :(§ /2 4 ) r^ :^( % ]0) and r i g .  4 /  th e  ' •
q u M t i t y  Pax.k - P / l^ .,:  . . i s  a l s o /  ,
_t}iq::l,_.H.8.. df.rthets.tabi'l'i^^^^^ abové'
.f ig u r e s  t l le  ;R;.H.S o o f  t h i s  i n e q u a l i t y  i s  fo u n d  t o  b s  0 ,1 8 .  ,.The :.
8 t ir ib u të : .d i,tb  t W  o f  .
d e c id in g  ,I f ' .a  h y s t e i  o s i s  o f f  eb.t e x i s . t s / v  . V : ,  fv ’, ' . . .  : \
!^st:JIQ  * ,E ff  e c t  ' o ftR h  .0  (A ppendix s j  ; ■
\  -y ,, 'The;.,.e^ .o.fj',Fig;,.'l2^:^^^^^ 'H-.T:/%.6.^ppiy:'v^^^^
: b e in g .’ kep k : co n s  t a n t  tw h i l a  Hg^jwas y a f i e d . f  Tlae/b t h e f . param et e r s  ' 
y fe r e  R;,== 2 .0 9  ^ jl,...R '^'y  ■:66.6:-Kil, -R^^/Rg =:~ .2'.44.. V alues- o f  th e  
o s c i l l â t  Lon ”» j l-itMVV^ere.cCaiqbl^isd-fiVpV^''.:^ :--: :;
A m p lif ie r . Ï, was u s e d .. .  i; ■'. f , , ,  'yv-tx..;:-' ;,'\y - V;., ';v' '., :f'" '-:
'-'Kfl'/: .:\oaib.-': .; '.meas'i
0
4 .8 3  ' ,.9# spy
■11.4:.,'- ,6 * 86 7:.07X
Î Q .é ÿ .
: Theéè :êxp.efimeh$b bhbimïtkàV far .às/yV''
i t  : g o e s  r - i s  s u b s t a n t i a l l y  o o r r e c t E r r o r s .  a r i s  e m a in ly  when th e  
a c t u a l  'bohm riour ,:cf ( th e  - r'iefyand: netw ork: d : from  t h e ' /  y
à sSlimed'. forins:* • I t  seem s s a f e  t o  b ay  : t h a t  th é  " gén éra l th e o r y  :. ,' 
i s ,  a lw a y  b x y a i id  .pr q y i.d e d .. th e  t r u e  y a iu e s  - o f  -.the v a r  io u s  p a r a - y : 
: # e r é ^ e : ^ p ^  ;y
- y From t h e  p r a o t i o a i  p o in t  o f  v ie w  a  s e r io u s  ;drawba,ck i s  . /
th o  s t a b i l i t y  c r i t e r i a ,  a r e  v a l i d  o n ly  f o r  s iim ll  c U stu r h a n c e o , 
w h ereas t o  h e  o f  any  p r e c t i c a l  u s e  om o s c i l l a t o r  mue k have  
s t a b i l i t y  u n d er a l l  c o n d itlo r iB  o f  o p e r a t io n  w h ich  Jiiay in c lu d e  
la r g o  s w it c h in g  our gar], A th e o r y  t o  ta k e  a c c o u n t  o f  la r g e  
d is tu r b a n c e s  w ou ld  n eed  t o  be a  n o n - l in e a r  t h e o r y ,  i n  c o n t r a s t  
t o  t3ie l i n e a r  th e o r y  o f  t h i s  p a p e r . Suoh a  th e o r y  w ou ld  be  
v e r y  c o m p lic a te d  and each  p a r t ic u la r  o s c i l l a t o r  w ou ld  h ave  t o  
be t r e a t e d  sis a  cep a .ra te  p ro b lem . . , ,
A se c o n d  d is a d v a n ta g e  i s  t h a t  th e  s t a b i l i t y  c r i t e r i a  a r c  
n o t vciry s im p le s  i t  w ou ld  o f t e n  b e  q u ic k e r  t o  f in d  th e  s o l u t i o n - 
b y  e x p e r im e n t . H ow ever, i t  m ust bo rome-abered t h a t  t h e  analj/TJis 
h a s  b e e n  c a r r ie d  ou t in  d e t a i l  w ith  th e  o b j e c t  o f  t e s t i n g  a s  
a c c u r a t e ly  a s  p o s s i b l e  t h e  b a s ic  t h e o r y .  Buch r e fin e m e n tn  
w ould  n o t b e  j u s t i f i e d  i n  p r a c t i c a l  d e s ig n  c a lc u la t io n s -  f o r  
th e  prim ary  d a ta  w ou ld  se ld om  be Icnoimi w it h  any g r e a t  a c c u r a c y .
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A ppendix  1* The s t e a d y - s t a t e  o s c i l l a t i o n .
B et t h e  g r id - c u r r e n t  c h a r a c t e r i s t i c  h ave t h e  s e m i - l in e a r  
form  i g  = e (T g ) = bg(V g -  T^g) when Tg > V^g
= 0 ■ Tg 6  Vgg ( A l . l )
h g  and V^g a r e  p a r a m ete r s  o f  th e  v a l v e .
L et Vg = Vg^^coscoQt Vg . . . . (A 1 .2 )
I t  i s  assum ed t h a t  c u r r e n t  f lo w s  d u r in g  o n ly  p a r t  o f  ea ch  c y c l e .  
The c o n d u c t io n  a n g le  2f6 i s  d e f in e d  b y  •
, c o s^  = (Vog -  V g)/V g^  (A 1 .3 )
I f  Vg-j^  i s  c o n s ta n t  Vg and 0  v a r y  w it h  V ^g. L et 0 q  be t h e  v a lu e  
o f  0 when V^g = 0 ,  and l e t  0 - 0 0 + 01* I f  0i  i s  s o  s m a ll  t h a t  
cosjZf]  ^ “  1» s in 0 2  “ ^ 1  f o l l o w s  from  ( 4 .2 )  and t h e  ab ove  
e q u a t io n s  t h a t
1 = (tan0Q  -  ^Q )b gR g/v
0  ^ 0 ^ { l  -  vV ogC ot/o/bgR gV gj^^oSin^o)
1 -  VQ gSec0/Vg^ «  ( ta h 0  -  jZJ)bgRg/v / (A 1 .4 )
Vg = - o o s / o ( V g i  -  ^ c d ^ o / B i n 0 0 )
The f i r s t  e q u a t io n  g i v e s  0^  in fo rm s o f  bgR g. ^  .and Vg 
f o l l o w  from  th e  o t h e r s .  As b ÿ lg  v a r ie s  from  10 t o  1000  th e  
c o e f f i c i e n t  o f  V^g/Vgj^ i n  th e  se co n d  e q u a t io n  v a r i e s  from  
0 .4 0  t o  0 .3 4 ,  and 0o /B ± n 0o  in  th e  fo u r th  e q u a t io n  v a r ie s  from  
1 .1 3  t o  1 .  S in c e  a lw a y s  s m a ll  in  p r a c t i c e  i t  i s
s u f f i c i e n t l y  a c c u r a te  t o  ta k e  a v e r a g e  v a lu e s  a t  sa y  bgRg = 100  
n o ia e ly , 0.3G  and 1 .  T h is  a p p r o x im a tio n  g i v e s
0  0 a U  -  O.S6Yoe/^Zl'>
V (Ai.e)
Yg = V g ( l : -  VogAgi) 
w here = -Y^j_oob0o ■ . y ' / y
U s in g  th e  f i r s t  e q u a t io n  o f  (A 1 .4 )^ ca n  be fou n d  a s  a  f u n c t io n  
o f  bgRg ( F i g .8}
The g r id  in p u t  r e s i s t a n c e  i s  fou n d  from  ( 4 , 3 )  ^ ( A l . l )  and 
(A l.,3 ). a s  r g  =s -H g(V g^/V g) ( s in 0  -  0 oob0 ) / { 0  -  s i n / c o s / )
U s in g  t h e  v a lu e  o f  0  g iv e n  by (A 1 .3 ) i t  can  be shown th a t  th e  
f r a c t i o n a l  e r r o r  p rod u ced  by w r i t i n g  0q f o r  0 i n  t h i s  e q u a t io n  
i s  o f  th e  o rd er  0 .0 7 /% Q g /V g i w h ich  i s  n e g l i g i b l e .  S u b s t i t u t in g
f o r  a c c o r d in g  t o  (A 1 .5 ) g iv e s  r g  = r g ( l  4- V^g/Vg^)
v m e r e  r ^  -  R g (s in je îo  -  0 q C O 3 0 o ) / c o s 0 o ( 0 o  “ s in jz fo c o s ^ o )
U sin g  (A 1 .4 ) Tg/R g can be c a lc u la t e d  a s  a  f u n c t io n  o f  bgRg ( F i g .8 )  
- When Vg/Vg]^ i s  known th e  o s c i l l a t i o n  a m p litu d e  c o u ld  be  
fou n d  hy  s o lv i n g  e q u a t io n  ( 4 .1 3 )  t o  o b t a in  Y in  term s o f  K and U- 
An e a s i e r  m ethod i s  t o  make u s e  o f  th e  r e l a t i o n  b e tw een  H and  
Gq " ^2 (5 * 1 4 ) nam ely Gq -  Gg = g /H . Vfeen t h e  v a lv e  o p e r a te s  
i n  th e  s p a c e - c h a r g e - l im i t e d  c o n d i t io n  th e  anode c u r r e n t  ( in  th e  
a b s e n c e  o f  g r id  c u r r e n t )  f o l l o w s  th e  t h r e e - h a lv e s  law  
f  (v ) -  bg^v^/8 V > 0
(A l.G )
= 0 V 4  0
and V a V ^cos (rnqt + 9 ) + Vg -  V^^
In  th e  f o l lo w in g  A ppendix t h e  v a lu e s  o f  G q  and Gg c o r r e s p o n d in g  
t o  . t h i s  s t a t e  a r e  fou n d  in  te r m s  o f  th e  p a ra m eter  H = 1 -  K + î</Y 
U sin g  t h e s e  v a lu e s  h' ca n  be e x p r e s s e d  a s  f o l l o w s .
I f  H > 2 ' ' , ■
1 /U  = (8/l57r)(irY /K )'^'((3. + (11 -  l)^ )jii -  (II -  l )  (II -  2 )F )  (À 1 .7 )
w here F and k a r e  th e  c o m p le te  e l l i p t i c  i n t e g r a l s  o f  th e  f i r s t  
and se co n d  k i n d s .  In  th e  u s u a l  n o ta t io m
F “ F i ( k , i ^ )  k =s E l ( k , i i r )  w here k  =, (2/Il)'»  (A 1 .8 )
When H < 2
' ' Vt  l A A t A v t ;  /;j y t h \  tA:'/. 'Urt-'\ 'A AU:'
l / U  = ( 4 / l 5 v )  (2Y/K)'^( (6 + 2 (H -  1 )^ )E  -  (H -  2 )(H  -  4 ) f ) (A I .9 )
F = F i  (k* j y-r) E = E l  (k% %v) w here k* “ (ll/s)'^ ' (A l.lO )
H can  th u s  b e  c a l c u l a t e d  a s  a f u n c t io n  o f  K and Y ( F i g .3 )
V/hen Y —  ^ 0 ,  H K/Y and i t  ca n  be shown from  (A 1 .7 ) t lm t  U .
When Y —-■> o o , h  1 -  Kjr and s in c e  a . n e g a t iv e  v a lu e  f o r  H i s
in a d m is s ib le ,  Y m ust b e  f i n i t e  f o r  a l l  v a lu e s  o f  H when K > 1 .
Vhen K <  l  i t  i s  ■ e v id e n t  from  (A 1 .9 ) t h a t  a s  Y - th e n  H '■"* 0 .
For s m a ll  v a lu e s  o f  g r id  v o l t a g e  and when th e  e f f e c t s  o f
g r id  e m is s io n  and i o n i s a t i o n  can be n e g l e c t e d ,  t h e  g r id  c u r r e n t
i s  a p p r o x im a te ly
i g , “ e(V g) = I^ exp(vg /V Q ) . . . . (A 1 .11 )
whei-e 1q and Vq a r o  c o n s t a n t s  o f  th e  v a l v e .  E q u a tio n  ( 4 .2 )
th e n  g i v e s  V^ = -I^ R gexp (V ^ /V g)B q (V g i/V g ) and ( 4 .3 )  g i v e s
7 f
" X x U F F A V U'T'/A:\ruurr-/% vyr- :,'/. r ^ ;
^Q -  “■sZ^g(7'gi/Fg)BQ (Vg2^/VQ)/33i (Vgj^/Vo), In  th e s e  e x p r e s s io n s  
Bg and a r e  th e  m o d if ie d  B e s s e l  f u n c t io n s  o f  th e  f i r s t  k in d  
( u s u a l ly  d e n o te d  hy Iq  and I ^ ) . I f  Vg^ i s  ' s m a ll  t h e s e  f u n c t io n s  
can  h e  r e p la c e d  hy th e  f i r s t  two term s o f  t h e i r  s e r i e s  e x p a n s io n s  
B^^(x) = (n rx)^ (l + x S /4 ( n  + l ) ) / n ! «  Then a s  Vg^ —^  0
V g = - I o E g O x p (V g /V o )  T g  = -K g V o /V g  . . . . ( A l . l S )
S in c e  1^ and Vq a r e  known Vg/Vq can  h e  fou n d  a s  a  f u n c t io n  o f  
lo R g A o . ' ( F i g .4 )
■ The r a t e s  o f  ch an ge of. Vg and r g  A/i.th Vg^ a r e . a l s o  r e q u ir e d .  
U sin g  th o  a b ove  a p p r o x im a tio n s  f o r  th e  B e s s e l , f u n c t i o n s  i t  i s  
e a s i l y  shown t h a t  as Vg^ -  > 0
dVg/dVg^ = ^ ^ gl/^ g Ul"^  (AI.13)
w h ere n = ( T g A o ) ® /S ( l  -  T V V q ) 1
o >- (A1.14)
m = - ( V g / Y o ) " ( l  + v y Y o ) / 4 ( l  -  . V / V o )
1*
A p pendix  3 . ,  E v a t e i t i o n  of. LF andn n
. L et t h e  g r id  c u r r e n t  îiave  th e  s e m i - l in e a r  form  o f  ( A l . l )
Then e * (v g ) = when Vg
-  0  V g  4  V q g
From th e  d e f i n i t i o n  ( 5 .1 )  o f  8  ^ = h ^ / j r t  = bgSinjZf/Tr,
Sg = bgSin2j2f/2rr. U s in g  e x p r e s s io n s  (A 1 .5 )
Sgtig = S ^ l lg d  -  0.36V<;g/Ygj^) w here B^Rg = bgR g0q/ir  
S a / ( S o  -  S g )  =  S g r g  =  S g T g d  +  0 . ? 3 V o g / V g j _ )
Where 8 ^ rg  = t i in 2 0 o /  {20^  -  s I u S /q )  ,
A ls o  S g /G i = ooBjgf = - ( 1  -  Vo0 / V g i ) V ^ g ^  +
U s in g  t h e  f i r s t  e q u a t io n  o f  ( A 1 .4 ) ,  and th e n c e  S^r^ and S^Rg
can  bo c a l c u l a t e d  a s  f u n c t io n s  o f  bgRg ( F i g .5 )
\vhou f ( v )  f o l l o w s  t h e  t h r e e - h a lv e s  la w  o f  (A l.G )
f  * (v ) -  I'sb^vV V > 0
= 0  . V 0
■ ■ 1.
P u t t in g  g =5 l'cb a (" ^ ca ) ' t h e  d e f i n i t i o n  o f  Gy ( 5 .1 0 )  becom es  
f 9  ' X
X^ n “ i d d \  ( l  -  Y 4- (Y /K )c o sx ) "cosnxdx w here 0 = v  i f  
jo
Y <  K /(1  L i c ) ,  and cos©  = K( 1 -  l /Y )  i f  Y >  K / ( l  4- K) .
W r it in g  H = 1 -  K 4 ÏI/Y? th e  i n t e g r a l  becom es
1 J  _ ■ ■
Gy = (r^ gZ-n ) (IIX/IC) (1  -  (8 / h ) 8 iiY ;x ) A o s S n x d x  ( A 2 .l )
I f  n >  2 ,  ©_ = ?r. and i f  JI < .2  th e  tr a n s fo r m a t io n  s in y  = ( ïT /2 )^ s in x  
makes th e  upp er l i m i t  o f  i n t e g r a t io n  a g a in  -V/r- In  b o th  c a s e s  
t h e  r e s u l t  can  b e  e x p r e s s e d  i n  term s o f  t h e  c o m p le te  e l l i p t i c  
i n t e g r a l s .
I f  II >  8 , Gq = (S g /w ) (HY/K) '^ 'E \
Gi = (2 g / o 7r)(HY/K:)'^((n -  l ) k  -  (H -  S )F ) C (A 2.2)
Gg = (3 g /l5 v )( irY /K )" ^ ((3  -  4 (n  -  l ) ^ ) k  4- 4 (,H -  l ) ( l l  -  8 )F )J  
when-e F and E a r e  g iv e n  by (A 1 .8 )
I f  n <  3 Gq -  (e /ir )  (8Y/K)  ^(81!: + (h “ S )F ) |
, Gi = (g /3T r)(2Y /K )-'aS (iï -  1)E  -  (H -  2 ) f ) L (A 2 .o )
Gg = ( g / l 5 7 r)(S Y /K ) " ^ ( ( 6  -  8(11 -  l ) ^ ) E  4- (H -  2 )  (411 -  1 )F )
w here F and k a r e  g iv o n  by (A l.lO )
î o
The f o l lo w in g  approxl^m ztions a r e  o b ta in e d  from  power s e r i e s  
e x p a n s io n s  o f  F and E , When i s  v e r y  sm o.ll and Vg d o es  n o t  
te n d  to  Boro i - r i t h . - ( e . g .  e x p o n e n t ia l  g r id - c u r r e n t  la w ) ,  % 
and n  a r e  l a r g e ,  and th e n
(>Q g ( l  -  Y)^' = -1/%^- Gi = -Y /4K (1 -  Y )%  /
0 /  0 /  vp ‘ f (-^b3.4)
Gg ^ Y % 33ïC '(l -  Y)'^Rjî| j
When li < 2 Gy = ig ( V ^ K ) 4 h ( l  4- 11/16 4 3 1 I% 5 6  . . )  1
Gj = ig(Y /2K )'^dl(l -  5 h / l6  -  On^/256 . . )  \  (AS.ü)
G'2 = ■k'(Y /2lC )% (l -  lfU r/16-4- 5511^/856 '».)
For a  t h r e e - h a lv o s - la w  a m p l i f ie r  f ( v )  = ( 2 / 3 ) v f * ( v ) .  From 
t h i s  i t  can  e a s i l y  bo shown t h a t  Cy -  5 Gy = 4 (ll -  1 ) G i,
S in c e  Gy -  G./ -  - l /d j^ , -G^Rjg -  G g /( Gy -  G^) , and from  th e  ab ove
““Gjjljji ~ ( 1 't* 4G "R ^}/d( EI — 1 ) # Hence “G-i R^qj and can  be
c a lc u l a t e d  a s  f u n c t io n s  o f  II ( F i g .6)
S in c e  (VqCosx + -  ^ c a ) ^ p o s i t i v e  d e c r e a s in g  f u n c t io n
I
o f  X in  : th e  ra n g e  0 < x  <; vr, i t  f o l l o w s  t h a t  f o r  th e  t h r e e -
p
'h a lv e 0 - law a m p l i f i e r  G% > 0 » The i n e q u a l i t y  G£ « > 0
i s  a l s o  o f  some im p o r ta n c e . S in c e  Gq >  0 th e  in e q u a l i t y  i s  
s a t i s f i e d  when Gp 0 .  O nly v a lu e s  o f  H 1 .4 8  n eed  t h e r e f o r e  
be c o n s id e r e d  s in c e  i t  i s  o n ly  i n  t h i s  ra n g e  t l ia t  Gp > 0 ( F i g . 6) 
U sin g  (Â 2 .5 ) i t  i s  e a s i l y  sh.own t h a t  th e  i n e q u a l i t y  i s  s a t i s f i e d  
f o r  a l l  s u f f i c i e n t l y  s m a ll  v a lu e s  o f  II, and th o  grap h s o f
F i g . 6 ca n  b e  u se d  t o  show t h a t  i t  i s  a l s o  s a t i s f i e d  when E >• 0 .3
f  I
A ppendix  5 .  T h o .e f f e c t  o f  a n o d e - c ir c a i t  D .C . r e s is b a n o e ,  
on the o s c i l l a t i o n  a m p litu d e .
I f  i s  th e  mean anode (3uiTeiit and th o  D .O . r e s is ta n c e ^  
th e  mean anode v o l t a g e  i s  l e s s  t lia n  th e  ÏI .T . su p p ly  v o l t a g e  hy  
a u  amount L et he t h e  g r id  v o l t a g e  f o r  anode c u r r e n t
c u t - o f f  when th e  mean anode i /o l ta g e  e q u a ls  t h e  su p p ly  v o l t a g e .  
Then Vgy -  1 %  f  ( l  -  ' (A.3.1)
w here -  T’^ a /^ c a
pH
how l a  = ( 1 / 7/) I f  (VqCosx + Vg -  Yqq) û-k + kV g/R g  
• io  ' '
I'fnen f ( v )  f o l l o w s  th e  t i  r o e - l i i f lv e s  lavr th e  i n t e g r a l  ccan be
e x p r o s s e d , in  term s o f  Gy and hy v / r i t i n g ' f  (v ) = ( 3 / 3 ) v f   ^ (v ) *
Thon Xa -  { S /3 )(V qGp 4- (Vg r VQ^)Gy) t  kV g/R g
B u h o t i t u t in g  t h i s  in t o  (A 3 .1 ) g iv e s
-  1 -  “ (,^ (H )/%  + MC/Hg)Yiiy/jLiK (A 3 .2 )
w h ere jZi(H) = - ( S / 3 )  (5^(11 -  i )  t  G] )%c
T h is  f u n c t io n  i s  shown g r a p h ic a l ly  in  F i g . 1 7 .
The o s c i l l a t i o n  a m p litu d e  can  he fou n d  a s ' fo llo w ^ s - ,
i s  a  known c o n s t a n t .  L ot -■s - i fyhQ, ( .  Then H = H */n
A ssum ing some p l a u s i b l e  v a lu e  f o r  n , a  v a lu e  f o r  Y can  h e  rea d
o f f  from  X h g .S . T h is  i s  u se d  t o  f in d  H and h e n c e  j2^(n)« A.
v a lu e  f o r  n can  th e n  h e  c a lc u la t e d  from  (7 4 3 .3 ). T h is  w i l l
d i f f e r  more or l o s s  from  th o  assum ed v a lu e * . U s in g  th e  now v a lu e
o f  n ,  t}ie  c a l c u l a t i o n  i s  r e p e a te d  t o  f in d  o. t h ir d  v a lu e ,  and th e
p r o c e s s  i s  c o n t in u e d  u n t i l  no f u r t h e r  im provem ent i s  o b ta in e d .
y  %
Appendix ' 4* % The ë f  f  e o t % df ' an ' impe daiio e in  : thé" s or o en -g r id  "
in  të tr ô d o D  and, p en tod ou  ' he ^grid^'ànodG m % p li f io # io n  , 
d ^ aëtor:-la 'r iéu â liÿ /^  i,hab, .'prpvidëd: t l ie  v a lv e  o p e r a te s
,aboV8 th e  fk n eeH  : of' th e  c h a r a o t e r i s t  i o '» \ th ë  anode v o I t â g e  ' h a s  . 
a , n e g l i g i h l e  ih f i u e i i é ë  on anode p u r r ë n t v ; ■7.Xf :,the l s c r e ë h - g r id  
v o l t a g e  v a r i e s  t h e  anode G urreht' ,can h e  e x p r e s s e d : a s  ■
s c r e e n , v o l t a g e  -and th e  g r id - s o r e e n  a m p l i f i c a t io n  f a c t o r  .v
U s u a lly ;  t h e / M  i n  th e  s c r e e n  o i r c ü i t  i s  a  d e c o u p l in g ’ ; i
netvro.rlc ,h ay in g  a  n e g l i g i b l e  im pedance a t  th e  o s c i l l a t i b n  fr e q u -v  
e n ç ÿ , 8b t h a t  ;in: ;th^ s t a t e ,  yy^. i s  ' p r a c t i c a l l y  aero*  /  Then
, , e : 7 % o : y a h ; = %:
The transienV^o^^^^ i s
ia d  = (Vgd ;+ Y g^/^8 ) f  ! ( V b s m y t  k  Yg “ 7 o a )  / ~ ^^gd  
and iad + = Wgd + TB<i/;is)ZIcine='Pii™®o* (Adhj 7
w here i s  -th e  t r a n s i e n t  s c r e e n  v o i.ta g e *  S in c e  : th e  s c r e e n  k  
and; dhode d u f r e n t s  a r e  i n  th e  r a t i o  : ( l  /  k ) / k  i t  f o l l o w s  t h a t  . 
T sd  ^ “^ s W i s c i  -  -z,g (D) iy ^  (1  -  k ) / k  /  w h ere Zg (D) i s  t h e  s c r e e n  
c i r c u i t  im p éd a n ce . S u b s t i t u t i n g  f o i  ig:^  ^ vfrom ( S H )  : i
Vgd >  v s d % s  /; (1  t  Z g ( D ) ^
' in.'whi.oh-'^i (l-'T
■ ■ ÿbw.'.the ' c o r r e s p o n d in g  ' q u a n t i ty  w h ich  i s  'u sed , in  th e  eq u a t?  7
io n s  o f  S e c t io n s  5  and 6 i s  : . .
: %  + (B) )TEd + : 7 /  7 : 7 .
Comparing t h i s ,  w ith  (A 4.S) andcom paring (A 4 .l )  w ith  ; ( 5 . 9 )  i t  i s
s e e n  t h a t  t h e  e q u a t ib h s  Of S e c t io n s  5 a n d :6 w i l l  b e  v a l i d  . 7
u n d er , t h e  newr c o n d i t io n s  i f  ju i s  r o p la o e d  by j u i  * (D) by Zq ( D ) ,
a h  zhï))::hÿ: Zg CpyZq (D)/Zt (Dj % : Aisp: a n d . 2 ;  w i l l  h :
i b l e . Only Zg w i l l  h ave  a . s i g n i f i c a n t  v a l u e .  ■
.,.7 ; r À / '  Z y v / i :  \ / 1
. - • R b ia t io h s  b d tw ^  c r i t e r i a  o b t a i n e d : : i n  P a r t s  .1 a n d  8  : !
/,' ; : ;■ In  P a r t  ; 1 c r i t e r i a  f o r  p e r io d ic  rlrid a p e r io d ic  a m p lit^  
i n s t a b i l i t y  ; (w it l i  ) w ere d e r iv e d  'by., m eth od s very: d i f f e r e n t
from  t h o s e  .o f  P a r t ; 2 ; b u t th e  r e s U l t s , th o i% h ;e x p r a sse d :  in  
:d ^ :M e r o n t ..fo ^ n :a r e  7
, ;WrI t i n g  ,t : =  . y /V Q p _  Itt^  ) g i v e s ; , ; t h e . c r i t e r i p h ; ■ f o r  ' , 
a p e r i o d i c  i n s t a b i l i t y  v /i t h  l a r g e  o G c i l l a t i o n  a m p l i t u d e s  a s
7  V ca /T g:;g : (1  -  k ) / hk +: 7 , .  .,:^  ^ 7  7;t::;7::,:% ;.
W hich : i s  t h e  : some a s  exjir e s s ip h  ( 8 . 9 )  d f ' .-P a r t /i /h   ^. 7 . - v
, 7 7  : 7 I ^ t t in g  Pa, = %  = 0 ,  Rjg,:=7^^^ 7  , ;
h@ -  h o T g / (Rq t  37g) i n ’: ( 1 0 /8 )  g iy e s  th e  c r i t e r i o n  f o r  th e  
e x i ë t e n c e  o f  à. h y s t e r e s i e ' e f f e c t  s t  v a i i i s h in g ly  :s m a li  a m p litu d e s  t
t  (k -  r y a p ) ( ; t  t % oY ( R o7 7  rg)77.7:7
■ 7 : ,7 7 7 :
' \w hiohm is,.the:..8am e7ae77expfe8sl:oh7..('8,7.).,7of , ; fâ r t  -I-#7. 7.
,,.,:-'7.7The. c r i t e r i o n  7 ( 1 1 / 8 )'’fb r ::p e r ib d ,id ’:;,sta^^^^^^^  ^ '
, - r e ^ l % ^  a s 7 f ( ^  A. - /  7 /  '7-'7 -7 :/:
7 / 7 . L et . '.^ 7  : t  '%') # : - i/ 'e ,, :Q,'\ is . t h e  0 ,- f  a c t  dr; o f  th e
c i r c u i t  when t h e  e x t r a  dam ping due t o  t h e  g r i d - i n p u t . r e s i s t a n c e
i s  ta k e n  i n t o  a c c o u n t .7 7.£h7\77,7;.:,.,;;.;/7.:7'. i;; 7': 7.,/' . 'r ;. /  ■ ,7 ,7'
; ‘. L et 7 l t  $/,R.cr7« ;S t  : ;T roa i i g .  5 i t  i s  s e e n  t h a t  oyer' a  la r g e  
r a iig e  o f  y a lU e  -  "^^oRg 7  .Hence 8 ^ rg  =. è ( 8  -  1 ) ;
s u b s t i t u t i n g  t h e s e  t r a c w f o r l a t l o n s ; i n t o  (1 1 /8 )  and u s in g  h  
a l s o  (4 *1 1 ) ;  and ( 5 ; i 4 ) , th e  c r i t e r i o n  f o r  p e r io d ic  i n s t a b i l i t y  i s  
; 2 8 % .<7 t  i g )  " / t  % ) (%  t  h ;/
: : : 7 . : :  : : ' 7 : / % ' 7 : : 7  :
,. T h is  i s  t h e  same US7 e x p r e s s io n  ( .7 .1 6 ) o f  P a r t ; 1 .. : , 7 7
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